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PREFACE 


The common theme of the monographs in the present 
Collection is the study of nonlinear periodic notions 
in dissipative systems. In the relatively simple case 
of one degree of freedom the basic equation for free 
oscillations is of the form 
(1 ) x + p(x,x)x + q(x) = 0 

where dots indicate time derivatives. The dissipative 
middle term may arise from friction in a mechanical 
system or from resistance in an electrical circuit. 

Such systems may well assume spontaneously oscillations 
very different from those occurring in the usual (linear) 
harmonic oscillators. A well-known instance is given 
by the equation of van der Pol 

(2 ) X + M- (x 2 - l)x + X * 0. 

Nonlinear conservative oscillators have Deen-in¬ 
vestigated mainly in connection with celestial mechanics, 
and the information available for them is therefore 
rather extensive. It is known, for example, that the 
trajectories are extremals of a variational problem, 
so that one may bring to bear upon the problem Morse 1 s 
technique for the discovery of closed geodesics on 
manifolds. Nothing of the sort is at hand for the 
dissipative type, making progress rather slow. A re¬ 
newal of interest in this field has taken place in the 
last thirty years due mainly to van der Pol and the 
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followers of Liapounoff in the USSR who have known how 
to make extensive application of the classical .dis¬ 
coveries of Poincare, Liapounoff, and G. D. Birkhoff. 

In this connection see notably N. Minorsky, Introduction 
to Nonlinear Mechanics (David Taylor Model Basin Report, 
also issued by Edwards Bros., I 947 ), and A. A. Andronow 
and C. E. Chaikin, Theory of Oscillations (Princeton 
University Press, 194-9). 

Three of the monographs that follow, those by 
Diliberto, Rauch, and Brownell, deal with nonlinear non¬ 
conservative oscillators. Diliberto takes up a number 
of general questions connected with Poincare's early 
work on differential equations. Rauch discusses a 
problem of the third order arising out of an electrical 
circuit with vacuum tubes, establishes the existence 
of a definite oscillation and studies a number of its 
properties. His work has close connections with an 
earlier paper by Friedrichs on a similar question. 
Brownell investigates the oscillatory solutions of a 
large class of difference-differential equations 
arising for instance in control problems. Equations of 
this nature are obtained in physical systems with 
retarded responses to a disturbance. The effect is 
generally parasitical and makes its study all the more 
desirable. 

If a physical system governed by an equation (1) 
is subjected to a variable effect depending upon the 
time one must replace ( 1 ) by an equation of the type 

(3) x + p(x,x)x + q(x) = e(t) , 

where e(t) is referred to as the forcing term . The 
interesting case, from the standpoint of oscillations 
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is when e(t) ia periodic, say of period T. One will 
look for oscillations of the same period T (harmonic 
resonance) or of period kT(k > 1; subharmonic resonance) 
Noteworthy work has been done on these questions of 
late by Cartwright and Littlewood and by Norman Levinson. 
Miss Cartwright's contribution is based upon a set of 
lectures on forced oscillations given at Princeton in 
the spring of 1949 , and deal3 with the general equation 
(3). The same topic is dealt with in the paper by 
Wendel, but his mode of attack is generally distinct 
from that of Miss Cartwright. In their paper Langenhop 
and Farnell consider a special forced oscillation 
problem and by new methods, applicable to other problems 
as well; they succeed in "localizing" periodic solutions 
in certain regions of the phase plane. Finally Wasow, 
in his paper, discusses the periodic solutions in a 
system degenerating when a certain small parameter « 
tends to zero, and this has connections with the 
problem dealt with by Miss Cartwright and by Wendel. 


Princeton University 
May 19^9 


S. Lefschetz 
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I. ON SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS 


By Stephen P. Diliberto 1 


§1 . Introduction . 

New results concerning the following three 
problems are established: I. The reduction, by linear 
transformations, of systems of first order linear 
differential equations with variable coefficients to 
diagonal or triangular form (theorems 1 , 2 , 3 ). 

II. Geometric criteria for stability of periodic 
solutions (closed trajectories) of systems of first 
order nonlinear differential equations (theorems 4, 5 , 

6 ). III. Bounds on the number of periodic solutions 
of a system of first order differential equations with 
polynomial functions (theorems 7 ). 

Theorems 1 and 2 are used as tools for developing 
a direct treatment of the main results on the (general¬ 
ized) characteristic exponent (Liapounoff) [M.L.], 

[0.P.2]. 

The connecting link between the results presented 
is corollary 1.1 which shows that two dimensional 
variational equations are Integrable by quadratures. 

TT Princeton University and the University of Cali¬ 
fornia. The author's thesis, "Reduction Theorems for 
Systems of Ordinary Differential Equations", Princeton 
University 1947 , done under partial sponsorship of 
O.N.R., NR 043 - 942 , constitutes about half of the results 
of this paper. 
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References to the bibliography are indicated by [ ]. 

We acknowledge our indebtedness to Profe33or 
Lefachetz for the generous amounts of time he has spent 
discussing these problems with us, his mathematical 
criticisms, and his constant encouragement. 

§?. Notations . 

We shall use both caps and small letters to 
denote vectors, but otherwise standard notation for 
matrices, vector diffeiential equations, vector norms 
and inner products. 

Wo recall some old notations and associated foiTnal 
properties: let B = (b.jj) then and B^ stand respect¬ 

ively for the j-th column and i-th row of B. (Thus they 
are vectors). Let B = A C and let I be the identity 
matrix; we then have the following properties 
(P, ) B J ’ = AC J ’; = AjC 

(P 2> b ij = (V cj ) 

(PO 1^ - A -1 * A J ’ = A(A _1 ) J '; I t = A.A -1 - A"’A 

6 ij = (A i ' aJ > = ( A i (A" 1 )' 5 ) 

Reduction to Triangular Form . 

Our first result parallels a well-known theorem 
on constant matrices. 

Theorem 1. Let 

( 1 ) ~ = A(t) y 

' dt 

where the matrix A = (a ^ j) and the a^ j are real and 
continuous for all t. There exists an orthogonal 
matrix B = (b^.), defined for all t, with b ij . continu ¬ 
ously differentiable , such that if x - B _1 y then x will 
satisfy the differential equation 
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( 2 ) dx = C(t)x ; C - B _1 AB - B _1 

dt ar 


where C Ip. trian g ular (l.e. c^. (t) = o if i<j). 
Furthermo re if the a^j are boun ded so are the 

This sharpens a result of Perron's [0.P.1], which 
stated that a reduction to a triangular array of co¬ 
efficients could be accotirplishod by means of a matrix 
B for which B and B _1 are bounded. For applications. 
Perron had an important side condition to the effect 
that for any *>0 there Is a B (producing the desired 
reduction) such that 


c 


Trace 


( B' 1 f ) dt 


< 


For theorem 1, one clearly has |B| = |B _1 | - 1 and 
trace B -1 ^ s 0 (this last follows by differentiating 
BB _1 = I and observing that B 1 ••= B').^ 


Proof of theorem 1 : Using the Gram-Schmidt 
orthogonalIzation process we shall construct B^ l.e., 
the columns of B. Let y x ,...,y be any base of 
solutions for (1). We shall define, by induction, 
vectors b 1 jB 1 ,... jb^B 11 : let b 1 ™ y 1 and put 
B 1= b 1 /|lb 1 11. Assume b 1 jB 1 ,...,b k_1 ,B k_1 already 
defined and set 


b k = y k - iz\y k • B J ’)B«i , B k = b k /1 Ib k 11 

(2) Perron used his result in order to study stability 
questions [0.P.2]. Theorem 1 affords noticeable simpli 
fication of Perron's work and some sharpening of his 
results. 
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Our construction of B is now completed and it is 
clear that B is orthogonal; furthermore observe that 
the first s of the y 1 are linearly dependent on the 
first s of the B^, and conversely, the coefficients 
being (obviously) continuously differentiable. Thus 

y 1 - Z g n B J ' , B 1 = Z f^.yj 
j=i 1J 3-i J 

Using thl3 fact and that y^ is a solution of (i) 
yields _ j 

C J ‘ = B -1 (AB J ‘- || ) 


B ~i f f Av r _ 1 4- df .|r „r\ 

B y dt j h dt ; 


df.. 


- - £ “-af 


r df, 


r=i 


& dt 


- «W B ~ 1b 


_i / i 

Since B is orthogonal (B^ ) = B and so 
df . 


Cu - - £ f zur 

J r*=l 3=1 dt 


s^ibI 1 -s 3 : 


- -£ £ 


r df.. 


= 1 3=1 


g (B _1 -B 3 ) 
dt ®rs v ' 


i s 

Thus Cjj h o if i>j because then i>s and (B -B )=0 by 
construction. 

To prove that if |a,.|<M the c,. are bounded it is 

1J db- • J 


sufficient to show that 


ii 


dt 


are bounded. Consider 


for example b ^. Since b^ = yj/lly 1 I I we have 


db,, 


dt 


!!i • . ,» , si 

dt + y.j ft=-i^s dt 

I ly 1 11 lly 1 11 5 


n 


3=1 


My’ 


n n 

♦ H H a 

i^l s=i 


V 1 V 1 v 1 
J j r J s 


rs 


ly 1 
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Thus, 

,j 1 I < M(n + n 2 ) • 
dt I 

While the proof of theorem 1 is strictly algebraic, 
the ideas leading to our proof of it are based on the 
geometry involved in the following result. 

Corollary l.i. Let x^=u i (t) be. a solution of 

, > dx. 

( 2 ) 0pjj— = X i (x 1 ,x 2 ) , (i = 1,2) . 

Then the variational equations of this system. 
d $ i 2. d X, | 

^ dt 4 -. ax . I ^ j , (i= 1 ,2) 


are integrable by quadratures . 


Using X to denote the vector (X 1 , X 2 )*, IX| its 
length, and p (t) the radius of curvature of the given 
solution, two linearly independent solutions are 
(set x k = u k (t) everywhere). 

<*>. ^ 


and 


(M 


b 



X f | ^ - curl X J 

iy o IX! 2 ( p > 

X 2 J^div X dr 

P ^ 

|X | 2 


fdiv X dt 
e ° dr 





% fdiv X dt 
- curl X e dr 


+ 


X 1 J'^div X dr 

o © 

ixi 2 
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Since the variational equations ( 3 ) are the first 
approximation of the equations ( 2 ) relative to a 
rectangular coordinate system ( ? 1 , ? 2 ) whose origin 
moves along the trajectory with velocity X (the axis 
remaining parallel to the x^ axis) it is more natural 
to use instead of the f coordinates an ij coordinate 
system with one axis moving so as to remain tangent to 
the given trajectory and the other axis perpendicular 
to the trajectory. This change of coordinates is 
expressible directly in terms of the and the u^(t) 
(i.e. may be given explicitly), and when the trans¬ 
formation has been effected the new system of differen¬ 
tial equations has a triangular array of coefficients. 
Such systems are integrable, and provides a general 
solution of the original-equations (i.e. equations (4) ) 

Excluding, temporarily, the method of arriving at 
it, our result may (in the general case of n equations) 
be given the following geometric formulation: "If a 
set of trajectories near a given trajectory have, at a 
given time, their representative points in a hyperplane 
perpendicular to that trajectory then at any later time 
the corresponding representative points will, in the 
first approximation , lie in a hyperplane perpendicular 
to the given trajectory ." 

This principle has certainly been known for at 
least one hundred years. We have found several writers 
in differential geometry and also Birkhoff [G.B.], 
pp. 55-58 and M. Morse [M. ], p.lo8 who know and use it. 
The extent to which they have may be outlined as 
follows: ( 1 ) The principle is easily verified when 
the given trajectory is a straight line along which the 
velocity is unity. ( 2 ) Topologically the sets of 



I. ORDINARY DIFFERENTIAL EQUATIONS 


7 


trajectories neighboring any two given trajectories is 
the same and thus a mapping exists which carries any 
trajectory and its neighboring trajectories Into the 
straight line, constant-velocity trajectory — the 
mapping being defined only for a finite time Interval. 
Our reduction by-passes the heavy machinery for such 
a procedure since it deals with the equations only 
after they are already linear and as a result the 
reduction is given explicitly and defined for all time. 

Proof of corollary i.1. Let x^=u^(t), I-i,2 
be a solution of 
dx^ 

at— X i (x i' x 2>. > 1=1 > 2 

Using the subscript "u", I.e. () u , to denote that the 
arguments are "evaluated at u 1 (t)" we may write the 
variational equations 



Using | 1X| I as the norm of X — (X 1 ,X 2 ), and defining 
an auxiliary variable 1 by 


n = Tf 1 


T 


1 / X 1 



) 


a simple computation shows that n satisfies the 
differential equation 
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* 0 ) 


, . . dX Q dX, ax, ax. \ 

^llXII-’af IIZH. 2 IIXII-^X, g^-Xgg^)^*^ 


, a ax, ax„ 

* -IIXII 1 ^-IIXII + 557* J3T- 


/. 


C) 


These equations may be integrated directly, arid 
recalling that the curvature H = j of the given 
solution, curl X, and div X have the expressions 

dX r 

r _£ 

L l dt 


curl X 


. , dX p dX 

5-- IIXII 5 X, - X 2 _i 

dt 

ax, ax. ax. ax 

__ _ I i V _ _ L t ~- 


ax. 

* I 


3x, 


, »div X = 


ax. 


ax r 


we may write a pair of independent solutions as 


IIXII 

”i = M o) TTxTf 


u 


u(o) 




0 

IIXII 

TlxTT 


- k 

u(o) L 


(o) + 


+%(o)| |X| lS (o) ^ I ixi I" 2 - curl X]e Jdlv X u dtJ 

- , M*M u (o> . I*" 1 * X) u dt 

n 2 - v°> iixii u e 

Choosing >? 1 (o) = 1, ^ (o) = o, « 2 (o) - 1, and applying 
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T will give the aolutions of the variational equations 
in (k). 

Corollary 1.2. The variational equatIona of a 
Hamiltonian system with two degrees of freedom are 
lntegrable by quadratures . 

Proof of corollary 1.2 : Consider the system 

™ (P- 1 , 2 ) 

dt ap r dt a q r 

Then it is known [W.]p.3l4 that by means of the energy 
integral H(p 1 ,p 2 ,q 1 ,q 2 ) = const., and if _?JL + 0, this 

3 1 

system can be reduced to a system of one less degree of 
freedom: 

^2 = IE , _ _ _3K 

dq 1 9P 2 dq 1 9 q 2 


Consequently corollary 1.1, applies to the variational 
equations of this latter system. Since the initial 
reduction was based on 3H/ap 1 + 0, the conclusion will, 
in general, be valid only locally. 

Corollary 1 . 3 . Let x=x(t,c 1 , . . .,c^.) be for each 
c= (c 1 , . . .,c^.) in some domain and all t a solution , 
analytic in the c^, of the equation 


(5) 


dx^ 

dF 


X i(Xi 


,x n ). 


(i = 1,2,...,n) 


where the are holomorphic in their arguments , and the 
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solution Is such that the rank of the Jacobian matrix 
(c fixed ) 


3(Xi 


Xn) 


a (t,c 1 , 


c n ) 


Is. k+l . Then there exists an orthogonal transformatIon 
U = ( u ij^ with u^j continuously differentiable . U given 
explicitly In terms of x(t,c 1 , — , 0 ^), such that the 
variational eauatIons 


( 6 ) 


d£ = Vr 
dt 


V = ( VlJ ) 


a x. 


ij 3 x j'x=x(t,c 


A 


of the original system transform under f 



U? to 


and A k+l square and triangular. 

Proof of corollary 1.5 : Construct the first k+l 
columns U 1 of U by using the Gram-Schmidt process on 


ax 


the vectors (1=1,2 ,...,k). Let IT (l-k+2, 

(J U (Jbj 

...,n) be any n-k-i differentiable normal orthogonal 
vectors in the orthogonal complement of the space of 
U if s (such are easily constructed from 
, and the generalized normals to the 

at 9 ac. 


the first k+l 

0oc ax 
at , ac. 


the 


curve u(t)). Using the fact that 


are 


solutions of the variational equations [S.L.],p. 52 , 
the proof now parallels that of theorem 1. 

One result implicitly contained in the corollaries 
1.1 and 1.3 and their proofs is: " The solution of a 
system of n linear first order differential equations 
for which k solutions are known can be reduced to a 
system of n-k equations ulus a quadrature . If desired 
the reduction can be accomplished by an orthogonal 
t rans f o rmat ion. 
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3U. First Dlagonallzatlon Theorem . 

The method of proving theorem i yields devices 
which establish 

Theorem 2 : Let 

( 8 ) |f = A (t) y 

where the a^j are real and continuous for all t. There 
exists a non - singular B»(b.jj) with b^j continuously 
differentlable and uniformly bounded . such that if 
x=B -1 y then 

(9) . & - Cx 


where C is_ diagonal (c^j =o, i+j ). Furthermore the c^ .. 
are bounded if the a^ . are bounded . 

Thia improves the reduction of theorem 1 at the 
expense of admitting the possibility that the elements 
of B 1 become unbounded, and raises the question, as to 
when B 1 of theorem 2 will have bounded elements (e.g. 
|B|)>5>o). If one dropped the requirement that B, 
itself, be bounded the existence of the reductions would 

-1 cm 

be trivial. Namely, since C=B(AB-^r) we would merely 

dB 

have to choose B such that 0 f£=AB and C would be diagonal 
— in fact, identically zero. 

Proof of theorem 2 : Let y 1 ,...,y n be any base 
of solutions of ( 8 ) and define B^ = y'VlIy-Ml. Pro¬ 
ceeding as before 


C J ' - B " 1 (AB J - 


B 


!y v 




] + 


ly* 


dt 


log 


b-'bJ i t log 


,J| 
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Thus, 

c ir (g^ log II y 1 ! I ) (B ,- 1 -B J )= 5 ij gjL- log | I y J 'l I 
«= o for i + j 

Paralleling corollary 1.2 of theorem 1 we have 
using theorem 2 : 

Corollary 2 . 1 : If in corollary l .3 of theorem 1 
we remove the requirement that U -1 be bounded then A 
can be made diagonal . 

Proof of corollary 2 . 1 : Construct the first 
k+l columns of U from |^r , ^ as in theorem 2 and 

the last n-k-i as in corollary i.3. The verification 
that this transformation is of the desired kind is 
immediate. 


5*5. Natural Base . 

We define the natural base fy 1 { (i=i, 2 ,...,n) of 
solutions of a system of linear differential equations 
to be a base suchtbat y i (o)=I' 3 ', i.e., the *i-th unit 
vector. 

We shall make repeated use of the following 
obvious lemmas. 

Lemma 1 . Let lx. 1 ! and ju*! be the respective 
natural bases for the ad .joint systems 


dx _ 
dt “ 


Cx 


du 

dt 


-uC ; C 


< C i^ 



0 i>j • 


Then . 

x j| h 0 i> j ; u^ a Q i<j 

Lemma 2 . Let fy* | be. any base of = Ay and 
fx^l the natural base of the reduced system ( via 
theorem 1 ) gf" “ Cx where c^. = 0 if i>j. Then there 
exist constants d^ r and d^ r such that 
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Bx 


i 

r=l 


ir 


B"V' 


i 

•Ed 

i*-i 


ir 


86 . Llannunof f 1 a Characteristic Exponents . 

These exponents are associated with equations 

( 10 ) - A(t )y 

where it is assumed that the a.y(t) are continuous and 
uniformly bounded. We shall recall all definitions and 
two elementary propositions. We shall, however, use 
Perron's definition of characteristic exponent [0.P.2] 
since proposition II (below) is not true for character¬ 
istic exponents as first defined by Liapounoff — as 
Liapounoff himself shows by an example [M.L.], p. 236 . 

The characteristic exponent X (or X(y) of y, a 
solution of (10), is defined by 

X = lim i- log I ly(t)| | . 

t-»co u 

Let X < X 2 < ...< X k be all the different values 
that X may assume for different y (all solutions of 
(1), of course). Let e 1 be the number of g linearly 
independent y for which X (y) = Nj 5 let e i b® t ^ ie 

number of linearly independent solution y for which 
X (y) = e g . Then e^ is called the multiplicity of X 
Two important results are [0.P.2] : 

Proposition I : If |a^j(t)£C, then for any 
solution of (10) I X (y)K nC 


Proposition II : 



n 


Recalling that if \(y k )< X (y^), then for b+0 
X (ay 1 * + by J ) = X(y J ). (This and similar statements 
which are exercises in lim will not be proved here) 
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we see that there is always a bases y 1 ,...^ 11 for which 
all the X(y) are equal. For the opposite situation we 
define a maximal base y 1 ,...., y 11 to be one such that, 
if X 1 Xjj. are the characteristic exponents of (i ), 
then this base shall have exactly e^ solutions for which 
x (y) “ x j • 

The principal results on characteristic exponents 
are contained in the following three theorems for 
which we give new proofs: 

Theorem A : Let jy*| be. anv base of solutions of 
(10) with a.^. (t) continuous and uniformly bounded ; then 


n 1 


) > lim 


oo 


„ ft n 

l f z 

* J o i=l 


a ii 


( T ) dr 


We shall first prove two lemmas. 

Lemma 5 . If u = By where B and B 1 are bounded. 


then 


Proof: 


x (u) = X(y) 
n 


X (u) - x fBy)<max \ (21 b, ,y, )<‘m a x X(b..y. 

-i j-i iJ J - ij 1 J J 


< x (yj) < x(y) 


Similarly y=B _1 u will imply X(y)<X(u), prdving the 
lemma. 

Lemma 4 . If B is. orthogonal and b^t) con ¬ 
tinuously differentiable, then 


Trace A - Trace (B _1 AB'-B -1 ^) 

Proof: For constant matrices the trace is 
invariant under similarities; hence for t fixed 
Trace A = Trace B -1 AB, and by differentiating B 1 B= I 
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we will find Trace (B -1 g^) = 0. 

Proof of theorem A ; Use the given base {y*| to 
effect the reduction of theorem 1 and let fx*f be the 
base of the reduced system. 

By Lemma 2, of section 5, and Lemma 3 above 

xCy 1 ) - A ( E; d ilf x k ) 
k-1 1K 


Now among all the x k (k>=i,... i) x* is the only one 
with an i-th component, which is 

i *o c ii (r)dT 


Thus .\ (y 1 ) 1 A(Xj) 


lim 


1 / t 

J Q )dr , and so 


using Lemma 4 


n i 

Z: My 1 )! 

i-i 



= lim 




n 

He 
i**1 


ii 


(t )d T 


Theorem B : Let fy^f and |z^"| be respective bases 
of 

( 11 ) it “ Ay ’ ^ 11 ^A if = -zA 

where A(y 1 £ A(y n ) and X(z 1 • • • 1 A(z n ) 

Then 

My ) + X (z ) ! o, (i 33 i,2,...,n) 


Proof of Theorem B : First of all it is sufficient 

to prove it when fy^i and are both maximal bases 

(with My 1 ) £ .. M}? n ) and X (z 1 )^> .. X (z 11 ). For 

let fy 1 ! and fz^l be any other bases ordered as to X ;then 
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by definition of maximal bases xCy 1 )^. My 1 ) and Xfz 1 ) 
^(z 1 ) for all i. Hence XCy 1 ) + Xtz 1 ) 1 o implies 

My 1 ) + Mz 1 ) 1 o. 

We shall now prove the theorem for a maximal base 
of (11 ) and some base of (11 ) A . Let jy 1 1 be a maximal 
base of (11 ) and X(y 1 )£...<, My 11 ). Construct B as 
in Theorem 1, i.e., put y - Bx. In addition put 
z = uB -1 . Then 

(12) gf - C X , (12) A If = " UC 


By Lemma 3 it is sufficient to prove our statements for 
(12) and (12)^. By construction the natural base of 
(12) is also a maximal base. Letting fx 1 ! and ju 1 ! be 
the natural bases of (12) and (12 ) A respectively, we 
assert that 

(13) X(x 1 ) + X(u 1 ) 1 0 . 

To prove inequality ( 13 ) observe that 

a) X(x 1 ) X(xj^) and X(u 1 ) 1 X(u^) , 


b) xf = e 


i _ J o c ii . ..i _ 'o^ii 


- fc, 


u i " e 


Hence, 


Xtx 1 ) + Xtu 1 ) lim f j c tl + lira " F [ 0 


o 

> ns f / on - iM f/ 


'ii 


C -t 4 1 0 


'ii 


We are not done yet since for the natural base 
fu^l we do not necessarily have \(u 1 ) ^ ^( u ) ° r 

even that it is maximal. 

However, let fu 1 ! be a maximal base of (12) A 

where ^(u 1 ) ^ ••• Then 

n 


u 


£ uJ 


j-i 




i 


const. 
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Construct a new maximal base |u^"} as follows: let 
l(u ) be the lowest index 1 of the u which make up 
u 11 . Subtract off the appropriate* multiple of u n from 
every u'*" of lower index -so that no contains u'*'. Let 
l(t\ n-1 ) be the lowest index 1 of the u^ occurring in 
the just modified for all i £ n - i> etc. The new 
base is still maximal. 

We assert that for the ju 1 ! it is true that 

( 14 ) Mx 1 ) + MU 1 ) > o . 

Since the u* are linear combinations of the u^, each 
has a lowest indexed occurring in it. Thus, since 

U^ - 0, if i>j 

( 15 ) X(u 1 ) > x(u J ) 

Suppose that i^j; then 

X(u i ) + X(x i ) ^ X(u^) +x(x i )^X(u J ) +X(xJ)^o . 

For i=n it is always true that i>j; hence (14) is 
proved for n. Suppose that it holds for p, n-1,..., 
n-(k-1). We shall show that it holds also for n-k. 

If in the desired Inequality 

X(u n_k ) > X(u J ') 

we have n-k>j we are done (use the same argument as for 
i=n). If, on the other hand, n-k<j, since each of the 
k previous steps has used up a different j in ( 1 5), it 
follows that at least one of them, say 1, satisfies l<n-k. 
Let u'* - be the corresponding ft. (Thus l'>n-k). 

Thus X (u n_k )l Mu 1 ')1 X(u 1 ) and l£ n-k and 

X(^ n " k ) + X(x n " k ) 1 X(u X ) + xCx 1 ) 1 0. 

Theorem C : In theorem B A(y^ )+\( z*) = 0 if and. 

,.fc n n i 

onlv if lim sr / T~ a,,(t)dt exists and eq uals 5Z X(y ) 
t-oe 1 J 0 i-i 11 i-1 
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n ^ 

and - ZI Mz ) • 
i=i 

Proof of theorem C : This will follow readily 
from the proofs of theorems A and B. We assert that 
the additional hypothesis implies that 

XCx 1 ) - A(x^) - -X(u i ) = -A(u^). 

Observe that these assertions prove the theorem. 
Going back to the proof of theorem A, it is 
clear that we now have (by the hypothesis and the last 
four lines of that proof) that 

X(y 1 ) = My|) = lim zr / C„(r)dr = lim r- / t C il (r)dr 
x t-*co Md t-* 00 o/ o 

or else n ^ n 

ZI My 1 ) > lim r / 1 ZI a 11 ( T )d T • 

i =1 t-*rr h i=1 

Hence by similar arguments 

Mu 1 ) = Mu 1 ) - - lim Jr /' 1 c lt (r)dr 
i t--w L 'o 

and X(y 1 )< .. .£\(y n ) imply XCu 1 )!•. .^>.\(u n ). That 

the fu 1 ! are a maximal base follows from this last 
inequality and that yj s o if i£j. 

The "only if" part of theorem C follows from an 
example [0.P.2], p.75 1 ** 

$7. A Theorem of Poincare 

As a further application of Itheorems i and 2 
(and using our results on characteristic exponents) 
we have a slight extension of an old theorem of 
Poincare [S.L.], p.l13• 

Corollary 2.2 ; The variational equations of 

(16) J5F" - X i^ x l ’ ’ ’-' x n^ (i - 1,2,.. .,n) 

of class C 1 , based on a solution x^ => u^(t) which is. 
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bounded and approaches no singular point , have at least 
one solution whose characteristic exponent Is zero. 

Poincare^ theorem asserted the existence of a 
zero exponent for the case of u i (t) periodic. 

Proof of corollary 2 . 2 ; By lemma 3> last section, 
two linear systems which are related by a bounded trans¬ 
formation with bounded Inverse will have the same set of 
characteristic exponents. Hence it will be sufficient 
to prove this corollary for the reduced form of the 
variational equations as given by corollary 1 . 3 . These 
equations have the form 



where w n = g-^logl |n(t) | |, (u(t) being the solution on 

which the variational equations were based). Con¬ 
sequently one solution of this equation is V^ — 1 |u(t) ||, 
* 2 =. . . = ^= 0 . The n orm | \v | | , of this solution is 

simply ||u(t)||. The hypothesis implies that there 
exist positive constants c ^ and c 2 such that 

°! c i!' iu(t)i i< c 2 . 

And ao M r i ) the characteristic exponent of this solution 
is zero; namely 

\ (ij ) 5 Tim log I |u(t) | | <j- _lim log Cg = o 


and 



We shall now answer a question raised by theorem 
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2 : when can a reduction to diagonal form be effected 
by a transformation B, for which both B and B -1 are 
bounded ? 

If A, the matrix of coefficients, is constant a 
sufficient condition for such a reduction is that all 
the characteristic roots of A be distinct. In that 
case (A constant, distinct characteristic roots) the 
equation has n linearly independent solutions y^(i»i, 
... ,n) such that 

i i i rt at 1lyi n 

(17) lirn r- logl ly 1 ! I = lim r- / -s-dt = Xi 

t-oo t I ly 1 ! I 


where X 1 (i=l,2 ,...,n) are the distinct characteristic 
roots of A. flot only do the mean values (17) exist — 
they even exist uniformly, that is for each i 


( 18 ) 


r* (A llyl " 

Jo \ lb 1 ! I 



t = o(i ) 


(i.e. is bounded). When the elements of A are periodic 
with common period, the \ ± of ( 17 ) always exist; and if 
there are n solutions for which they are different then 
a reduction by means of theorem 2 can be effected so 
that B -1 is bounded. In the case of periodic co¬ 
efficients, also, condition ( 18 ) is automatically satis 
fled. 

Theorem 3 asserts that conditions (17) and (18) 
are sufficient for the desired reduction. They are in 
a reasonable sense necessary, as shall be pointed out 
at the end of this section. 

Theorem 5 . Let 

09) 5? “ Ay 

where the a^j are real , continuous, and bounded 
for all t. 
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Assume: 

(H., ) The system has n different characteristic 
exponents 


x i > • • •’ x n' 


(H g ) For a maximal base jy | 
(20) 11m 


m 1 f 

» t J„ 


* at}ly 1 !l 
I ly 1 ! I 


dt exists. 


(h 3 ) 


For each y of the maximal base and Its 


characteristic exponent 

. t 

(2D L( 


lly 1 ! I 


- x 


dt 


0(1 ). 


Then there exists a ( non - singular ) matrix B defined for 
all t . B and B -1 * having bounded elements , such that If 
x=B -1 y then 


(22) & " (X)X 

where (X ) is. the diagonal matrix of the elements X^. 

Proof of theorem 5 . the assumption that the a^j(t) 
are bounded Implies (see proposition 1, section 6) 
that for any solution y of 

* jjt" = Ay ; A = (a tj .(t) . 

X (-y) Is bounded. Let iy^l be a base of solutions for 
which Xty 1 )< X (y 2 ) .. .< X (y 11 ) (guaranteed to exist by 
the hypothesis). Clearly any such basis is maximal. 

Note that ( 21 ) implies Ily^l|“i^(t)e * ^ where 

0<ai<_♦ for some constants a.j and b^, for 1=1,2,..., 

n. 

Use the given base fy^l to effect the reduction of 
the given system ( 19 ) -- by means of theorem 1 — to 
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triangular form 

( 23 ) gf-» Cx; C =» ( c jl j(t) )> Cjj(t) h 0 i>j. 

By lemma 2, section 5, we have that if lx 1 } is the 
natural base of ( 23 ) then 11 y 1 11 - I I x 1 ||. Con¬ 
sequently the problem has been reduced to verifying 
the theorem for a system with a triangular array of 
coefficients and for which the natural base is also 
maximal. 

We now use theorem 2 and the natural base to 
effect a further reduction to a system 


dv 

dt 


Dv j D — (d^j); *^ij 


5 ij st 108 "* 1 "- 


Observe that if it is true that B _1 the inverse of this 
last transformation, is bounded we are done, for we will 
have reduced the problem to a system whose matrix of 
coefficients is diagonal and for which the hypothesis 
applies. This case is trivial. 

We claim that B -1 is bounded. Since b^. are 
bounded we need merely show that |B|, the determinant of 
B, is bounded above zero; and since B is triangular it 
is sufficient to show that for any i b £k>0. (Recall 

that if x 1 is the natural base then. bii“Xj7!(x 1 ||). 

It will be general enough to do this for n = 2 : 



= ax. 


+ bx 2 


dx 2 = 0 + cx 9 

dt 


where a, b, c, are bounded. The natural base is 
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« j'^adt rt -Jfjadt icdt (Jadt 

x 2 = (e 0 (be 0 e° dr, e° ) 

Now H ? Implies | lx 1 1 |-i i (t )e ,Xi t ; 0<a i ^ i <b i . Clearly 
b,,- x]/| lx 1 | |= 1. Also ||x 2 ||-* 2 (t)e*2 t implies 
Tcdt ^ A p t 

e = ^(t)e where^ <b 2 ; and we must show that 
hi > o. 

We shall do this by contradiction. For simpli¬ 
fication define 

K= l.u.b.l b ( r I, finite by hypothesis; 

t,r 1 TTT 1 


X = X 2 " X 1 > 


positive by hypothesis; 


1 .u.b. If (t) | = l.u.b. | c (t) -A |< M, finite by 

hypothesis 

l o f(t) , 

e 0 < b 2 . 


We may then write 


An b O . A pt 

(24) a„e 2 < ||X 2 || < e 2 




( t 

2 P / 

e 0 + k : 2 (e A ~J Q e e 


1/2 


ft 


If lim/’ s lim e 0 ® o then for any g there is 

a t. such that e^ f < s • Choose 
1 0 
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<L min^bg. 


' Vk^/^ + / 

B 2 max < 1 , (^-) M ^ ) 


and determine t, so that e 


l'f(t)dt 


t 2 - t, + log (-f) 


b 2 i/x 


£ g . Choose 
D o 


1 I at t = t 1 and .we first find an upper 


bound for its size at t * t g . Clearly 


b 2. M 4 


V ,, <W“ 


<* ^ <^> Li 


log B 


nence, we may estimate the round bracket term in (24) as 


— Xt_ /• t \ . ftf* - Xtp [ / 

' 2 / 2 e Xt e J f dt <1 e 2 b 2 / 


h 2 r -x(t a -t ) -xt 2 

T- [ r 


M [’ 


* xt ♦<■.“] 

-A(tg-t 1 ) •] 


bp -X(t p-t ) e b 2 -Xlog(-f) 

<TT e + "X = T e 


ii'A 


<* - t 


Thus we have, for (24): i_ 

a 0 e^ < IU 2 I! i.'* K 2 * X 2 t^)l" 


- a * 2 * 2 VT 


♦ Wc 2 /* 2 


a 2 e 2 2 £ | |x 2 | | £ ^2. e* 2 * 2 
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which is a contradiction. This completes the proof. 
Our original argument for the last part of the above 
proof was quite involved and the above details follow 
a suggestion of E. W. Barankin. 

This theorem is a first result on a problem 
raised indirectly by Liapounoff [M.L.], pp.241-242. 
The stimulus for results in this direction is due to 
the fact that they give immediately strong stability 
theorems — which theorems for the case of variable 
coefficient? now hinge on the assumption that the 
integral of the trace is bounded (automatically ex¬ 
cluding the constant coefficient stable case!). This 
raises the question as to when H 2 and of the pro¬ 
ceeding theorem are true, and we conjecture that this 
will be the case if the a^.(t) satisfy analagous con¬ 
ditions, i.e. if there exist constants such that 

lim r- f t a. At) dr = n, . , and 
t -» oo z J o 1J 


J Q ( a i j(t) - “ 0(1 ) . 

Second, this corollary is directed towards a 
generalization of the classical representations for 
solutions of systems of linear differential equations 
with either constant or periodic coefficients which may 
be -stated: the a-th component, x_, of any solution x of 

the equation 

^2. = Ax; A = (a,,) ; a., constant(periodic) 

at 1 J 


may be written when all the characteristic roots are 
distinct 


n 


X 3 = 




i-1 


Is 


e ; <? l3 constant (periodic ) 



26 


S. P. DILIBERTO 


This theorem ia not true for almost periodic 
coefficients, as this example due to Cameron shows: 

(t )y ; <?(t) — 2 Z. cos "3 


= y(o) e 


t —' oc 


;^(r )d T 

/■t 

/ v>(Od < 
J o 


r => 0 . 


Hence, if the desired representation were to hold 

fJ?(r)dT 

e would have to be almost periodic; in 

particular, bounded. But this is not the case since 

f <fi(r )dT takes on arbitrarily large positive values. 

In theorem 3 this type of behavior is eliminated by H^. 

It is clear that, although one would like to 
exchange hypotheses H g and for conditions on a^., 
theorem 4 is best possible insofar as having weaker 
conditions on | |y 1- | | is concerned. This follows from 
Cameron’s example. 

The role of the "uniform condition" in theorem 
3 was to show, at a critical point, that the matrix 
of solutions of a special linear system of differential 
equations had a determinant bounded away from zero. 

By virtue of lemma 4, section 6 , and the relation 


{ traceA 


Ax ([S.L.], p.53) it is clear 


that H ? can be given a modified statement in terms of 
the trace of coefficients. We consider such a "mixed" 
hypothesis objectionable. 

Given 

than as t-* w clearly 
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11 m v < 11 m x £ lim x < 11m . 

The crux of the argument In the proof of theorem 3 la 
the following: to show that If 
( t fdt 

« e 0 ; |f | £ const., 

then 11 m <fi - o Implies 11 m x = o (this elementary 
exercise Is apparently a new stability result). 

§9.Two Stability Theorems . 

The following results are suggested by corollary 
1 .1, in particular by equations 4: 

Theorem 4 . A periodic solution of 

(25) at 1 " x iOvV, ( i=1 ' 2 > 

is stable If at each poin t it; is. in a region where the 
curvature . H, of the orthogonal trajectories Is 
negative; or equivalently if at each point ( on the 
given trajectory ) the derivative of the first approx ¬ 
imation of the normal distance from near by solutions 
( to the given trajectory ) Is negative . 

From these results it is clear that a stable 
periodic solution, satisfying the given conditions, 
plays among Its neighboring trajectories a role 
analagous to that of a "regular" maximum point of a 
function of a single variable. The test in the latter 
case given by a non-zeTo second derivative. Is replaced 
in the former by the curvature of the orthogonal 
trajectories. 
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Proof of theorem 4 . Our object is to construct 
simple closed curves inside and outside the given 
trajectory which are very close to it and such that in 
the annular region so constructed the boundary vectors 
(of the flow) are, as a consequence of the hypothesis, 
directed inward. This would prove the theorem. 

At a point p of the given periodic solution C, let 
L be a segment perpendicular to C and parametrized 
(linearly) by a variable u which is zero on C and 
increases in the direction obtained by rotating the. 
tangent to C (at p) 90° counterclockwise. Let e (u) 

- e be the angle, measured counterclockwise, from a 
vector of the flow (on L) to the direction of increasing 
u. We wish to calculate g^|u =0. It will be con¬ 
venient to use the abreviations: 

x^u) = x t +(-1 ) i X i+1 (x 1 ,x 2 )u; x i (0) = x ± 

X^u) - X 1 (x 1 (u),x 2 (u)) ; X 1 (0) = X 1 =X i (x 1 ,x 2 ) 

X(u) - (X^u), X 2 (u)) ; X(0 ) = X = (X 1 ,X 2 ) 

x t « (-x 2 ,v 


e = 6(u) = cos" 


) - 

/_!_ 

d_ 

'u*o 

lysine 

du 


(Xj_- X(u)) 


XjJ I • I |X(u 
(XJ_- X(U) 


^rr] ; 6 (o) ■ so ° 

- - (...) ) 

X(u)| \{L _' du 'u 


(du 


|X(u) | | J u (X L *X(u) )-(X i «X(u) )|j! |X(u), 


|Xj_| |. | |X(u) | | 2 


" x "" 2 ( x r x(u >]) 


u*»o 



I. ORDINARY DIFFERENTIAL EQUATIONS 


29 


1 /#i 

x < u > -f 5 *rV »7 

u=0 ' 


v _ _£- y . _£. y 

A 1 ’ dX, A 2 + 9X n A 1 


and finally 


(3? ) vo * 11x11 ' 2 (S7 x ? ' x i x s(^ * Hf ) 


: x *) 


3x l 2 


We wish to compare this with the curvature H(p) 
of the trajectory through that point. If s is arc 
length 


H(P)- 1 Ilf# 


|dX| I -J * 
'dt 1 1 


1 af 11 - 1 ' x| 


1 1 1 

f d , 

1 dx 1 

,2\ 

(2 1 

[ dt 1 

1 dt 1 



t dx 112 d 


+ "dt" dt 
Evaluating this shows 

. (ft - 




Choosing the proper sign shows that 

H(p) = I |X| I “ 5 (X ^2 -X/A ) 

'dt dt 

ax r ax .ax 1 . x 2 aX, 

- I ixi 1 - x 2 x,[ al J- -J3^j 2 5*7 

hence for the orthogonal trajectories (replace X ± by 
(-1) i X i+1 ) the curvature H Q (p) is 



50 


Hq(p) 


S. P. DILIBERTO 


|X| 


1-3 


W 


2 5t 


- x,x 2 


L **1 


hi 
dx 2 J 


We now wish to evaluate the first approximation 
to the rate of "normal approach". This is clearly 
dr» 2 

as defined in § 5 . 



Thus 


'MX! I 1 df 1 1X1 1 + (^* + d^)] v 2 


L 1 d_ 

[ 2 dt 

1 lx || 2 + ||X| 

- 2 ( 

■ax, 
ax, + 

dX 2 \ 

dx /i 

2 J 

lixi 


Y y 

x i x 2 {&q + 

3X 2 

)* 

axi| 
dX, J 

1 IX! 


gumming up we have the relationships 



H 



From these we have that if one of the quant it ites 
d*7 p / \ 

dF” 9 V (du/ ne S ati ve on a periodic solution 


(closed trajectory) then so are the remaining two. To 
prove theorem k we then need only show that (0 --) <0 

at each point of the closed trajectory implies stability. 

The geometry of the condition ^ <0 is clear and 
to complete the argument we define, for a closed, simple, 
twice differentiable (Jordan) curve, a 5-parallel to 
be* the locus of end points of all normals of length 
on one side of the curve. For 5-parallels we need 
the easily proved lemma: if C is. a simple closed C 2 (Jordan 
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curve and C$ the corresponding 3 -parallel then there 
exists a $ Q such that if 5 < 8 q then C 5 Is also simple . 
Furthe r If , using the natural correspondence between 
the curves,, C$ (t) Is, the point corresponding to C( t) 
then at the se p oints the two curves have parallel 
tangents . 

Proof of the lemma : let Crx^x^Cs) 1*1,2 be a 
simple analytic closed curve with s the arc length 
((x ^) 2 + (x r 2 ) 2 ) s 1 , 0 <s<i ). Then one 8 parallel 
C $ is given by 

X*(S ) = X 1 (3) - 8x^(3 ) 

X*(s ) = x 2 (s) + Sxj (s ) 


The corresponding tangents are 


x{ (s) 
x^(s) 


;*'(s) - x 1 '(s)- * x 2 "(s) 


x*'(S) 


x 2 '(s)+ 5x 1 "( 3 ) 
(3) 


Since these tangents are of non-zero length, a vanishing 
cross product will mean they are parallel: 

x;x*' - x.Jx* = « (X'x- + X^x" )= \ J s [(x' ) 2 + (x^)^ 0 

Thus C and C§ are parallel for any sufficiently small 8. 


Suppose C 5 is not simple for all sufficiently 
small 5 . Then there exists a sequence 8^ and a double 

sequence fa^,b^i where a^ and b^ are on C and such that 


the normals at a^ and b^ of length 8 ^ have a common end 


point, and where lim| 8 ^ 1 = 0 . Since C is compact there 
exists a subsequence fa^i of fa^i which converges to a 


C will have no cusps if 8 is small enough since 


(x ; )2 + ( x *') 2 


if f v it p »» P »» P 

= 1 + 8 ( 2Xg x y -zx^x z ) +5 (X 1 ) +(Xg) 

I ti 

+ 0 for small 8 since x 1 ,x^ (i=i,2) are 


finite. 
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single limit point, say, a. Let ib^l be the sequence 
of the |b ± { corresponding to the a^. Then lim bj^ is 

also a, for dist (a^,^) <1 2 ' 5 i which becomes 
arbitrarily small. 

(V 

Let be the parameter values giving a^_ and 

respectively. The common end point condition gives 
the relations 

Xi( Si ) -^Xg'CSj^) = x 1 (s 1 ) -S^gCSj^) 

Xg ( 3 i ) +5 1 X 1 , (S 1 ) - X 2 (S i ) + J 1 * 1 '(Sp 

h 

These may be arranged 

^(s^ - X^S^) = [ X 2 ( 3 1) - X^Sj^)] 

x 2 (s i ) - x 2 (7 1 ) = 8 1 [x 1 '(s i ) - x*(r t )] 

h 

2 

Squaring both sides, adding, dividing by (s ± - s ± ) 

(+0) and taking the limit gives 

2 r tt 2 up] 

1 = lim « i { (x 2 ) + (x, ) ) 

And so finite curvature implies lim 8^+0 a contra¬ 
diction completing proof of the lemma. 

Consider a point C(t) on C where ^ <0. Then 

1 u=o 

the two vectors at the end of the two normals (one on 
each side of C) have projections — parallel to the 
tangent of C — which lie on this segment if the segment 
is small enough, say less than 8(t). Tne same property 
is true for any 8^ 8(t). It is obvious that this is a 

continuous point function on C(t) and since 6 (t)+ 0 it 
has a minimum, say 8 q >o on C(t). It follows that if C 
is any 8-parallel to C with 8 ^8^ then the flow vectors 
at points of C are directed into the annulus bounded by 

C s and C_j. Hence once a trajectory gets within » Q 

of the orbit C its distance from the orbit decrease? 
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monotonically. Q.E.D. 

Theorem 4 does not generalize directly. For one 
thing orthogonal surfaces will not in general exist. 
Secondly, when they do.there is an indeterminacy in the 
case K>0, as to whether the surface normal (given by 
differential equation) and the surface are on the same 
side of the tangent plane; hence stability or 
instability will be determined only by some additional 
hypothesis — 

Theorem 5 :■ A given periodic solution, i.e. closed 
trajectory, of 

( 26 ) '^i= x i=<r? , (1-1 ,2,3) 

dt 1 x i 


along which K)>0 will be stable ( unstable ) If either (a) 
y~ < ° (>0) along the trajectory or else (b) 

ther e exists a traject ory which for tr*+oo (-*>) Is 
asymptotic to the given one . 

If V represents the first approximation to the 
normal distance of near by trajectories to the given 
closed trajectory the condition K)>0 and stability 
( instability ) is equivalent to 

at < 0 & > 0 > 


dt 


The proof of theorem 5 is omitted in as much as 
no ideas, not already in the proof of theorem 4, enter. 

In three dimensions a different type of circumstance 
can arise. This is covered by 

Theorem 6 : Let P be a periodic solution of 


dx l _ y _ d_F 
dt i 9 x^ 


i = 1,2,3 


along which K<0. Then there exist two linear manifolds 
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M 1 ftrui Mg, of solutions . through P auch that in M 1 
trajectories are stable ( asymptotic to P as t-* + oc ) 
while In M 2 trajectories are unstable ( asymptotic to. P 

as. t-» - o»). 

The idea of the proof will be very close to that 

used in discussing the saddle point in "singular point 

theory" in the two dimensional case. Theorems 4, 5, 6 

extend to n-dimensions and the results there complete 

an analogue to critical point theory "in the small". 

Results connecting the number of different types of 

periodic solutions can be obtained to give an analogue 

(45 

of critical point theory in the large. ' 

§10. A Problem of Hilbert . 

The quadrature occurring in (4) suggests that the 

class of the periodic solutions on which the sign of 

div X is fixed may well have interesting properties. 

This is so and in fact defining strongly stable 

(unstable) periodic solutions (closed trajectories) 

as ones on which div X<0 (div X>0), we are able to 

give the first results on the second half of Hilbert's 

( 5 ) 

sixteenth problem. " 

Theorem 7 : Let 

(27) ar--x^x^xg), u-1,2) 

where X^ are polynomials of degree at most n. If all 
the periodic solutions of (27) are either strongly 
stable or strongly unstable the total number of 
periodic solutions is. less than ^ ( n-2) (n-3)+ 1 . 

Ik The only known results in this direction are those 
of N. Levinson [N.L.]p.73l, where a related result is 
given for rc=3. The proof of Theorem 7 and the n- 
dimensional results will be published elsewhere. 

5. Probleme der Topologie algebraischer Kurven und 
Flaechen [H.]pp.223-224. 
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If in addition they are nested and surround .just one 
sinsular point this estimate can be sharpened to 

( [] is the integer part of) — and this is best 
possibl e. This last statement is valid if all the 
periodic solutions form at most two nests . 

It appears very difficult to obtain estimates on 
general periodic solutions. Preliminary study indicates 
that the estimate [^y-] will be valid for certain 
special equations (i.e. restrictions are placed on the 
form of the differential equation rather than the type 
of periodic solution) in particular for equations of 
van der Pol type (see the remarks of [S.L.]p.l93). 

Proof of theorem 7 . The idea of the proof will 
be to establish that there are at least as many closed 


ax 

ax. 


ax. 


finite branches of 

div X = 

vr-f ^ 

as there are periodic solutions of the specified types. 
Let (C^l be the set of such solutions; then if R^ is 
the region bounded by 

0= j) (X 2 X 1 - X^gjdt- - (> X 2 dx 1 -X 1 dx g =(|div X dx^x 
C i 


Since div X+0 on and 


'i R i 

div X=o there must exist a 


region 7^ on which div X has a sign opposite to its 
sign on the boundary. 7^^ is separated from C by a 
closed finite branch of div X=»o. ( 7^ need not "a 


priori" be connected so div X may have many closed 
finite branches inside C^; we merely note that there 
is at least one.) This closed branch is a closed 
curve, but not necessarily a simple one. 
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Calling such a branch we claim there are as 

many B.^ as . Namely, let be some periodic 

solution and C, C 4 be those periodic 

1 1 1 k 


solutions inside C i? but with no ^_ contained in a C m 

J 

where C m is in C^. Clearly 


II 


div X 
k 

H H 1 
j=1 j 


k 

By the previous reasoning we may find a B^ in R^ _ IZ R^ 

j=l 

which is associated with no other C^. Thus we must now 

determine the maximum number of closed finite disjoint 
* 1 
branches which div X=0 may have. This is -(n-2)(n-3)+l 

[C.]p. 56 . This estimate is clearly a poor one since 

we have- avoided any mention of the relative positions 

of the C^. Thus for example if no C's are nested there 

must be at least one branch (not necessarily finite) 

separating all the stable solutions from the unstable 

ones. 

When all the periodic solutions are nested (C 1 2> 

C 2 .O^k-) we improve the estimate. First it 

follows from classical results [S.L.]p.l81 that if C 1 

is stable then C 2 is unstable, C^ stable, etc. Con¬ 
sequently it must be true that C^B^C^Bg...., for 
every point on C^ must be separated from every point 

.of C^ +1 and C^_ 1 . Thus we have B^BgD. When an 

algebraic equation of degree k has all its branches 
nested the maximum number of these is [gk]. This 
estimate is even true if there are exactly two nests 
— i.e. if it is true that B!JBj .and BgDB^. 
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For the case of nested ovals the estimate Is 
easily seen to be the best possible from the example 

| = y - X TT (x 2 +y 2 -i 2 ) 

1=1 

dx = -X -y TT (x 2 +y 2 -i 2 ) 
dt 1=1 

which has as strong periodic solutions the circles 
x 2 + y 2 = l 2 — and no others. 

Hurewicz has pointed out that theorems 4, 5 and 6 
will undoubtedly follow from classical results on 
(generalized) characteristic exponents, i.e. are 
weaker results; but, in distinction to the characteris¬ 
tic exponents, they give a direct stability criterion. 

REFERENCES 

[G.B.] George D. Birkhoff, Dynamical Systems . New 
York, Amer. Math. Soc., 1927 . 

IC.] J. L. Coolidge, A Treatise on Algebraic Plane 
Curves . Oxford, Clarendon Press, 1931 . 

[H.] D. Hilbert, Mathematische Probleme. Archly der 
Math, u. Phys . ( 3 ) 1 (1901), pp.44-63, 213 - 
237. 

[N.L*] N. Levinson, Transformation Theory of Non¬ 
linear Differential Equations of the Second 
Order. Ann, of Math . ( 2 ) 45 ( 1944 ), 
pp.723-737. 

[S.L.] S. Lefschetz, Lectures on Differential Equations . 

Princeton Univ. Press, 1946. 

[M.L.] M. A. Liapounoff, Probleme General de la 

/ 

Stabilite du Mouvement. Ann. Fac. Scl. 

Univ. Toulouse ( 2 ) 9 (1 907 ),pp.203-469. 
(Reprinted as Ann. of Math. Studies No - . 17> 
Princeton Univ. Press, 1947 .) 




38 


S. P. DILIBERTO 


REFERENCES (cont'd) 

[M.] M. Morse, The Calculus of Variations In the large . 

New York, Amer. Math. Soc., 1934. 

[O.P.l] 0. Perron, Uber ein matrixtransfonnation. Math . 
Zelt . 32 ( 1930), pp. 1 + 65 - 473 . 

[0.P.2]-, Die ordnungszahlen linearer differen- 

tialgleichungs-systeme. Math. Zelt .3i (1930), 
pp.748-766. 

[W.] E. T Whittaker, A Treatise on the Analytical 
Dynamics of Particles and Rigid Bodies. 4th 
ed. Cambridge Univ. Press, 1937• 




II. OSCILLATION OP A THIRD ORDER NONLINEAR AUTONOMOUS 

SYSTEM 


By Lawrence Lee Rauch * 


Preface 

Much of the modem engineering interest in the 
theory of nonlinear oscillations stems from a desire to 
avoid unwanted oscillations in physical systems. The 
classical interest in the mathematical theory of oscil¬ 
lating systems as such which began with the work of Van 
der Pol never carried far down into the ranks of prac¬ 
ticing engineers. This probably resulted from the fact 
that most useful oscillating systems are small and 
apparently the cheapest and easiest way to investigate 
the solution for any given system is by an analog 
method, namely, by building the system itself and 
operating it. 

In recent years a new situation has confronted the 
practicing engineer In the form of very expensive and 
complex devices 1 whose actions as a function of time 
must be controlled without the aid of constant and de¬ 
tailed human supervision. This has resulted in numerous 
applications of particular nonlinear operators on 

* Princeton University and the University of Michigan. 
1. Aircraft, guided missiles, and automatic chemical 
process plants are examples of important classes. 
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2 

functions of time without an appreciation of the more 
general aspects of nonlinear operator theory. 

In practical cases it is not always clear whether 
or not a proposed nonlinear operator is unstable in the 
sense that the function of time resulting from the 
operator may not always be sufficiently controlled by 
the impressed function of time. Inability to settle 
this stability question by theory has resulted in very 
expensive experimentation sometimes accompanied by loss 
of life. Without an understanding of the theory, even 
extensive experimentation cannot infallibly eliminate 
the possibility that the output function of a nonlinear 
operator may become uncontrolled as a result of certain 
impressed functions. 

One important example involving the above considers 
tions occurs in what are called "closed-loop control 
systems" where it is desired to make the output of a 
device behave in a specified manner. 



2. Transmission of intelligence by radio cannot be 
accomplished without the use of such nonlinear operators 
as amplitude modulation, frequency modulation, pulse- 
position modulation, etc. 
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In the diagram, the output O(t) from the device depends 
on the Input h(t) to the device In a manner prescribed 
by the nonlinear operator D 

0(t) = D[h(t)] . 

It is desired to make 0(t) as nearly equal to f(t) 
as possible. To this end the difference g(t) is 
operated on by C in the controller and applied to 
the input of the device 

h(t) - C[g(t)J .. 

The total result is 

0(t) = D[C[f(t) - 0(t)]j 
If D has an inverse and C is linear 
(D" 1 + C)EO(fc)] = C[f(t)] 

If D _1 + C has an inverse 

0(t) = (D _1 + C) _1 [C[f(t)]] 

In many practical systems D 1 exists and C is linear, 
but trouble occurs in attempting to take the inverse of 
D -1 + C. It can occur that even if f(t) « 0 the 
closed-loop control system wiUgenerate an 0(t) which 
does not approach zero or for that matter which does not 
even remain less in absolute value than a small constant 
for t sufficiently large. 

In the language of differential equations this 
amounts in many cases to an n-th order nonlinear 
ordinary system with a single forcing function f(t) 
and solution 0(t). When f(t) - 0 we have an 
autonomous system whose only 3 table solution must be an 
unique stable singular point near the origin if the 
closed-loop control system is to be successful. Thus 
a better understanding of the qualitative nature of 
solutions of nonlinear autonomous systems is important 
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in understanding the stability of control systems. In- 
the-large properties of solutions of second order nonline* 
systems^ are rather well understood, but much less is 
known about higher order nonlinear systems. 

Techniques are well developed to handle strictly 
linear systems^ where limit cycles and similar phenomena 
cannot exist and stability is determined entirely by the 
singular points. 

I wish to express my sincere appreciation to 
Professor S. Lefschetz for his interest and encourage¬ 
ment since first introducing me to the field of nonlinear 
differential equations. Also I wish to thank Drs. A. B. 
Parnell, C. E. Langenhop, and LeRoy A. MacColl who were 
kind enough to read the first draft and point out 
instances of obscurity in the presentation and a number 
of typographical errors. 

INTRODUCTION, SUMMARY 

This paper deals with the in-the-large properties 
of the solution of a third order system of nonlinear 
ordinary differential equations. As in Van der Pol’s 
work the system arises from a vacuum-tube circuit. The 
system is a generalization of the well-known Van der Pol 
And Lienard systems to the third order in contrast to 
the generalization of Levinson and Smith which remains 
within the framework of the second order where questionr 
of stability are more easily handled. 


3 . See Andronow and Chaikin, Theory of Oscillations, 
Princeton University Press, 19^9 • 

b. See Bode, Network Analysis and Feedback Amplifier 
Design. D. van Nostrand Company, 19^5. 



II. A THIRD ORDER AUTONOMOUS SYSTEM 




In the circuit the vacuum tube ia assumed to 
introduce a general nonlinear characteristic determing 
the anode current as a function of the grid voltage only 
(exemplified by the pentode type of vacuum tube). This 
is shown to be essentially different from the circuit 
considered by Friedrichs where the vacuum tube is 
assumed to determine the anode current as a function 
of the weighted sum of the grid and anode voltages 
(exemplified by the triode type of vacuum tube). In 
both cases it is assumed that there is no grid current. 

The differential system considered in this paper, 
when represented as a single third-order equation, takes 
the form 

k^x + (k 2 + k 5 g(x))x + k 3 g'(x)x 2 + g(x)x + x =0 

where g(x) depends on the nonlinear characteristic of 
the vacuum tube and the constant circuit parameters and 
k 1 , k 2 , and k^ depend on the constant circuit parameters. 

When k 1 = k^ = 0 and k 2 * 1 the equation becomes 
x + g(x )x + x = 0 

which is the equation investigated by A. Lienard [1]. 

It Includes as a special case Van der Pol’s equation l2] 

X +I*(x 2 - 1 )x + X = 0 . 

However it does not include the general equation for 
relaxation oscillations 

x + g(x,x)x + h(x) = 0 
investigated by Levinson and Smith [ 3 ]. 



44 


L. L. RAUCH 


We prove the following 
Theorem: The differential equation 

k/x + (k 2 + k 3 g(x))x + k 3 g'(x)x 2 + g(x)x + x = o 
will have a periodic solution if 



2.) f 2 (x) < C < * 


3.) 


1 > 4.6 



sup 

-00 <x<°® 


JW 

X 


+ 9-7 
+ 2.4 



- k 2 k 3 


+ 


^0 

m. 



where we define 



and m 1 > o may be chosen arbitrarily. 

In the latter part of the paper we consider the case 
when certain of the parameters are functions of the 
variables. A special case leads to the more general 
second order equation 

x + g(x)x + h(x) = o 

The paper is arranged as follows : In Part I the 
vacuum tube circuit is presented and its mathematical 
description formulated. The difference between this 
circuit and the circuit of Friedrichs [4] is pointed out 
in the Appendix. 
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In Part II three physically significant variables 
are chosen and a system of three first order equations 
is obtained in terms of these variables, thereby defining 
a phase space. The difference between this differential 
system and that of Friedrichs is also pointed out in 
the Appendix. New physically dimensionless variables 
are introduced for convenience and a single third order 
equation is obtained in terms of one of these variables. 

In Part III the uniqueness and type of the singu¬ 
lar point in terms of the physical parameters is 
established. 

In Part IV a closed three dimensional region which 
is topologically equivalent to a solid torus is defined 
in the phase space. The vector field is shown to point 
inward at all points of the boundary of the region with 
suitable restrictions upon the physical parameters. An 
additional step proves that the paths of the vector 
field circulate around inside the torus. The singular 
point lies outside the torus. A surface of section of 
the torus is a simply connected two dimensional closed 
region. A continuous mapping of any point back into 
the region is defined by following the corresponding path 
around the torus until it intersects the surface of 
section again. An application of Brouwer*s fixed point 
theorem [ 5 ] establishes the existence of a fixed point 
of the mapping. Therefore one of the paths is closed 
after one revolution around the torus. This corresponds 
to a periodic solution. 

In Part V it is shown that with two singular 
exceptions any path outside the torus eventually enters 
it; that is, all oscillatory solutions must lie inside 
the torus. It is pointed out that the periodic solution 
of Part IV is not necessarily stable under the proved 
topology. An example is given showing an unstable periodic 
solution, a stable periodic solution whose period requires 
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any desired number of revolutions around the torus, 
and a stable non-periodic solution. 

In Part VI a method is established for placing 
upper bounds upon the instantaneous values of the 
variables when the system is oscillating. 

In Part VII it is pointed out that the existence 
proof still holds when certain of the physical parameters 
are permitted to be suitable restricted functions of 
the variables. 

PART I. THE VACUUM TUBE CIRCUIT 

The circuit under consideration is the well-known 
RC multivibrator with two additional reactive elements. 

A capacitance C 2 is placed between the anode and 
cathode of the tube and an inductance L is placed in 
series with the plate load resistance R as shown in 
Figure 1. In practice it is well known that this 
circuit will oscillate when the parameters are properly 
adjusted. We shall follow the convention that the 
current in the circuit is in the direction of electron 
flow. 

The electron currents in the four branches of the 
circuit are i . i . i T , and i with directions as 

cl v Ju 

indicated by the arrows. The voltage on the anode of 
the tube with respect to the cathode is e and the 
voltage on the grid is e . The box directly below the 
tube T indicates that the sign of the voltage across 
r is changed before it is applied to the grid as eg. 
This must be done in order to create an unstable 
condition which will lead to oscillation. In practice 
this phase reversal may be provided by a second vacuum 
tube arranged to operate only over the linear part 
of its range when the circuit is oscillating. 
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FIG. 1 

The only nonlinear element in the circuit ia the 
vacuum tube which determines the anode current i 
as a continuous single-valued function of the grid 
voltage e 

O 

(1-D i a -*(e g ) • 

For an actual tube the nonlinear function may appear aa 
In Figure 2. The operating point tranaconductance g m 

la defined by 

(1-2) g m =<p'(0)>0. 

We aaaume 

(1-3) <P (0) =0 and eg (e g ) > 0 . 

It will be obaerved that according to Figure 2 the 
anode current 1 may be either poaitive or negative 
in accordance with the grid voltage e. In actual 
practice vacuum tubes can have only positive anode 
current. The justification for the assumption of 
positive and negative anode current is that it sim¬ 
plifies the presentation. An actual tube may be made 
to have a characteristic as in Figure 2 by connecting a 
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constant voltage source In series with the grid, a 
constant current source between the anode and cathode, 
and a constant voltage source in series with the anode 
and then calling this whole affair the "vacuum 



tube" considered in this paper. The operation of the 
circuit is in no way affected by this procedure. 

We define 


(1~4a) 

*s + 

= sup 

- 00<e g <Q0 

v (e g ) < oo 

(1 ~4b) 

I s~ 

= inf 

- «<e g <» 

* (e g ) > -oo 

(1~4c) 

J s 

" X s - 

I s" 

For the proof of 

the existence 

of a periodic solution 


it will only be necessary to assume the existence of 
* '(0). However at other times we shall assume that 
^'(eg) exists everywhere. 

The following relations between the variables are 
obtained by considering the various junctions and 
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branches of the circuit. 


0-5) 



*<V 

(1-6) 

6 g 

« 

lr 

(1-7) 

4 a 

= 

+ *L + 1 




rt 1_ 

(1-8) 

e 

= 

-P 

T3 

3 ld 




* 2 

(1-9) 

e 

rs 

- l ; L - ri. 

(1-10) 

e 

= 

-r ^ « 


PART II. THE DIFFERENTIAL SYSTEM 

The system of equations ( 1 - 5 ) to (1-10) may be 
reduced to a system of three first-order differential 
equations in three of the physical variables. The 
important question is which three variable's shall be 
chosen. (Of course the natural physical variables are 
not the only choice.) Some choices will result in 
phase spaces in which the geometry of the vector field 
makes it very difficuLt to construct the stable region 
necessary to prove the existence of a periodic solution. 
By a combination of physical reasoning and geometrical 
experimentation the variables i, e, and i^ were chosen. 
Thus we want to eliminate i a , e , and i Q . 

Substituting (T -6 ) and (1 -7 ) in (1 -5 ) gives 

( 2-1 ) (ri) - I c + i L + i . 

Differentiating ( 1 - 8 ) and substituting for i_ from 

c 

( 2-1 ) we have 

( 2 - 2 ) 6 » -£r- [<p(ri) - i - ijJ . 
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Differentiating ( 1 - 10 ) and substituting for 
( 2 - 2 ) gives 


(2-3) 


i - 


1 

rC, 




i - 


from 



Solving ( 1 -9) for i L , 

( 2 -U) i L - - j; (e + Ri L ) . 


Equations (2-2), ( 2 - 3 ), and (2-4) together form 
our system of three first order differential equations 
defining the phase space in i, e, and i^ 


( 2 - 5 a) i -U- [*(rl> -/1 * ^)l - 1 L ] 

( 2 - 5 b) e =* -gl [?(ri) - i - i L ) 

(2-5c) i L “ - E (e + R * L ) * 


These three variables have the physical dimensions 
of current, voltage, and current respectively. To avoid 
awkward expressions in the calculations to follow we 
introduce physically dimensionless variables x, y, and z 
defined by 

( 2 -6a) i = I 3 x 

( 2 -6b) e - RI g y 

(2-6c) I L = I g z. 

We also define 


( 2 - 7 ) 


<P (ri) - fgfCx) . 


Note that 

( 2 - 8 ) - 1 < f(x) < i, f(o) » 0 , and xf(x) > 0 
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and 

(2-9) f 1 (0) = rg m 


Substituting (2-6) and (2-7) in (2-5) results in the 
physically dimensionless system 


( 2-1 oa) 
( 2 -iob) 
( 2-1 oc) 


x 

y 

z 


- rC 2 [ f(x) " (j + C^J x - z ] 
= - j=j£- [f(x) - X - z] 

= - j [y + z] . 


To express (2-10) as a single third-order differen¬ 
tial equation we eliminate y, y, z, and z in the 
usual way. The final result is 


LC 2 rx + ^RrC 2 + L^I + J - Lf'(x)J x - Lf"(x)x 2 
► j^r + R^I + - Rf' (x)J x + (|r x = 0 


( 2-11 ) 


From (1-6) and (2-6a) 


(2-12) e g = rl g x . 

In order to better understand the operation of the 
circuit of Figure 1 consider the following special cases 
of ( 2 - 11 ): 1 .) L = 0, 2 .) C 2 = 0, 3 .) L - C 2 - 0, 
1*-. ) R = 0, and 5 . ) R = C 2 = 0. The first case is a 
second order equation of the type studied by Lilnard. 

The second case is a second order equation with the 
coefficient of the highest derivative vanishing for 
certain values of the dependent variable. The solution 
of the equation must terminate at the time the co- 
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efficient vanishes. The differential equation does not 
in itself contain sufficient information to determine 
the discontinuity. Recourse must be made to the 
physical problem by application of the Mandelstam jump 
conditions [6] to find a new starting point for the 
solution of the differential equation after the discon¬ 
tinuity. The third case is similar to the second except 
that the equation is of the first order. The fourth case 
is similar to the full equation (2-11 ) except that the 
coefficient of the first derivative is constant. The 
last case is similar to the s.econd case except that the 
coefficient of the first derivative is constant. 

PART III. THE SINGULAR POINT 


Prom ( 2 - 10 ) any singular points must be solutions 
of the system 



(5—1b) f(x) - x - z = o 

(5-lc) . y + z = o 

Subtracting (3-la) from (3~ib) provides the result x = 0. 
Substituting this in (3-1b) and recalling that f(0) =■ 0 
gives z = 0. Then from (3-1 c) it follows that y = 0. 
Therefore the system ( 2 - 10 ) has just one singular point 
and it is located at the origin of the phase space 
coordinates x, y, z. 

In order to study this singular point we 
"linearize" the system ( 2 - 10 ) at the origin by the 
substitution 
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(3-2) 


f(x) = f' (O)x = 


The second equality is due to ( 2 - 9 ). The "linearized" 
system is then 


(5-3a) x = ^ V’l - 


(3-3b) y 


■RC^ [(g m r ~ Ox - z] 


(3“3c) z = - T [y + z] . 


The "linearized" version of ( 2 - 11 ) is 
r / CL\ 


LC 2 >rx + RrCg + L II + q- 


)- Lg m r j * 


(3-4) 


+ r + R 1 + 


R^r x + g—:x = 0 . 


The cubic equation satisfied by the characteristic 
roots , A 2 , and X^ of the matrix of the right 

member of ( 3 - 3 ) is 

C„ 


>5 _[§n 


(3-5) 


[lC 9 + 


■(•a 


-R \ r 

L 


&] A - [- LrC,cJ 


The brackets before x , X, and 1 are respectively 


(3-6a) Ag = \j +Xg +A 5 
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{3-6b) 


(3-6c) 


-A,(A 2 , X,) .a 2 a, - 
■ X 1 X 2 X 3 " ' L^7c 2 




the first being the trace of the matrix of (3~3) and the 
last being the determinant of the matrix of (3-3)> 


The solution of (3~k) is of course 

At A_t At 

(3-7) x - ^e + f 


if At f A 2 + A ? + A,. 


It is known from the physical problem of Figure 1 
that the circuit breaks into oscillation for gjjj > G > c 
and does not do so for g m < G. That is, the singular 
point is stable for g ffl < G and unstable for ^ > G. 

We shall now prove this and also obtain the value of G 
in terms of the circuit parameters. 

By (3-6c) *.,* 2*3 is rea i and negative. Hence 
there is always at least one real and negative root. 

Let it be A . Therefore the singular point must be 
one of just four structurally stable [ 7 ] types: 

stable 

(3-8a) A ^ 0 , A 2 < 0 , A 3 < 0 

( 3 -8b) A 1 < 0 , A 2 = u + iv,A 5 - u - iv, u<0, v>0 

unstable 

(3-8c) A < 0 ,Ap = u + iv, A ? = u - iv, u > 0, v > 0 
(3-8d) \ < 0, * 2 > 0 , * 5 > 0 . 

The stable conditions may be called respectively a 
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stable node and a stable node-focus. The unstable 
conditions may be called respectively a focal saddle 
point and a nodal saddle point. 

It is clear that the transition from stability to 
instability must take place in the presence of the focal 
condition by passing from condition ( 3 - 8 b) to (3-8c). 
Otherwise X g and ^ would have to vanish at the 
transition point in passing from condition (3-8a) to ( 3 - 8 d)- 
This is impossible since X^X^ <0 in view of (3-6c). 

The transition case u = 0, although important as dis- 
tinquishing between the stable and unstable focal cases, 
is not physically interesting because it is a stable node¬ 
center and this does not have structural stability. 

We now show that the transition condition u - 0 
can only occur when 
(3-9) A g A, =A q . 

Substituting from ( 3 - 6 ), 

( 3 - 10 ) 2 X,X 2 \ 3 +V X 2 + V X 3 +> ? A 2 +X ? X 3 +X 2 X 3 +X 2 X 3 " °* 

After factoring this becomes 

(3-H) (X g +X 1 )(X J + \)(\ 2 +X 3 ) = 0 . 

The solutions are of course 
( 3 - 12 a) X g = - x i 

(3 - i2b) X 3 = - X 1 

(3-12C) x _ _ x 

*2 “ 3 ' 

That is, ( 3 - 9 ) implies at least one of ( 3 - 12 ) and any 
one of ( 3 - 12 ) implioa(3- 9 ). We recall that X ig real 
and negative while X g and are either both real 
and of the same sign or else complex conjugates. The 
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condition ( 3 -l 2 c) is equivalent to u = 0 in ( 3 - 8 ), the 
transition between stability and instability. Conditions 
( 3 -l 2 a) and ( 3 ~l 2 b) fall under condition ( 3 - 8 ) where 
the negative damping is greater than critical. Now the 
negative damping increases with ^ so that ( 3 - 12 c) 
corresponds to a smaller value of g m than ( 3 - i 2 a) or 
( 3 -l 2 b). 


Expressing ( 3 — 9 ) in terms of the circuit 
parameters by means of ( 3 - 6 ) we have 



Rewriting this as a quadratic in g m , 



Clearly one root is real and positive and the other must 
be also since the constant term of (3 _ 1^) is positive. 


The smaller root must be the transition condition 
u - 0 of ( 3 - 12 C) and the larger root must be (3-12a) 
or ( 3-12 b). This can be seen by noting that ( 3 - 12 c) 
must occur for some value of g m - For when g m = 0 (no 
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energy input) the real parts of * 2 and are non- 
positive and by (3-6a) when g ffl is sufficiently large 
positive the real parts of A 2 and A^ are positive. 
Note that * 2 and A^ are continuous functions of g m 
Thus the- condition that the singular point be 
unstable is 



and the condition that it be stable is 


( 3 - 17 ) g m < G . 

In the limiting case when f- * oowe have 



For g ffl = o (vacuum tube not acting)the singular 
point will be a stable node or a stable nodeTfocus 
depending upon whether the circuit is more or less then 
critically damped. As g m becomes positive the 
damping decreases until it reaches zero at the transition 
node-center. Further increase in g m leads to a 
focal saddle point and then finally to a nodal saddle 
point. 

Critical damping occurs when the discriminant of 
the cubic ( 3 _ 5 ) vanishes. 

In the remainder of our work we assume that ( 3 - 16 ) 

holds. 

For later use it is important to obtain informa¬ 
tion about the principal direction of the negative real 

root X 1 . The particular solution of (3 _1 0 
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v 

( 3 - 19 ) x = e 

is a straight line through the origin of the phase space 
and in the principal direction of ^. Substituting 
this solution in ( 3 - 5 a) and ( 3 ~ 3 c) gives 



(3-21) y = - (’ + if \). z 

which reduces the matter of the principal direction of 
A 1 to the problem of determining A 1 . 

If we write ( 3 - 20 ) and (3“21 ) 


( 3 - 22 ) 

X 

s 

II 

N 

(3-23) 

y = - fi z 

where 

( C o \ 

(3-24) 

“ - S m r - (j + cf y rC 2 k 
LA. 

* = 1 + TT 

(3-25) 


then the direction cosines of the principal direction 
of ^ are 
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PART IV. EXISTENCE OP A PERIODIC SOLUTION 


In thia chapter we shall prove the 
Theorem: The system 


( 2-1 oa) 

( 2-1 Ob) 
( 2 - 1 oc) 


^ [fU) - 


RC, 


[f(x) - x - z] 


- g ty ♦ *1 


Z 


representing the circuit of Figure i has a periodic 
solution if 


v 1 RC 2 

1 • * Sm ' 2 R + 2 L + 


i (’ * 0-f)-]/(ll - W) 


2 C r 


RC,r 


where g^ = f' ( 0 ) 

2.) * 2 (e g ) < C < oo 

where ?(ri) = I a f(x) 
s 

, x R V 4.6 f(x) 9.7 5.0 2.4 

5 -’ *Rc 2 *?c7*fo7 


where we assume f'( 0 ) > 0 exists, xf(x) )• o, and f(x) 

continuous and single valued. Although nothing can be 
said about the in-the-small stability of the periodic 
solution it will.be seen that there is a sort of in-the- 
large stability. 

The first step in proving the existence of a 
periodic solution is to define a closed region in the 
phase space topologically equivalent to a solid torus 
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in such a manner that the path passing through any 
point on the boundary surface enters the interior. 

That is, the vector with components (x, y, z) defined 
by ( 2 - 10 ) points into the interior at every point of the 
boundary surface. Thus any path beginning inside the 
torus would remain within it. The construction of the 
torus takes place in three steps. First, we define two 
cones with vertices at the origin which form the lateral 
boundaries. Second, we define a closed surface around 
the origin which forms the outer radial boundary. Third, 
we define a cylinder which forms the inner radial 
boundary, eliminating the singular point at the origin. 

1. Lateral Boundaries 

Consider two right circular cones with the line 
y= z ,x=0 as a common axis and with the origin as a 
common vertex as in Figure 3 (the x-axis points vertically 
upward from the plane of the paper). The convex sides 
face each other across the plane y + z - 0, the 



FIG. 3 
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generators making an angle $ with this plane. The 
closed region lying between the two cones will be used 
in forming the torus. We were led to consider this 
region because ( 2 - 1 oc) represent? a sort of attraction 
on any path acting toward the plane y + z == 0. 

The distance of any point (x, y, z) from the 
plane y + z = 0 is 

0-0 t- ^ 

y2 

The distance of any point from the origin is 


222 
x + y + z 


Therefore the equation of the cones is 


(4-3) 


•VT 


= sin $ 


where jj- > £ > 0 gives the upper left cone and 

It 

0 gives the lower right cone. For the 
present we limit ourselves to the upper left cone. The 
component of the vector field 


( 2-1 oa) 


( 2-1 ob) 


f(x) - h + 


y = - sr (f(x) - x - z] 


(2-1 oc) 


z = - ^ [y + z] 


which is normal to the conical surface (4-3) and pointing 
toward the plane y + z =0 is 
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Now by (4-5) 

(4-4) $ = arcsin * — z - 


so 


(4-5) N c =- 

7 2 


•V2a 


(xx + yy + zz ) - y 


2a 




We need to establish conditions under which N c > o . 

Substituting for the derivatives in (4-5) by use 
of (2-10) we have 


(4-6) 


s 


2a. N, 


Vca 

c 

Vga 

/ C 2\ 

i V5a 

?rQr 

xf (x) 

) 

’ l>r C 2 

\ C J 

x • 55 c 2 

V5a 


-*£a 

V2a , 

1 1 R\ 

pRC. 

- yf(x) 

) 

+ I»RC 2 

+ T i 

[rc 2 - l] 

1 

f(x) - 

1 

i 

y?aR 

+ rc 2 

rc 2 

* rc 2 z ' 

9 L Z 


xz 


+ jj- (y + z) 


From (4-2) and 

(4-7) z 

(4-8) y 


(4-j) it follows that 

aP ± p! A " a 2 - 

ap + pVi - a 2 - 
"l/if 


where the signs before the radicals must be opposite 
when the relations are used simultaneously. Using those 
to substitute for y and z in (4-6) and making une 
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substitution x « pw, we have 



i -a 
RC„ 


f(pw) + wf(pw) 


± pgr- f (pw) Yi -a 2 -w 2 



where w 2 £ 1-a 2 . The only term which is independent 
of w and does not vanish for some value of w is 
the third line of the right member. If we want N c >0 
so that the vectors point into the region it is easily 
seen that this constant term must be positive. That is 
we must have 


(4-io) R s J_ 

L ' RCg * 

On the other hand ^ can be made sufficiently large so 
that N c > 0 for any particular a in 
(4-n ) 0 < a 2 < \ 

• R 

So it. remains to determine a lower bound for to 
insure N c > o. 

If p is sufficiently large the terms in the first 
line willplay no role In determining th* lower bound 
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P When p is small these terms will serve to raise 

Ju • 

the lower bound and so we shall obtain an estimate for 
the lower bound with p small. For any set of values 

of the parameters R, r, C 1 , C 2 there is a best value 
of a which will permit a greatest range for L 
while N. > 0. In order to be able to write down 
explicit conditions we shall arbitrarily choose 
a ■= jj- at this point. Then to obtain an estimate we 
choose the value of w in each case which makes the 
term least positive or most negative, having previously 
selected the negative signs where possible. The result 
is 


25 . 

'VjF p 


N„ 


> 


(l VIZ \ E 

\a 8 j l 


£Lg-1 
1 


(4-12) 


•(v 2 * i ® 


5 i 

8 rC 1 

where tj is defined by 7 = pw . 
(2-7) 

f(i) ) ^ 


We recall that, oy 


(4-15) 


!s ’ 


Therefore by (2-9) 


sup 

-00O? < 00 


ILL) 

v 


> Sm r 


(4-14) 
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where equality holds only if the Incremental trans¬ 
conductance is never greater than the working-point 
transconductance. Let us assume, as represented by the 
dotted line in Figure 2, that the supremum of all in¬ 
cremental transconductances is s times the working- 
point transconductance. Then 

XL!L) 


(4-15) 


sup 

-oo<n<co 


cr 

c ra 


where s > i 


Then for N. > Q, so that the vectors point into the 


region, a sufficient condition is 
4._6 

'O 


(4-16) 


Rs4t.6 + 2il + 5j0 + 

L ' RC„ * ^m 1 + RC„ + rC„ + rC, 


When a = - jj- we want N c < o. By obvious modifi¬ 
cations in the argument the same condition (4-i6) is 
obtained. 


2. Outer Radial Boundary 

Consider the family of closed surfaces about the 
origin 

(4-17) P = C 2 R 2 y 2 + C^Ry + rx) 2 + Lz 2 

where the value of p determines a particular surface of 
the family. For any p this surface serves to limit 
the region between the two lateral boundary cones. We 
shall show that if p is sufficiently large then the 
part of the surface used, the part lying between the 
two lateral boundary cones, has the property that the 
vector field of (2-10) at every point points toward the 
interior. We were led to the surface (4-17) by energy 
considerations in the circuit of Figure 1. The parameter 
p is proportional to the energy stored in the cir¬ 
cuit at any time t. 

A n.a.s.c. that the vector at any point of the 
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surface (4-17) points toward the interior is 
(4-18) P < 0 . 

(4-19) § = C 2 R 2 yy + C^Ry + rx) (Ry + rz) + Lzz . 

Substituting for the derivatives from ( 2 - 10 ), we have 
(4-20) = - Ryf(x) - rx 2 - Rz 2 . 

Therefore the condition (4-i8) that the vectors point 
toward the interior amounts to 

(4-21 ) rx 2 + Rz 2 > - Ryf(x) . 

A stronger condition insuring this is, since f 2 (x)< 1, 
(4-22) rx 2 + Rz 2 > R Iy|. 

This inequality is satisfied by all points lying out¬ 
side the two paraboloids 

(4-25) rx 2 + Rz 2 = R |y| 

with vertices at the origin and axes along the y-axis. 

The region outside the paraboloids where p < 0 
leaves the y-axis like yy while the region between the 
two lateral boundary cones leaves the y-axis like y. 
Therefore it is only necessary to choose p large 
enough so that the portion of the outer radial boundary 
lying between the two lateral boundary cones is outside 
of the paraboloids (4-25) so that p < 0 and the vectors 
point toward the interior at all points. 

We have now established a stable bounded closed 
region in the phase space. Its thickness becomes zero 
at the origin, but it does contain the singular point 
at the origin and it is necessary to remove a neighbor¬ 
hood of the origin before we can complete the existence 
proof for a periodic solution. 
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3 . Inner Radial Boundary 

Before we can use the Brouwer fixed point theorem 
to establish the existence of a periodic solution in 
the stable region we must remove the known fixed point 
at the origin. Otherwise, as will be seen, the results 
of our labor will be merely to establish the existence of 
the fixed point at the origin. 

There is no possibility of establishing the 
inner radial boundary by defining a closed surface 
about the origin at all points of which the vector 
field points outward. For since X 1 < 0 in ( 3 - 8 ) 
there are always two paths approaching the origin. 

At the origin they are tangent to the straight line 
in the principal direction of X . However it appears 
that we should be able to construct a cylinder around 
the straight line through the origin in the principal 
direction of X 1 such that sufficiently near the origin 
the vector field at each point of the cylinder points 
away from the interior. Then if the principal direction 
lies outside of the solid angle between the lateral 
boundary cones, the cylinder will serve to put a hole 
through the stable region in such a manner that a 
neighborhood of the origin is removed and the remaining 
region is still stable and now topologically equivalent 
to a torus. 

We first prove that the principal direction of X 

lies outside the solid angle between the lateral 
boundary cones. Since by the assumption a =* ± j 

the generator of the cones makes an angle of j with 
the line y «■ z, x *» 0 it is only necessary to show 
that the angle between the principal direction of X 1 

and the line y - z, x = 0 is less than . Now the 
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direction cosines of the line y - z, x = 0 are 

(4-210 X- 0 , Y ** ■— , Z--jz . 

Yz -V2 

We recall from ( 3 - 26 ) that the direction cosines of the 
principal direction of A 1 are 


( 3 - 26 ) X- ■ 

71 + « 2 (1 + P 2 ) 


7 1 + (1 + jS 2 ) 

a 

Z - - 

-/l + (1+(3 2 ) 


Therefore the cosine b of the angle between them is 


(4-25) 


b - 


gJ LLilL 


^ y~i~i o 2 (i+^) 


where from (3“24) and ( 3 - 25 ) 

Q 

(5-24) « - grf "(i + 07 ) - rC 2 X ! 


(5-25) P 


’ 0*1 


Thus to prove b > ^ we must establish an 
estimate for X 1 . To this end let us write the c 
( 3 - 5 ) in the form 

S(X) - [LC 2 r]X 3 +jRC 2 r + L(l+ cf) " *«m r ] : 


(4-26) 


[r + R ^1 + ^ - R^rjx + 5^ 
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where and A^ are solutions of S( X ) •» 0. 

Now 

(1.-27) S(- g) - - BE * 1 

By (4-16) g> jjjr- so that 
(4-C8) S(- g) < 0 


independently of g^. Now by (3-i 6) when g m = G, X 1 is 
the only real root. In this case . S(X) < o means 

A < A , Since A is a continuous function of the co¬ 
efficients of the cubic we conclude from (4-28) that 

(4-29) ~ g < A i . 


Let 0 < ft < 1 . 

ftF 
L 


u R P R 5 C ? r 

S( - P) =k g (i-k) c g + k(1 -ft) 







(4-30) 

Now 
(4-31 ) 





0 


for by ( 3 - 16 ) 

C-32) gj -(l * > h * 



R 1 

and the right member is positive If £ ^ Jq which is 
assured by (4-16). 

Therefore by (4-30) it is sufficient for 
(4-33) S (- p) > 0 
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that 

( 4 - 34 ) 

Multiplying by 
(4-35) 


2 v Rr 

k 2 (i-k)—> k P 


kR 2 rC, 


gives the condition 


k(1 k) L > RC, 


Now by (4-1 6 ) 

( 4 - 56 > E > fej 

so the largest value of k is determined by 


(4-37) k (1 -k) - -y-^ 


This gives 
(4-36) 


k = 0.876 so 

S(- 2*pB) > 0 


from which it follows that 


(4-39) X 1 < " 0<876 E * 

This together with ( 4 - 29 ) gives 

- £ < A, < - 0.876 


R 

L 


Applying this to (3-24) and < 3 - 25 ), using (4-16), 

gives 

(4-40) « > 4.38 

(4-41) 0 < 0.124 . 

Substituting these conditiorein (4-25) gives finally 
(4-42) b > 0.60 . 

Thus we have proved that the principal direction of A 1 
lies outside the solid angle between the two lateral 
boundary cones. 
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It remains to construct the cylinder and prove 
that at all points of the surface sufficiently close 
to the origin the vector field points outward. By a 
linear transformation of x, y, and z into q^, q 2 , 
and q^ the "linearized" system ( 3 - 3 ) can be brought 
into the normal form 

(4-43a) q, - X, q, » o 

(4-43b) q 2 -u^g - vq 3 =0 

(4-43e) q ? +vq 2 - u g q 5 = 0 . 

Here the q.-axis is along the principal direction of 
X 1 and the q 2 - and q^-axes are determined by X g 
and X ^. When X g and X^ are real then v - 0 , u^ X g 

and u g = X ? . When X g and X ? are complex conjugates 

then u 1 = u 2 = u as in ( 3 - 8 ). The condition ( 3 - 16 ) 
gives 

( I 4 .-I 4 .I 1 . ) u 1 > 0 , u 2 > 0 . 

Of course the linear transformation depends on the 
parameters in ( 3 - 3 ). 

The nonlinear system ( 2 - 10 ) can be written 
( 4 -^a) x = i - ^x - zj + ^(f(x) - rg m x) 

(4'-4 5 b) y = - gjj((rg m - 1 )x - z] -g^Wx) - rg^) 

( 4 - 1 + 5 C) z = - £[y + z] . 

If we now apply the same linear transformation to the 
nonlinear system (4-45) then we have 

(4-46a) q, - X., q 1 « c^U) 

(4-46b) q g - u^g - vq 5 _ C gS(x) 

(4-46c) q ? + vq 2 - u 2 q ? - c ? S(x) 
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where 

(4-47) S(x) - f(x) - r^x . 

By ( 2 - 8 ) and ( 2 - 9 ) we have 

(4-48) S( 0 ) - S'( 0 ) = 0 . 

This means that approaches zero with x. 

Let the equation of the cylinder be 
(4-49) 0 < K = q| + q| . 

The normal component of the vector field of ( 2 - 10 ), 
that is of (4-46), will be in the outward direction if 
and only if K > 0 . 

(4-50) | = q 2 q 2 + q ? q 3 

Substituting for the derivatives from (4-46)gives 
(4-50 § - u,q| + u 2 q| +■ (c 2 q 2 + c 5 q 3 )S(x) . 

Since —*■ 0 with x, near the origin K > 0 

and we can always take K small enough so that the part 
of the cylinder inside the lateral boundary cones is 
sufficiently near the origin. 

Thus the inner radial boundary is established. 


4. The Manning 

We have now established a stable closed region 
containing no singular points and topologically equi¬ 
valent to a solid torus. The cross section for x - 0 
appears in Figure 4. The section S 1 is a closed 
simply connected two dimensional region. We shall show 
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that the paths form a continuous mapping of S^ into 
itself. That is, all of the paths inside the torus 
circulate around it without "getting lost". We have 
already established in the preceding sections of this 
Part that no path can leave the torus. 



FIG. k 


Consider that path through any point of S. 

r c * 

(2-1 Oa) x - |f(x) "( 1 + c^) x ” z 


that path will travel in the positive x-direction for 
a finite distance since z is negative and has a 
negative upper bound in S 1 . For the same reason the 
path cannot return to S 1 from the positive x-direction. 
However the path does in face cross x = 0 or at least 
approaches arbitrarily close to x = o. In order to 
see this, multiply (2-1oa) by r and (2-iOb) by R 
and add to obtain 
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( 4 - 52 ) rx + Ry = - gr- x . 

Integration from a point (0, y Q > z Q ) in at time 

t to a point (x, y, z) at time t gives 
° t 

( 4 - 53 ) rx + R(y - y Q ) = - -jr- t x dt • 

Since x and y are bounded the integral in the right 
member is bounded so that if x does not become 
negative it must become (although not necessarily 
remain) arbitrarily small after a sufficiently long 
time. Now since the path cannot return arbitrarily 
close to S 1 for x > o it must approach arbitarily 
close to Sg. However this means it actually reaches 
S 2 in a finite length of time since by (2-10a) x 
is negative for at least a small distance from Sg. 

By a similar argument the path can be shown to 
proceed from Sg to S 1 with x < o. We remark that 
(4-53) does not prevent x from momentarily becoming 
large from time to time. This would not interfere 
with the mapping. The mapping of S 1 into S 1 thus 
established is continuous since the right member of 
( 2 - 10 ) is continuous and without singular points in 
the stable closed region through which the paths must 
travel. The famous fixed point theorem of Brouwer 
states that a continuous mapping of a closed simply 
connected region into itself has at least one fixed 
point. Therefore the mapping of S 1 into itself has 
at least one fixed point. This means there is at 
least one path which is closed on itself after cir¬ 
culating around the torus once. That is , our 
system (2-10) possesses at least one periodic 
solution. 

A review of the above proof of the existence of 
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a periodic solution shows that we require only of 
f(x) that f'(o) exist and be within proper bounds 
and that f(x) be continuous and bounded above and 
below. Thus the right member of (2-10) may not satisfy 
the Lipschitz condition for certain values of x,. In 
this case the continuous mapping of S 1 into itself 
may not be one-one, but this does not affect the Brouwer 
fixed point theorem and the existence of a periodic 
solution. 


5• Parameters of the Third Order Equation 

It can be seen that the equation 

C, 


LC 2 rx 


x + j] 


RC 2 r , L A . ^ - 


Lf'(x 


x- Lf " (x )x c 


(4-54) 


►[r + R ^1 + ^ - Rf' (x) x + x = o 


haa only three Independent parameters by writing it in 
the form 

(4-55) k/x + [k 2 + kjg(x) ]x + k 5 g'(x)x 2 + g(x)x + x = o, 

as in the Introduction , Summary, where 
(4-56a) g(x) = rC, + R(C, + C 2 ) - RC^f'U) 

(4-56b) k 5 - | 

LC. r 

(4-560 k 2 = RC 1 Cgr - 

(4-56d) k, = LC^gr . 


These serve to determine only three combinations of the 
physical parameters such as 


L 

R 


k 


3 


(4-57) 
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(4-58) 


(4-59) jr 


- k g k 3 
k l k 3 

A 

k, - k 2 k 3 


while two other combinations may be defined' arbitrarily 


(4-6o) 


2 = m. 


(4-61 ) 


R = m 2 


The condition (3-16 ) for spontaneous oscillations 
(unstable singular point) becomes 


(4-62 


e<°> < - £ A h * 


We note that 


i k. — k ? k, 

(4-63) ROj" = m l k 1 k ? " 


(4-64) 


r _ 
R _ m 1 


(k 1 - k 2 k 5 )‘ 


(4-65) ’.I- -^_ 

^2 m i k, - k 2 k 5 


Therefore 


r (k.-k k J 

(4-66) f(x) - m, — + n, + i 


. 1 k,k® 

- m, k i~ k 2 k - 

k l k 3 


j go 


where f(x) muat satisfy the condition that it be 
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bounded above and below. 

Now since f'( 0 ) == the condition (4-i6) 

insuring the existence of the lateral boundary surfaces 
(and therefore of the stable region) becomes 


1 > 4.6 - 
(4-6?) 

+ ^ 
m l 


k i ‘ 


sup 

-oo(x<oo x 


k 1 - 


k 2 k 3 


+ 2.4 


+ 9-7 


k 1 ' 




k i ~ 


k 2 k 3 


The relations (4-62), (4-66), and (4-67) give 
rise to the theorem stated in the Introduction , 
Summary. 


PART V. OTHER IN-THE-LARGE PROPERTIES OP SOLUTIONS 

It is difficult to say anything about the 
stability in-the-small of the periodic solutions or 
whether there is a unique periodic solution. However 
we can prove that after a long enough time any solution 
cannot be too far from the periodic solutions whose 
existence we have proved in Part IV. That is, every 
path eventually enters the stable region of the solid 
torus or else approaches the origin. If ( 3 - 16 ) is 
satisfied, that is we have condition ( 3 - 80 ) or ( 3 - 8 d) 
there can be only two paths which approach the origin 
(if a Lipschitz condition is satisfied). These are the 
two paths which in the "linearized" case approach the 
singular point at the origin from opposite directions 
along the principal axis corresponding to the real 
negative characteristic root A 1 . 

As a matter of fact we prove considerably more. 
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With the exception of the singular paths approaching 
the origin the path through any point must cross to the 
other side of the plane y + z « 0. Of course this 
means that the paths must oscillate back and forth 
from one side of the plane to the other indefinitely 
or until they approach the origin. Thus the paths 
certainly enter the region between the lateral boundary 
cones. 

Let us pick a point- to the left of the plane 
y + z = o in Figure 3 and assume that the path through 
it does not cross the plane. Thus by ( 2 - 1 oc) 4 < 0. 

Now either there exists P < 1 such that 

( 5-1 ) -4- < P 

- z - 

at all times after some particular time or else 

(5-2) -f- > k 

- z 

at least some of the time after any time. Let us 
assume ( 5-1 ) is true. Then the point must lie to the 
right of the plane determined by the initial point and 
the slope 

(5-3) -4- = P 

- z 

and to the left of the plane y + z =0. These two 
planes intersect in a line parallel to the x-axis with 
a finite value of y, say y 1 . Now the point must move 
to the right (z < 0) as long as it is to the left of 
the p lan e y + z = 0 . The path must approach some line 
parallel to the x-axis and in the plane y + z = 0. For 
if it does not do this for some smaller y it must 
certainly do so for y => y,. Thus 
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(5-4) z —. 0 

and z approaches some constant, say z 1 . In the limit 
we have, by (2-iOa), 

(5-5) * = [ f(x) " + Cf) x ' z l] ‘ 

Since f 2 (x) < 1 it is clear that x < 0 for x large 

and positive and x > 0 for x large and negative. 

So the path cannot go to infinity in the x-direction. 
Moreover it cannot oscillate in the x-direction since 
( 5 - 5 ) defines x as a single-valued function of x. 
Therefore x must approach a limit and by ( 5 - 5 ) x 
approaches a limit which must be zero 

( 5 - 6 ) x —► 0. 

In the limit we have, by (2-1 Ob), 

(5-7) y - - tf(x) - x - z 1 ] . 

Therefore y approaches a limit which must be 
( 5 - 8 ) y —* 0 

since we have already noted that y approaches a limit. 
As a result of (5“4), ( 5 - 6 ), and ( 5 - 8 ) the phase 

velocity approaches zero. Therefore the path must be 
approaching the unique singular point at the origin. 

Still assuming that the path does not cross to 
the right of the plane y + z = o let us consider 
the only remaining alternative, namely, that ( 5 - 2 ) 
holds at least some of the time after any time. It is 
only necessary to consider z < 0 for if the path does 

not move into the region where z< 0 then the previous 
argument can be applied to show that the path approaches 
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the origin. Moreover it follows that z becomes 
negative without limit and y becomes positive 
without limit. 

Substituting in ( 5 - 2 ) from ( 2-1 Ob) and ( 2-1 Oc) 
provides the result 


(5-9) 



f(x) - x - z 
y + z 


> 


1 

2 ’ 


and since y + z > 0 we must have 


( 5 - 10 ) f(x) - x - z < 0 . 


Since z becomes arbitrarily large negative and 
f 2 (x) < l this means that 

(5-11 ) tV > 1 “ e ! 

where < 1 is arbitarily small positive. We recall 
that by our assumption ( 5-11 ) is true at least some 
of the time after any time. 

Now during at least some of the time that ( 5-11 ) 
is true 

(5-12) ^ > 1 - - « 8 


where « 2 is arbitarily small positive. This can be 
seen by realizing that ( 5-11 ) requires that the path 
is not on a certain side of the plane x + (1 - )z=0 

at least some time after any time. In case (5-11 ) holds 
all of the time it is clear that ( 5 - 12 ) must hold some 
of the time. In case ( 5-11 ) does not hold at some 
time there will be a later time when it just becomes 
true as the path crosses the plane x + (1 - « 1 )z - 0. 
Just at this time ( 5 - 12 ) must be true. 

Substituting for the derivatives in ( 5 - 12 ) by 
means of ( 2 - 1 0a) and ( 2 - 1 oc) gives 
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(5-13) 


L 

RC 2 r 



y + z 


l 1 " € 1 '*2 > 0 • 

The denominator is non-negative. However since> o 

^ 1 

then after a long enough time z will become so large 
and negative that as a result of (5-11 ) the numerator 
will be negative. Thus a contradiction is established. 
This means that if the path does not cross the plane 
y + z = o it must approach the origin. A similar 
argument gives the same result if we start from the 
right side of the plane y + z - 0. 

Once the path is between the two lateral boundary 
cones it will come in until it is inside the outer 
radial boundary. 

It Is easy to see that the stable solid torus 
is not enough topology to say anything about uniqueness 
of periodic solutions or in-the-small stability. 

Choose a toroidal cool’dinate system with variables r, 

0, <p where r is the distance from the circular center 
line, e is the angle along the center line, and t 
is the angle around the center line. Let 0 *» 0 and 
& - « where 0)>«. If r = - r we have a 
stable periodic solution along the center line. If 
p = 1 - r and Q = n«> we have an unstable periodic 
solution on the center line and a stable periodic 
solution on the torus r = 1 which requires n 
revolutions before completing one period. If § is 
irrational the stable solution on the torus is not 
periodic. 
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PART VI. UPPER LIMIT ON MAGNITUDE OP OSCILLATIONS 

In this Part we shall point out how the value 
of the parameter p In the equation 14 - 17 ) of the 
outer radial boundary can be determined. Then in any 
particular case bounds can be established upon the 
variables x, y, and z and therefore on the physical 
variables 1, e, and i^. 

The paraboloids of (4-22) will intersect the 
lateral boundary cones in closed curves passing through 
the origin. The outer radial boundary of (4-17) will 
intersect the lateral boundary cones in closed curves 
around the origin. It is necessary to determine p 
In (4-17) just large enough so that on each lateral 
boundary cone the closed curve from the intersection of 
(4-17) just contains the closed curve from the inter¬ 
section of (4-22). 

Consider for the moment the upper left cone. 
Construct a coordinate system on the cone by 

( 6 - 1 ) x - p Vi - a 2 sin 0 

( 6 - 2 ) y-P^cos 6 +^| 


( 6 - 3 ) Z ~- a - cos 6 +^|: 

where p is the distance from the vertex of the cone 
at the origin and 0 is the angle between the plane 
x - 0 and the plane determined by the point in 
question and the line y « z, x - 0. The equation 
of the intersection of the paraboloid is 
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_ W~jr~ 003 6 ^ _ 

r( 1 -a 2 )sin 2 0+|( i -a 2 )cos 2 0-Ra|/i -a 2 cos 0 + 

The equation of the intersection of the outer radial 
boundary is 


(6-M 



-§ =(C 1 R 2 +C 2 R 2 +L) I ^ 2 cos 2 e+(C 1 R 2 +C 2 R 2 -L)a'/T?cos 6 


( 6 - 5 ) + C.r 2 (l-a 2 )sin 2 0 


+ 2C 1 Rr a y^2 


sin 0 


2 2 2 
+ 2C 1 Rr sin 0 cos 0 + (C 1 R 2 +C 2 R 2 ) ^ 


It is necessary to determine p just large enough so 
that 

(6-6) ' 0 > > p 

for all 0. Then the stable region will be explicitly 
determined and the upper bounds on the absolute value 
of the variables can be determined. 


PART VII. NONLINEAR CIRCUIT PARAMETERS 


When deriving the system ( 2 - 10 ) from the circuit 
of Figure 1 it was not necessary to differentiate 
directly any term containing the parameters C 1 , C 2 , 

R, or L. This means that the system ( 2 - 10 ) holds 
without change in form "when the parameters are functions 
of the respective variables, namely, C^x), C 2 (y), 

R( z ), and L( z ). We then write 
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i f / c 2 (y)\ 

< 7 -' a) x - FC^TT |f‘ x > - V + t^Tf) x - 2 

< 7 - ,b > y- - If(x) ' x • 21 

( 7 -ic) z - - [y . z] . 


The proof of the existence of a periodic solution 
given in Part IV will still go through provided C^x), 
C 2 (y), R(z), and L(z) are bounded above and below 
by positive constants in such a manner that the in¬ 
equalities ( 3 - 16 ) and .(4-1 6 ) are satisfied. 

In the case of the outer radial boundary it is 
necessary to replace (4-17) by a more complicated 
expression which is proportional to the energy stored 
in the circuit at any time t in terms of the variable 
circuit parameters. The expression (4-20) will remain 
unchanged in form. It is clear that the new expression 
for ( 4 - 17 ) will still define a closed surface about the 
origin for otherwise at least one of the physical 
variables could be infinite and still have only a 
finite energy storage in the circuit. 

One case of special interest is when only the 
parameter C 1 = C^x) is a nonlinear function of the 
variable. In this case we obtain the third-order 
equation 

( 7 - 2 ) LC 2 rx"+ [RrC 2 + L - Lq'(x)]x - Lq"(x)x 2 

x 

C, (x) 


+ [r + R - Rq'(x)]x + 


ss 0. 
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If we define 

(7-3) g(x) - r + R - Rq'(x) 

(7-M h(X) - 

then ( 7 ~ 2 ) becomes 

(7-5) I^x + (K 2 + Kjg(x))x + Kjg'(x)x 2 + g(x)x + h(x)=o. 

As pointed out in the Introduction, Summary the 
special case for k 1 ■= k^ = 0 and k g = 1 (L = 0 and 
RrC 2 = 1 in ( 7 - 2 )) 

( 7 - 6 ) x + g(x)x + h(x) = 0 

is the well-known generalization of Lienard's equation 
to the case of a nonlinear spring constant. 

APPENDIX: DIFFERENTIAL SYSTEM OF FRIEDRICHS 

Friedrichs [4] has considered the oscillations of 

the circuit shown In Figure 5 . Unlike the circuit 

considered in this dissertation it is assumed that the 

anode current i. of the vacuum tube is a function of a 
8 * 

weighted average of the grid and anode voltages 

<’> 1 a-' , ( e g + 7r) 

where the amplification factor M is finite and positive. 
In addition to this we have the following relations 
from the circuit 
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( ° • ti¬ 
ls) e g “ / 


( 6 ) 


i c + i r + i L ” 0 • 


This is a third order system and we wish to obtain a 
single third order equation in some variable which is 
physically equivalent to the variable x (which is 



proportional to the grid voltage eg) of equation 

(2-11) in Part II. The physically equivalent variable 

e a 

in this case would have to be the argument e g + jT" 

of the nonlinear function. This is called the effective 
grid voltage. We define 

> ' e a 

(7) v - e g + -jj- 

and eliminate e„ from the equations (1) through (6). 

cl 

This gives, in place of (l) and (2), 

(8) i a - ?(v) 


( 9 ) 


M (v - e g ) - - L a i a - M i L . 
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We eliminate all variables except v and obtain 
(10) [£(L a L g - M 2 )<p' (v) ]v + [^(L a L g - M 2 )^'(V) + L g C]v 
+ (2f(L a L g -M 2 )v«"(v)]vv + [^(L a L g -M 2 )*"(v)]v 2 
+ ^ L a L g " m2 )^ (v))v 5 

+ tjT|7"( L a L g “ M 2 )^'(v) + j 2 - (M ~ (v)]v + v = o. 

This single third-order equation is quite different 

from equation (2-11 ) of Part II. 

Note that if the anode current i is made a 

a 

function of e g only, as in this dissertation, by 
letting m—♦ oo the eqi tion (10) of Friedrichs 

becomes 

L 

[L g C]v + [j 6 - M «?'(v))v + v =* 0 

which is no longer of the third order. .That is, if the 
tube in Friedrichs' circuit is assumed to be of the 
pentode type, as in this dissertation, then the system 
reduces to one of the second order. 
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III. NON-LINEAR DELAY DIFFERENTIAL EQUATIONS 


By F. H. Brownell 3rd 


Introduction 

This paper concerns the oscillatory behavior of 
the autonomous delay differential equation 

1 -1 ) H H a )(t-b p ) +Q(x^ n-1 ), .. . ,x< n ' 1 ^ (t-b,) , 

... ,x(t-b r ) = 0 

where Q(y 1 ,... ) is usually a power series in the y 1 with 
zero and first degree coefficients absent. 

First we give a review of the essentially linear 
theory of the equation 1.1). Here the behavior at 
infinity of solutions of the linear part of 1.1) is 
characterized by the zeros of the auxiliary exponential 
polynomial, and the solutions are represented by a 
Laplace transform. Using the same representation for 
the inhomogeneous equation, we can apply an iteration 
process, in the case where these zeros have negative 
real parts, to show that the solution of 1 .1 ) itself 
decays exponentially as t—► oo for sufficiently small 
initial conditions. 

* This paper constituted the author*s dissertation 
for the Ph.D. at Princeton University, 19^9, and was 
prepared while he held an Atomic Energy Commission 
predoctoral fellowship for 19^8-19^9* 
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Next we consider i.1) as the zeros of the 
auxiliary polynomial cross to the right of the imaginary 
axis under parametric variation of the a,, _. Here we 
give up in characterizing the general solution of i .1 ) 
for the initial condition problem, and instead look 
for special periodic solutions, which thus imposes 
boundary conditions and allows 1.1) to be transformed 
into an integral equation. Using the linear theory 
criterion for the existence of periodic solutions of 
the linear part of 1.1), we now use the methods of 
Schmidt [17]* to prove the existence of periodic 
solutions of 1.1) and give asymptotic formulae for the 
frequency and amplitude. The results are collected 
in a summary at the end. 

The writer here wishes to acknowledge his in¬ 
debtedness to Prof. S. Lefschetz, who suggested the 
topic, and to Prof. D. G. Bourgin for several suggestions 
widening the scope of the results. 

CHAPTER I 

For integer n ) 1 we consider the equation 

1.2) YL H _x^(t-b ) =* g(t) over real t > 0, 

k=*o p=o K,p p 

- -a t 

where we are given some real a such that e ° g(t) 

€ L g [0,oc ). A generalization of 1.2) studied by Pitt 
[29], [30] is i00 

1.3) Zf / x (k) (t-h)d PJh) « g(t) 
k»o o£h 

where F k (h)*i0 for h£0, F k (h) is a complex function of 
* See the bibliography at the end. 
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bounded variation on every finite interval such that 
/°° flh 

o\h ePn l d F k (h)| < +00 for some (3 >0, and where 

Lebesque-Stieltjes integrals are meant in 1 . 3 ). 

We always requite some b>0 such that 

1 .4) F k (h) = a k>0 for o<h<b, o<k<n, and a n ^ Q » 1 . 

1 . 5 ) F n (h) = a^ jQ =1 for h > 0 , 

ao / x (n) (t-h) dF (h) = x (n) (t), 

O^h 

is a second condition which is sometimes imposed. 

We now wish to define a solution of 1 . 3 ) for 
certain admissible initial conditions. 

Definition 1 :l ) 

Let L be the greatest lower bound of all real y 
such that F k (h) = F k (y) for all h ^ y, k = 0,1 ,...,n, 

L = +00 being allowed . If L > o, then a complex valued 
function ^(t) is. said to be mi admissible initial 
condition for 1.3 ) if 4* (t) = 0 for t 0 or t ^ -L, if 
( k) (t) exists absolutely continuous over every finite 
subinterval of [-L,0] for k = 0,1,..., n-l, and if for 
any real «)>“£ wo. have 

1 . 6 ) 4>(t)e a,t, € L 2 (-L,0) and 4> (k) (t) € L 2 (-L,0) 

for k = 1 .2 .n-l . and including k = n if 1.5) falls.. 

If lf=o. then an admissible initial condition is 
any collection of n complex constants, de noted by 
I t (k) (Q )t» k=Q »1 «. ...n-l . 

It should be remarked that if iX+oo and 1.5) holds, 
then 1 . 6 ) is automatically satisfied by the preceding 
condition on <Kt). 
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Definition 1:2) 

A complex valued function x(t) on (-so, so) is aaid 
to be a solution of M) for an admissible initial 
condition ^(t), or ?^ lc Vo~)| if L ■ 0, if 

a) x(t) - ^(t) for t ^o. or x^fo*) = d^tO") for 

0{k{ n-1 if L = 0; 

/Jr j 

b) x v '(t) exists absolutely continuous over every 

finite aublnterval of (-L, + *>) for k ■ 0 , 1 ,,, , 
n-i . 

c) x (n) (t) exists satisfying i. 3 ) almost everywhere In 

t > 0 . 


Theorem 1 . 3 ) 

If condition 1.4) la satisfied, then for any 
admissible Initial condition 6{t) there exists a 
unique solution x(t) of equation 1 .5 ) 

Moreover if condition 1 .5) is satisfied, and If 
g(t) is continuous, then x^ n ^(t) exists continuous and 
satisfies equation 1.3) In all t > 0 . 

Proof 

In equation 1 . 3 ) transpose all terms in the 
integrals such that h^b to the right side, yielding by 
condition 1.4) with b>0 

1 . 7 ) x (n) (t) + 21 a k,o “ 8m (t) 

over the interval (m-i )b<t<jnb, m=i, 2 ,..., etc., where 
g m (t) is determined by induction on m from preceding 
intervals and the initial condition 0(t). Also we have 
g m (t)€ L 1 ( (m-i )b,mb) by induction; for the four 
monotone components of F^Ch) generate bounded Borel 
measures on (0,oo ), x^(t') is Borel measurable and 
Lebesque integrable over -L<t'<(m-i )b by condition 1 . 6 ) 
and induction from preceding intervals, and we can 
apply the Pubini theorem. 
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* 

Thus we have our desired induction result, since 
equation 1.7) obviously satisfies a uniform Lipschitz 
condition, by modifying the classical Picard uniqueness 
theorem to allow g m (t) to be merely integrable instead 
of continuous. 

Also if 1.5) holds and g(t) is continuous, then 
so Is (t)^ hence x^ n ^(t) exists continuous in t>0 

by 1 . 7 ). 

Q.E.D. 


We remark that a rather wide variety of continuity 
conditions other than those chosen could have been 
imposed in the definition of an admissible initial 
condition, and corresponding continuity results obtained 
for a solution x(t). 


Lemma 1:4) 

If condition 1.4) holds and x(t) is a solution 
of equation i .3) for an admissible initial condition . 
then for k=0, 1.n-i and as t and T->oo . 

1.8) |x (k) (t)| - <>(e Clt ) and /'lx (n) (t)|dt=0(e 1 ). 


Pi oof 
-n : t 

We are given g(t)e ° € Lg(0,oo) in equation 1.3)* 


so by Schwarz 

ip 

/ |g(t)|dt 1 M / 


fS 2.-c t 

e 0 dt 


£ 


M 


(l« 1+1)T 


V 2 (i“ 0 I + ’> 


Thus by the argument of E. M. Wright lTJ, theorem 3), 
p. 182 , which can easily be generalized from equation 
1.2) to equation 1.3) by using condition 1.4) with 
b>0, we get the desired result 1.8). 


Q. E• D• 
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9^ 


With «>« Q and ar> -0 for the fJ of equation 1.3), 


we now let s 


« + i“ and 
oo 


v/Jf SQ 

D(s) - JZ s k y'e~ sh dF lc (h), G(s) = /"g(t)e~ 3t dt. 


1 -9) 


k=o 

(QLjl) 


+ Z ( Z s k / ?3 e' 3h dF k (h)) 

1=0 a J+1 D(S Hc-.l + l y K 7 


P (s) j^o 3 j +1 D(s) 
f(S) = |+/ 09i(t)e ' 3tdt 

$> ,k, <^ 3(t+hw 


dF k (h) 


Now if we take the Laplace transform of equation 
1 .3) atu> max (« 0 ,-/3, ), then by integrating by parts 
and using 1.8) we get y_£x(t)e“ st dt » f(s). Also f(s) 


is analytic in«> max except for poles at the 

zeros of D(s), since s k “ " J has k-l-j>0, and by 
condition 1.4) it follows easily that 0 ^= (inf of« such 
that <*^]>-.3and |D(s)Q ^-|s| n over tf((s)> a)<+ 00. Thus 
by contour shifting we have the following theorem, where 
f denotes 1.1.m. / . 

> a '*°°-A 


Theorem 1:5) 

If condition 1.4) is satisfied and if ./(t) le an 
admissible initial condition, then the unique solullm 
x (t) of equation 1.3) has for all <Q max «|) 

that for all real t 

1 . 10 ) x(t) = j_ f («+ iw ) e lwt d w . 

It should be- remarked that at least for L <+00 
an alternate proof of 1 . 5 ) can be given by defining 
x(t) by 1 . 9 ) and 1 . 10 ) and showing conditions a), b) 
and c) of definition 1 :2) are satisfied, (see Bellman 
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[ 10 ] for a special case). Similar results have also 
been obtained by still different methods, [6], [4]. 

Much early work, [1] through [ 5 ] in general, has also 
been done on this subject under Initial order assumptions 
onx(t) like 1.8); Schmidt [ 3 ] gives a particularly 
good bibliography. 

In the following theorem m^ Is the multiplicity 
of a zero of D(s), N a is the cardinal of the set of 
zeros (Sjl of D(s) such that s^ = +««j has > « 

for the given a y , and n-i if condition 1 . 5 ) 
holds, N = n otherwise. Also the b^ q appearing are 
complex constants depending on 0(t) but not on a, M^a) 
is a nositive real number independent of 0(t), and 

f 0 (s) ° f(s) ~J-i 0(t)e” st dt, 

f k ( 3) = f c (s) - Z -W 
j=o s J 


Theorem 1:6) 

If condition 1.4) holds, if ^(t) is admiss ible, 
if 0 )a> max( a 0 ,-£) with D(s) 4= 0 for s =a+ la> , and 
if Nq is f inite and | ° O(jypn) for large |s| 

with R(s) then for t > 0 and k = 0,1,... ,n-l 


x(t 


Nr v m.-l n s .t 

) = [ Z ( b. n t q )e J ) + R a (t). 


1 . 11 ) 


1 . 12 ) 


,0c) 


(t) 


j=i q=o 

e at /(a+i») k f k (a+iJ*> )e lwt d«, and 

2 


|R ( « } (t) ■ 
< M, («) 


e^ f s k G(s) iwt d 
2* I D(s) e d 

1 ( j } (o-)i + H [ 
j=o 


{ £"V 

1 J=0 


< 

/: 


\i> 


(j) 


(t) 1 2 dt] 2 


h \ 


In case condition 1 . 5 ) holds a3 well as 1.4), then 
for any u > -0, N r is necessarily finite and | O(j-g-p) 

for large I 3 1 with R( 3 ) ^ tlj. 
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Proof 

First 1 . 11 ) with k=*0 follows at once from i . 10) 
by using 1 *° 0( |~-pn)to shift contours, since x(t) 

= x(t)-0(t) over t > 0 and since f(s) is analytic in 
the right places as was used in theorem i:5)• 


To verify this analyticity it is merely necessary 
to show ^ j° ^ (k) (t)e -3(t+h) dt d F k (h) analytic in 



M( «') < +oc • Thus for u= R(s) 
M (•') \ + oo and 


1.13) 


,/o L (C e ‘ 3(tth) 


"2. «' / - ft , we 
|dt ) Id P k (h)| 


I'iave 


i. 


1 f° |^ (k) (t)| 2 dt 
* / -L 


1 _ 

2 


M c («' ). 


By the Cauchy integral and the Fubini theorem we thus 
get the desired analyticity. 

Now }t dt — srfc if «< 0> ao thus 

e!l_/-_>i_d« -f° g l\° and /f Q ( a )e iWt d«- - 

e at f f (s) e lwt d« over t > 0. Also (a+i«) f k (« + lw ) 
2 * J ~ 1 

€ L g (- oo, oo ) over « for k £ h-1 and 0 > max (<x Q , -ft )> 
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since 



/ I 1 

(r » 

'k'-j+i 

. s^DCs) 

-s k jS(j)(0") r-J 

D(s) 

- z_ 

kf'-o 


and since k < j+i if the term in f k (s) has not 

yet been subtracted out. Thus by the standard theorem 
on derivatives and Fourier transforms [ 5 ], we see that 
1 . 11 ) holds for k = 1 , and similarly for k = 2 , 3 ,...,n -1 
Now to get 1 . 12 ), putting ^(s) - f fe (s) - - 




for k = 0 , 1 ,...,n -1 we see that all the coefficient 
functions of ^ (0 ) in the expression for s^^Cs) 
are actually inL 1 (-00,00) over » except for the term 

-|q-y *^(0 ) = 1 ) , which can be dropped 


^ . e rtX / p lwL 

for 1 . 12 ) since J d = 0 for «> 0 over 

t > 0. For the rest of 3 *^( 3 ) we have with K(t,h) = 
... jo if t>h 

~ |l if t<h that 

fL /-o (k) (t)e -s(t + h) dt d p (h) _ 

J o J -h K 


■ / L f/ L K( t,h] 
J o Vo 


) « (k) (t-h)dF k (h)J e 


-«t-iwt 


dt 


by 1 . 13 ) and the Fubini theorem, and is actually in 
L 2 (-o^oc) over » . For since e"**^ £ e ^ over 0<t<h by 

« > ~P , 
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| 0 (k) (t-h> dF k (h) e' ot | 2 dt £ 

•i*0£ f 0 £f K ^ t * h ) K ( t * h ')|^ (lc, (t-h))( ? i (lc) (t-h')|e' 2at dt|dF lc (h)j|dF k (h')| 

i. [^° i^ <k) (t)i 2 dt| (^V h idF k (h)i)(yV h |dp k (h ')i) 

by Schwarz and^the Pubini theorem. Thus the Plancherel 
theorem and € L 2 (-oo, oo) for k n-1 yields i .12) 

from 1 . 14 ) and the former L 1 bound on the 0^(0”) 
coefficients. 

^ Q- E. D. 

Now J e -< * h | dP n (h)l is monotone ina^ -0 and 
bounded by f e^ h |dP n (h)| sc there always exists a 

unique « 2 < -K0 and \ -P such that 1 = ^/e”^ h |dF n (h)| 

or « 2 » - ; it is clear that “ 2 = "0 condition 

1.5) holds. It should now be remarked that any real 
a> « 2 has N a finite and |d|^)I = '■Ky^yn) as|s|-+* 
over^s) so that theorem 1:6) may be applied if 

°2 < 0 . 

Theorem 1:6) shows that if g(t) s 0, so that we 
can take a Q = -|J , and if conditions 1 . 4 ) and 1 . 5 ) hold, 
then the behavior of a solution x(t) of equation 1.5) 
as t-*oo is completely determined by the location of 
the zeros of D(s). This has been considered by Langer 
and others, [11 ]”through [16], when the F k (h) are 
step functions with a finite number of jumps. 
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We will need the following corollary for our 
later results. 

Corollary 1:7) 

If conditions 1_JQ and 1.5) hold and if g(t) a 0, 
then in order that there exist a non-constant x(t) with 

, '" I T L" ” '■ - - - - - - ■ ■ ■■ - . . 

a continuous n tn derivative satisfying equation 1 . 3 ) for 

- „ ■ — .. . - gy- • ... " " . 

all real t, and such that x(t + —) a x(t) for some 
__ 

D(lm w ) = 0 for some Integer m <£ 0 is necessary 
and sufficient . 

Also D(l(2m+1) w c ) ° 0 for Integer m is likewise 

for x(t+ £- )= - x(t). 

- “o - 


Proof 

x(t) = or x(t) = e i ^ 2m+1 ^“o 1 ", obviously 

yields the sufficiency. Conversely if x Q (t) is the 
given non-constant, periodic solution then x Q (t) is an 
admissible if L < + co so that 1.6) is satisfied, 

and hence x Q (t) is the unique solution of theorem 1 :3) 
for $(t) = x Q (t) on (-L,0]. Thus l.ll) with a = “3 
< 0 , so R« (t ) —* 0 as t-*ooby 1 . 12 ), yields D(imu Q ) = 0 
from x Q (t + |^) = x Q (t) obviously, and similarly 
D(i(2m+l )« Q )= 0 from x Q (t + -£-) a - x Q (t) 

However if L = t 00 , th§n 1 .6) fails and x Q (t) 
is not admissible. However, defining for integer N > 0 


P k:,N 


(h) = E 

j=i 



+ 



for 0<h£ 21 N, F k N (h) = 0 for h<0, and 
o 9 

P k N (h) " V +05 ) for h > f- N > 

o 
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we see by P fc (0 - ) - 0 that f% N |dP^ „(h)| < 
oo -'o 

y |dF k (h)| < +oo and has its four component 

Seasures on [0, is~ N) to be absolutely convergent sums 
of the Pj c (h + (j-l )n£— N) measures, and uniformly con¬ 
vergent over all Borel subsets. Thus since 
x 0 (t + j 5 ~) B x 0 (t), we see that x Q (t) satisfies 
equation°l .3) with F k N (h) replacing F fc (h) and 
L = N < +oo and hence D^Cim^^) = 0 as before. 

Now 5Z ^V h | dP k; (h +( j-i )§g N)| £ 

“ 'O 

!dP k (h) | £ /°° e Ph )dP < (h)j-o as N-oo 

—N 

<j> “ 

o 

so that it is clear that j^jn D ( s )ygyn 

uniformly over R(s) ^ -0 and |s|^. 1. But by condition 
l . 5)> jgp D(s) is bounded away from 0 for R(s)^ -0 

and |sI large, so D^(im^w Q ) = o implies that m^ is 
bounded as N-> oo . Thus there must exist an integer 
m' ^ 0 such that m^ = m' for infinitely many N, and 
hence Djj(s)-*D(s) yields D(infw Q ) = o as desired. 
Similarly D(i(2m'+l)« 0 ) = o follows from 

X Q (t + Bq) S -X Q (t) 




L 


2 * 


Q. E • D • 
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We now want to use theorem 1 : 5 ) to study a 
slight generalization of equation i .1), the equation 

1 . 15 ) / II / x (k) (t-h)dP-(h) ! + tP(x)] (t) - 0 , 

/ k=o '.»<h K j 

where the nonlinear part (P(x) ](t) is of the following 
type. 

Type I) 

1 . 16 ) 

CP(x)](t) = Q^x (n_1 ) (t),...,x(t),x (n " 1) (t-b 1 ),...,x(t-b 

where the b's c:o real constants with 0<b<b 1 <b 2 <.. .<b r 
and Q(yis a power series in (r+i)n complex 
variables which lacks ze’x> and first degree terms and 
which converges absolutely and uniformly over lyjK* 
for some p> 0 . 

Type II) 


1.17) IP(x)](t) -H ' ^ t_h k^ Pk ] 

P, + ...+P n ^ 0 ; o \k-l J y n 


such that 


Z (.) Pl+ ' ‘ ‘ +Pn f- • + "' ' +Vn) I^P,.Pn< h i • • • • V l< + * 

P,+...+P n l2 


0 0 


for some > 0, where p^) 0 and the $'s are complex 
valued, completely additive, bounded set functions over 
Borel sublets of th- 1 fold product space of 0<h<+« , 
which also have r.e-o variation on the product oOi^b by 
[ 0 ,vs) for the remaining n-i variables for k=i,2,...,n. 
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Type III ) 

[P(x)](t) is given by 1.16) again, but where now 
Q(y 1 ,... ) is a real valued function of (r+l )n real 
variables with continuous second order partials over 
ly^Kpfor some p)0, and such that Q(0,...,0) vanishes 
as well as all first order partials at the origin. 

It is clear that type II) and type III) are both 
generalizations of type I, but In different directions 
so that it is difficult to unite them. 

A 0(t) is said to be an admissible initial con¬ 
dition for equation 1.15) if I0 (k) (t)| <P on -L' <t<0, 
k = o,l,...,n-1 and <f>{ t) otherwise satisfies definition 
1:1) with L' replacing L, and if 0(t) Is real valued 
for type III). Here L' is defined to give zero variatio: 
to the ?'s if any h k >L' and to the F's if h>L', just 
as L was for the F's alone. 

A solution x(t) for i .15) on 0<t^t 1 is defined by 
1.:2) with equation 1 . 15 ) replacing 1 . 3 ) in c), and with 
the additional restriction |x^(t)|<p and x(t) real 
for type III), so that [p(x)](t) can be defined. 

It Is clear by the obvious local Lipschitz con¬ 
dition for types I), II), and III, using b > 0 for 
type II), that the argunent of theorem 1 :3) can be 
extended to equation 1 .15). Hence any solution for an 
admissible ^(t) must be unique, and also must exist 
locally over t > 0 . This allows extension to all t > 0 
if the x^ k ^(t) remain bounded by P 
Now for any «1 0 put 

ess sup 1 Ori ? (t+|t| )| 

llx|l« - -«<t<t+oo x (k) (t)e ! 

IT”" 1 

if ^ k )(t) exists for almost all real t for such k. 

It is clear by rearranging absolutely convergent sums 
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or using the mean value theorem that for t^o and 

1 . 18 ) 

|[P(x, )] (t)-[P (x 2 )] (t )j <M q | lx, -x 2 1 | (| |x, | | a + | |x' | \ a )e' 2at 

if I | Xl I | a and ||x 2 ll a £ jP for either type I), II), 
or III). 

For use in the following theorem for a given 
admissible <f>{t) define x ffl (t) inductively by 1 . 9 ) and 
1 . 10 ) from gjjjCt), where g Q (t) a 0 and g m+ 1 (t) = -[PU^)] (t) 
for m ^ 0 . 

We also need the condition 

1 . 19 ) D( s) ^ 0 for s) ^ 0 . 

Theorem 1:8) 

If conditions 1.4), 1 . 3 ), and 1.19) hold for 
equation 1 . 13 ), then there exists some »> 1 , 0 <p 1 ^ P,su^i 
that for any admissible p$(t) with | |^|| q <p 1 we have 
x„,(t) existent as defined above for m ^ 0 and x(t) = 

11 m x m (t) exists for real t as the unique solution of 
rc-*oo 

1 . 15 ) over t ^ 0 . 

Moreover, ^ 3 ^ 0 and x “I 2 ^ ^ ^ iaa 

1 . 20 ) lim | |x-x m | k =0 and |x^ ^(t ) |<J |x| k e xt 

over t lo, k = 0.1 .n-i .with I Ixl L < + co. 

This theorem follows from 1 . 12 ) and 1 . 18 ) with 
“ ® -XandX respectively, since R_^t x 0 (t) for g(t) 
b 0 from N_^ = 0 by 1 . 19 ). The method is the usual 
technique of successive approximations (lemma 2:7)« 

For this yields equation 1 . 10 ) for x(t) with g(t) 

- lim g„(t) »-[P(x)](t) so that x(t) is a solution 

m —4 00 m 
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of equation 1.3) by theorem 1:5) for this g(t), and 
hence of 1.15). 

This theorem is due to Bellman [10], who proves 
a special case with n =■ 1. By a result of Weight [8] 
taken together with 1.20) it follows that the solution 
x(t) of equation 1 . 15 ) under our conditions can be 
represented by an asymptotic series like 1 .11 ), except 
that sums of the Sj occur as exponents as well as the 
original zeros of D(s). It seems that theorem 1:8) is 
of some importance in applied mathematics, justifying 
the use of condition 1 . 19 ) to prevent undesired 
oscillations in the design of control circuits. 


CHAPTER II 

We would now like to determine the behavior atco 
of solutions of 1.1) or 1 . 15 ) for the initial condition 
problem in case condition 1 . 19 ) fails. Here in the 
linear case by 1 .11 ) we see that x(t) is a sum of 
oscillations growing in amplitude exponentially in 
general. Clearly the situation will be radically 
altered in the non-linear case, since the non-linear 
terms will predominate as the amplitude increases; if 
the non-linear terms are properly chosen, we may hope 
that the amplitude of oscillation will stabilize at a 
constant value. Thus it is reasonable to look for 
periodic solutions to 1 . 15 ), which thus imposes boundary 
conditions and allows conversion to an integral equation. 
These integral equations allow one to study the growth 
of non-zero periodic solutions of 1 . 15 ) as the zeros 
of D„(s) cross the imaginary axis as n varies, the P's 
and £'s now depending on the parameter v . 
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The method of attack Is first to extend the theory 
of non-linear integral equations developed by Schmidt 
[17], and others [ 18 ], [ 19 ], [20] to cover general 
matrix valued kernels. Then in the next chapter we 
return to apply these results to equation 1 . 15 ). This 
extension is almost trivial, but it seems desirable to 
write out the details for the sake of completeness. 

We start with a few well known lemmas on bounded 
linear operators. First if T is a linear operator 

on a Banach space X, we define I|T|| = sup ||T(x)|| 

I Ix| Kl 

as the operator norm of T, and say that T is bounded 
if I IT| |< + oo, [ 28 ]. 

Lemma 2:1 ) 

If B and A are two bounded linear operators on 
a Banach space X, if A is one-to-one from X onto X, 

and if | | A-B | K —-—r then A -1 and B -1 are bounded 
MA' 1 || 

linear operators on X and 

2 . 1 ) B -1 =A -1 (I + ^ [ (A-B )A -1 ] n ) 

n==l 

Proof 

By Banach [ 28 ], p.4l, A being one-to-one and 
bounded makes A 1 bounded. Also ||(A-B)A 1 I I £ 

|| A— B|| | |A -1 || < 1 is given, so with operator norm 

convergence V = ^[(A-B)A 1 ] n exists as a bounded 

n=l 

linear operator on X, and thus C = A 1 (I+V) can be 
defined. 
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2 . 2 ) BC - [A-(A-B)]C = (I+V) - (A-B)A _ 1 (I+V) = 

I + V - V =1, 

2.3) CB =» A -1 (I+V) [A-(A-B) ] = I + A -1 VA - A -1 (I+V) (A-B) 

- I + A _1 VA - A _1 VA =» I 

now follow from V = (A-B )A -1 (I+V) = (I+V) (A-B )A" 1 and 
thus B 1 = C exists as a bounded linear operator. 

Q. E. D. 

2.4) (XI-T )' 1 = f I + f rs+i f 11 for IM>| |T| I and 

n=i x 

2.5) X (\I-T ) -1 - 

^(XqI-T )- 1 fl + II (X _1 )n T n [(A I-T )" 1 ] n | 
n ==1 ' 

for I ^ -1 j<[|IT!I I|(A o I-T ) _1 ||] -1 are obvious 

special cases of 2.1 ), with A =* ]- (* I-T) in the latter. 

a q o 

If X is a separable Hilbert space, !pS p { a 
compLete orthonormal base for X, we define N(T) = 

f I (1(0 ),0 ) I 2 ] 1j ^ 2 as the base norm of T as in 

g,P*i q 1 p 

( 25 ). We note that always I |T| I (I(T). 

Lemma 2 : 2 ) 

If N(T) < +<», then T is compact . 

Proof 

X being separable is isomorphic to Lg[o,l], the 
isomorphism taking T into an integral operator with 
its kernel in L 2 ([o,l] x [ 0 , 1 ]) for which the result 
is well known, [24]. 


Q. E. B • 
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To introduce integral operators we consider a 
non-negative measure n over a measure space S which is 
a countable union of finite m measure sets, and a n 
measurable subset R of S. Let l£ (C n ,R) denote the 
set of functions x(t) from R to C , n dimensional 
unitary space, such that each complex component function 
x^(t) is in Lg (R). Clearly the definition 

(x,y) = YL jx.(t) yTTt) di»(t) makes h't (C ,R) a 

j=1 R J n 

Hilbert space. 

Now if K(t,* ) is an n by n complex matrix 
valued function over S x S, each component K^j(t, r ) 

being a vn measurable complex function on S x S, we 

* 

can define the operators K and K. by 

2#6) [K(x)](t) = ^K(t,r) x(r) d|i(r) and 

[K*(x)](t) » /k*(t ,t) x( T ) dji(r) for t € S, 

■R 

where K*(u,v) denotes the adjoint matrix of K(u,v), 
provided the vector integrands in 2.6) have their 
components in l!|(R) over r for almost all t € S. 

In our application S = (-«,«), R = [0,rf] or 
[0,2*], and M’will be ordinary Lebesque measure. 

Lemma 2:3) 

If € Lg** (SxS), and if l£(S) is 

separable , then K and K* are bounded linear operators 
on L^(C n ',R) into itself , and actually into Lg(C n ,S) 
as well , with finite base norm 

2 . 7 ) N(K) - N(K*) « [£ f /| K , ,(t,r)|%(r)d^(t)] § ’. 

i,J«1 R R 
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Proof 

The first statements are obvious by the Schwarz 
inequality. Since Lg(R) may be considered a subspace 
of Lg(S), it as well as Lg(C n ,R) is separable. Thus 
letting |^| be a complete orthonormal set, by the 
Bessel equality we have 



- 2 llK(0 a )l I 2 = f IW ),</>. )| 2 = [N(K)] 2 . 

q=1 q p,q=1 4 y 


Q. E. D. 

We always assume hereafter that Lg(S) is separable. 
Lemma 2.4) 

If 1 K 1 j(t,-r) and 2 K 1;] .(t,r) are gt measurable 
and essentially bounded in absolute value by + oe 
on S x S, if n(R) < +05, and if I is a bounded linear 
operator on Lg(C n ,R) into itself then 

5 K i( .(t,T) = E 1 K(yj)] 1 (t), y^ r « » and 

define jK(t,r) as a ttn measurable matrix function 
satisfying on S x S 

2.9) l 5 K i0 .(t,r)K nu (R)| |Tl l(M 1 ) 2 almost everywhere. 
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Into itself we have 


2 . 10 ) = ,K T 2 K 

Proof 

By the Fubini theorem, we know that except for 
r€ S' of t*(S' ) = 0 we have L 2^ C n ,R ^ with 

I Igj T l K My nn(R) , and hence y^ T € L^(C n ,R) with 

Ily^rlK IITII I I g j ,r I I • Thus 2.8) defines ^(t,*) 

as a i» measurable function of t € S for almost allrg S, 
and 2.9) is satisfied. By using the assumption that 
Lg (S) is separable, we get an orthogonal expansion 
for g. _ of the form g. T = ^ f • _(* ) fL, from which 

p =i J,p m_ p 

it is easy to see that jK^j(t,r) = f j^p( r ) h i,p^^ 

convergent almost everywhere on S x S is actually **** 
measurable there. 

Clearly from 2.8) and 2 . 9 ), is a bounded 
linear operator from Lj£ (C n ,R) into itself according 
to 2.6). Thus using the fact that any bounded linear 
operator on Hilbert space possesses a unique adjoint, 
which coincides with K* of 2.6) for kernel operators, 
we have by 2 . 8 ), 2 . 9 )* and the Fubini theorem that 


( 5 k(x) > y ) - . 

- f R 1 V t . ! ;H yj , T (r)lpd, ( na,( t )Jx j (T ) d ,(r, 

■ & f R x j (f )d <• ( T) 

“ / ( g j ,r - 1 * <1 K ‘<y» x j (r )d > (r > ) 

J R 
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-X / /ti*( I x’(y))] i (nx,(r,r)x.(f)d (t (r) 

i,^ 1 R R 1 2 1J J 

= ( 2 K(x),T*( 1 K*(y)^ - (l ( 2 K(x)) M K*(y)j 
= ^K T 2 K(x), y) 

for all x and y 6 I| (C n ,R). Thus <= T 2 K for 2.10). 

Q. E. D. 


In the following theorem y denotes a vector 
parameter, y ■= (^,...,7^) with >p real or complex and 

11111 = tfi, l 2 +... + l\l S . 

Theorem 2:5) 

If K(t ; r /7 ) la a matrix kernel satisfying the 
conditions of lemma 2:4) for I I 7| K b with ju { R)< +00 , 
if on L ^(C n ^R) is operator norm continuous with 
respect to 7 over | 1 7 1 | < b and if X = 1 is not in the 
point spectrum of K , then there exists a mm measurable 
matrix kernel V(t . t , \ , y ) with, for some finite M 2 
and /> >0 , 

2.12) I j(t > T \ 7 ) I <_ M 2 almost everywhere on S x S 

for |A-l|<p and I 1 7 1 l<^p; also if X denotes the Banach 
space (C n , S) of essentially bounded vector functions 
over S, then as operators both on X as well as L^(C n ,R) 
we have 

2 . 13 ) \ x>y X (XI - Ky ) _1 - I 
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Proof 

Since [N(K 7 )] 2 = f R f R ^ |K ± j(t,r , 7 )| 2 d( *( r)d^(t) 

< [n M 1 ft (R)] 2 we have K^to be compact by lemmas 2:2) 
and 2:3). Thus by the Riesz theory [ 21 ], [28], the 
spectrum a (K Q ) of K Q is a pure point spectrum except 
possibly for X ® o, and for any 5> o contains only a 
finite number of points X in the plane such that 
I X l> S . Also | |K 0 I l<N(K 0 ) < n M^R), so (X Q I - K Q )~ ] 
is given by 2.4) as an operator on (C ,R) for 
X Q = n M 1 >* (R) + 1 . 

Since we are given X 1 = 1 f. <r (K Q ) we thus can 
construct a polygonal arc L Q from X q to X 1 , consisting 
of at most two line segments, such that |X| ^ i and 
X jf »(K 0 ) for allXe L q . Now by 2.5), (X I-J^f 1 is 
operator norm continuous in X€ (E 2 -v(K Q )), which includes 
L q , and hence I I(Xi - K Q ) 1 11 is bounded over the com¬ 
pact set L 0 , say by < + 05 . Then we can choose a 

finite set X g , X^,..., X N with X^ = \ q , 3U ch that 
^ X p" £nd X p e L 0 f or p = 1,2, 

...,N-1. 


Now by 2.8) and 2.9) we can define the pointwise 
bounded kernel V(t,r , X Q , 0) on S x S so that by 2.10) 

2 -" ,) v x,o - s*o * s * 0 <f * 2 < i £ d V n 


atX=X Q as operators on L 2 (C n ,R); we see from 2.1 4 ) 
that 2.13) holds by use of 2.4). Now by using this 
same lemma 2 : 4 ), we extend V(t,r,A, 0), successively 
from X p+i to X p , to all X such that |X|^ and 

l x -^K \{\ |K 0 I INL+i ) _1 for ff equal to some X p , and 
such that the form 2.10) takes is 
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V 


x,o 


2.15) 


Vo * ( i - 5 )<K o v M * 2 K oVo * V 

* *o {(V 8 ,o * I)£ <f - 1 )X' 2 '(» I - K o)' , 1 

V M+ (V,, 0 .I)|(f-')X[WI-* 6 )"] n 


Again from this last form and 2 . 5 ), it is clear by 
induction that 0 ~X(XI -K Q ) 1 - I and 2 . 15 ) holds 
for the stated X and for 7 = 0 , the convergence require¬ 
ment for 2 . 5 ) being satisfied by 


I ^ ~ 1 1 < iTxT (I ^ M 3 + 1 ^ 1 IIK 0 ^ M 3 + 1 ^ 
< 1 |k 0 i 1 TTIFm^T 1 I I • 


For the final extension of V(t,r , X , 7 ) to the 
X and 7 stated in the theorem, since I I (XT - K Q ) 1 11 
is bounded in some complex neighborhood of X = 1 , we 


can choose p >0 such that for some r, 


IIK7- KJI IK I 


*-l 


I Kr < 1 for | X -1 | £p and 


||7||£ p where all the operators denoted here are on 
L £( c n ,R). Then we finally define V(t, T ,X, 7 ) in the 
obvious way so that 2.10) takes the form 

'Vo * i rV - k o»*( | W v .\,o + v x , 0 (k y -k 0 ) 1 


V 

2 . 16 ) 


+ i 


\ 


V X,0 ( W V >,0 
V> n (K 7 -K )• ( ,03 r 

UCv [<*,-*»><»« 

<v*o> Vo^-vj 

(K t -K 0 ) (XI-K 0 )‘'l 


V 


\o +X < XI V> 


■’ f 

n=i 
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By comparing this last form with 2.1) after talcing 

A = M - K q and B - XI - K y , we see that 

V - x(XI - K ) -1 - I for the stated X and V , since the 
\>y 

convergence inequality is satisfied. Thus 2.13) has 
been shown over l£ (C n ,R), and 2.12) follows from 2.9) 
at each induction stage 2 . 14 ), 2.15), and 2.16). 

It remains to verify 2.13) with the operators 
being interpreted as on X into X. First 2.13) is by 
definition always equivalent to 

2.17) XI - Md * V - I - k 1 * V <XI - l s>- 

V x,r*r- SVx,, • 

But the operator formulae 2.17) correspond in the 
obvious way to kernel formulae on S x S, the indicated 
integrations being over R C S as usual. These kernel 
formulae obviously hold for the V(t,r , \ Q ,o) definition 
preceding 2 . 14 ), and can easily be verified for those in 
the induction stages 2.15) and 2.16) by formally 
mimicking the manipulation in 2.2) and 2.3). The kernel 
formulae being proved,. 2.17) follow as operator formulae 
on X as well as L^(C n ,R), and thus so does the equi¬ 
valent 2.13). 


Q. E. D. 

If in theorem 2 : 5 )we now allowX= 1 to be in the 
point spectrum of K Q on (C n ,R), denote by ? and t 
the eigenvectors of K Q and K* at X = 1 , so that actually 
? (t) and ^(t) are defined throughout S by? = K Q ( ? ) 
and^« K*^) from 2 . 6 ); hence? and t are both in X. 
Also define ^(t)? (t ) to be the matrix kernel whose 
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ij component is ^(t) ^j( T )- It snould be noted that, 
by the uniqueness of the inverse,.(t,f, 1,?) is real 
valued on S x R if K^t,*-,•*) is so, and that we can 
and will take ?j(t) and ^(t) to be real valued on S 
if Kjj(t, T ,0) is so on S x S. 

Theorem 2:6) 

If K(t,r,>) satisfies all the conditions of 
theorem 2:5), except that now we allow X = 1 to be In 
the point spectrum of K Q over l£ (C n ,R), the n K Q and 
K Q have an equal, finite number m of orthonormal 
eigenvectors, ! and v \ at X = 1. Moreover, if 
E(t, t , y) Is defined by 

m _ 

2.18) E(t,T,7) - K(t,', y ) + n 1^(f) *(t) 

p=1 P 14 

over S x S and j_Mj <. b, then almost everywhere here 
we have 

1 1 

|^(t)| i M 1 [ni»(R)f, £ M 1 [n M (R)] ? 

2.19) 

|Eij(t,r ,Y)| £ M 1 + m(M 1 f n n (R). 

AlsoX = 1 is not in the point spectrum of E Q over Lg(C n ,R) 

Proof 

Since N(K ) = N(R*) < +00by 2.7), we have that K Q 
and K* are compact, and thus by the Riesz theory, [21], 
the subspaces of L^(C n ,R) spanned by the eigenvectors 
of K and K* respectively atX = 1 are finite dimensional. 
By Banach, [28], page 15 1 * and the reflexivity of Hilbert 
these dimension numbers are equal Thus 


space. 
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and f^l, 1 <£ p £ m, can be chosen as orthonormal bases. 

Now 2.19) is obvious from^ = K* (jfr) and 
V = K q (<p) with | Iv>| I = 1 = | |iH I, from the Schwarz 
inequality,and from the definition 2.18). 

To prove the final statement, suppose on the 
contrary we have some u € l£(C n ,R), ||u|| = 1, such 

that E (u) = u. Then by definition, with c = (u, *P), 

m p m p 

2.20) K (u) = E (u) - E c / = u - E c * . 

p=l H y p=l y F 

Now if each Cp= 0, then this equation shows K Q (u) = u 

so that ffl u is an eigenvector of K Q at X = i, and hence 

u = E Cp pi* by the definition of f p<»(. m However, 

this^lelds the contradiction 1 = | IuI 1 2 = | 3 = o. 

P-i 

On the other han^ if c^ 0 for some p = j, then from 
2.20) we have E c r) rf* = u " K Q (u) and thua the contra “ 

m * 

diction 0 ^ Cj = ( E c p p^ = ( u >j^) "( U >K 0 ( = 

from K* ( ■'!') - . . Hence such u cannot exist, and so 

o J J 

X = 1 is not in the point spectrum of E Q . 

Q. E. D. 


The Fredholm theory results afforded by theorems 
2:5) and 2:6) now permit us to carry through the 
Schmidt theory for matrix valued kernels, and thus to 
attack equation 1.15)* The all important pointwise 
bound 2.12) presumably should be derivable from the 
argument of Carleman [22] in reaching his equation 13), 
page 201, suitably modified to take care of matrix 
valued kernels [ 23 ]. However, the proof via 2 . 1 ) and 
lemma 2:4) seems sImpler. 
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To start the Schmidt theory we give a general 
implicit function lemma, due to Hildebrandt and Graves 
[ 20 ]. 

Lemma 2 : 7 ) 

If L is a set and Y a Banach space, and if Tp(y) 
is a function over £6 L and y € Y into Y such that for 
all r 6 L there exists some realp^., o <1 1 such that 

2 . 21 ) 11 T f (y) - Tj(y')11 £Pjl ly - y'l I 

whenever I|y|I and I ly 1 1 l<8, and if for this same 
po sitive 8 we have. © being the zero of Y , 

2 .22) 8 > 1 |T J( 0)11 over s € L 

then there exists a unique function f(£ ) over L into 
Y such that | |f( S )lI < 8 and 

2.23) f ( ? ) = T£ (ff ? )). 

Moreover, f ( s ) = lira T^l© ) convergent in Y norm. 
- n-+ oo * - 

Proof 

Let g G ( s ) = © and g n ( ? ) - T^g^U))* so that 
g n (?) = (0 ) We note from 2.22) that 

2.24) llg^nil = llT r (0)ll < (1 -« , ? )5 £ 8 

As an induction hypothesis assume ||g p (?)|| £ 

<L I lg 1 (f )l I ~j - for 1 £ p £ n, which is obvious 
if n ■ 1 . By 2.21 ) 

2.25) i ig n+1 (n-g^r)ii= i iT r (g n ( d )-t ? ( g n _ 1 (n jik 

ig n (?)-gn-t(f )IK (Pj-) 11 ! \> 

since 2 . 24 ) and the induction hypothesis insure that 
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2.21) yields. Thus Mg n+ 1 (f)l| < 

£ 11S n <r)11 + HSn +1 (n - g^nil yields 

1 “ p 11 

2.26) ||g n+ 1 (f)|| C | | gl (f )| +p n^ = 


verifying the induction hypothesis. 

Now from 2 . 25 ) we see that by 2.2k) 

2.27) IISm +n ( ? ) " £(1 + P ? + ... + ^ m_1 )|| gl (5)ll 

<<^ n (i^ m )fi 

and fg n (?)| is a Cauchy sequence. Y being complete, 
there exists f(?) € Y so that lim I|f(f)-g_( f)11 ” o 

n-*oo 

at each f€ L. Thus by 2 . 26 ) n 

llf(f)IK i 1 ® S <» P I I Ig, ( ?) 11 ] = 

= I | gl (f )l I (1 - ) _1 < i , and hence 

2.28) i iT r (f(?)) - g n+ 1 (r)iKp r iif(r) - g^r )ii. 

Thus Tf(f(f)) (f ) - f( ?) as desired. 

Also for uniqueness if | |h(j )| | <4 and 
Tj(h(D) = h(j), then by 2.21 ) | |f(f )-h(J)| K^l |f( f)-h(f )| | 
so that f(?) - h(J) since 1 . 

Q. E. !D. 


For the rest of this chapter we will assume for 
simplicity that S is the real line (- oo, +oo) and that 
arbitrary translates ofM measurable sets are m 
measurable. Letting X - l£, (C n ,S) as usual, we 
define X p as the set of u € X such that the norm 

II |u| 11 -|g^ n ( e J| s aup l u i(t)l) £ <*• We assume that each 

[Pj(u,T)] (t) is defined according to type I, ,11, or 

III as in 1.15), with convergence uniformly over 
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117| K p 1 for 11 lull K<* and with the second partials 
continuous in y i and 7 for type III, except that the 
n component functions u 1 (t),...,u n (t) replace x(t), 

1 ^(t),...,x^ n_1 ^(t) there. Then if C(t ,r , ? ) 
satisfies the conditions for theorem 2:6), for || 7 ||^.P 1 
we define the non-linear operator B 7 on Xp into X by 

2.29) [B 7 (u)] 1 (t)= £2 £ c 1 j(t, T ,'0[Pj(u,7)](r)dK T )• 

From 1.18) for all real t with«= 0 we have 

2.30) |||B 7 (u')- B 7 (u)|IKM 5 I||u'-u||| (| I |u« | I l + l I lu| 1 |) 

for IMKiyand Mlu'IIKjP, I I |u| I K j P . In the 
theorems following we assume K^j(t, 7 , 7 ) real valued 
on S x S and y^(t) so on S if the P's are of type III. 

Theorem 2 : 8 ) 

If K'y satisfies the conditions of theor em 2:5) over 
|| 7 ||£ P 1 . then for some positive s , p 2 , and P^ any 
y€X with I I IyI I I<P 5 and I 171 |< p 2 implies the existence 
of a unique u € X with |||u|||<8< jp satisfying in X 

2.31) y = u - K^(u) - B 7 (u) . 

Proof 

By theorem 2:5) we can find a positive p g < P 1 such 
that V 1 exists satisfying 2.21) and 2.13) for 
117 |\i p 2 so that 2.31 ) is equivalent in X to 

2.32) u = y + V 1 >y (y) + G 7 (u), 

where G 7 = B 7 + V l 7 B 7 . 

Now as an X operator norm, I I |V 1 I I Knp (R)M 2 
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by 2 . 12 ), so from 2 . 30 ) we have for 11 |u |11 and 

I llu'M | £ ^ 

2.33) IIIG 7 (u') - 0 t (u)MK 

£ 0 + nu(R)M 2 )M 3 (|||u'|ll + lllu|||)|||u»-u|||. 

Now we can choose 5) 0 so that }< j p and 
(1 +n/*(R)M 2 )Mj (2 8 ) £g and then so that 

5^. 2(1 +nn(R)M 2 )p 5 which implies for 11 |y| I |<P^ 

2.34) 8 > ^ Illy + v 1 ^y)IM. 

But Ty(u) = y + V 1 7 (y) + G 7 (u) thus satisfies 
the conditions of lemma 2 : 7 ), so 2 . 32 ) and hence 2 . 31 ) 
has the desired solution. 

Q. E. D. 


Theorem 2 : 9 ) 

If K y only satisfies the conditions of theorem 
2 : 6 ) over 1 17 I K /> 1 , then for some positive S, ? 2 , and 
*3 with 8 < jP there exists a function f (y,z 1 ,... 7 ) 

into X over complex z (real for P's of type III) and 
y € X with 11 I y I I I < , Iz p I< p ^ and 11 7 11 < p 2 such that 

:l ) If for such y, z p , and 7 the m equations 2.35) 
below are satisfied, then u = f (y,z 1 ,... ,z m ,7) satisfies 
2 . 31 ) in X and z p = (u, p ? ) for p - 1 , 2 ,...,ra. 

:2) If for such y and 7 we have u € Xj satisfying 
2.31 ) in X, and if z p = (u, p i® ) have I z pI ^* 3 > then 
u-fty^,...^, 7 ) and y,z 1 ,... ,z m ,7 satisfy equations 
2.35). 


2.35) 


(y 


W, ;T (y),, 


v m 

) 

' p “i 


t' 


+ W, 


»7^P 




+ 
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for. r-* 1,2,..., m, where E v is defined by 2 . 18 ), W, 
is the resulting V x y of theorem 2 : 5 ) if E v replaces 
K y , and H y - 

Proof 

First from 2 . 18 ) we see 2.31 ) is equivalent to 
m 

2 . 36 ) y - Z_ Z D t )# - u - E (u) - B (u) 

p=l y y r 

with Zp « (u,pV?), which in turn is equivalent to 

m 

2 . 37 ) y + w 1 ><y (y) z p f p ifr + w 1 + H+ftyCu) = u 

for sufficiently small ||y|| by theorem 2 : 5 ), since 2.19 
shows E 7 satisfies the needed conditions. 

Now H 7 satisfies exactly similar conditions to 
C T of 2 . 32 ), so for given arbitrary z p equation 2 . 37 ) 
can be solved exactly like 2 . 32 ), f (y,z 1 ,... ,z m , y) 
being the solution. But taking the inner product in 
L 2 ( C n' R ) of 2 -37) with y ields 2 -55), so the theorem 
is proved. 

Q. E. D. 

We note by uniqueness that f (0,0, . .., 0,7 ) = 0, 
and hence that y = 0 and z 1 = z 2 « ... — z m = 0 is a 
trivial solution of 2.35)* 

The following lemma considerably simplifies the 
computation necessary to solve the m equations 2 . 33 ). 

Lemma 2 : 10 ) 

Under the conditions of theorem 2:9) 

p* * ",,0<p*) - v ' r* * »' 0*^1 —r* 
least over t € R, 

(p* +W 1,0^>' r V ) = ~ 5 p>r' 


2.38) 
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Proof 

' Vp* - p* - K o ( p*’)‘ p* - - p* by 2 . 18 ), 

so by 2.13) / + W 1#0 ( p ^) - (I " E 0 ) -1 ( p *) - - p * • 

For the second equation to be proved we put 

v = (J - E ) _1 (u) for any u € l£(C ,R), 
o d n m 

v - K q (v) = v - E q (v) + Y1 ( v »jf) p ^ = 


m 


2.39) 


= u + 


p=1 




<U, p *> 


(v,p^ ) + (v-K 0 (v),^) = 


= -(v, p v») + (V, p i^ - K* ( p *)) 

= -Cv, p ^) = - (u, p P + W* >Q ( p *> )) 


thus results from | ^ i orthonormality, ^ » K* ( ^ ) and 
2 . 13 ). Thus - ^ + W* Q ( pV ) as elements of the 

Hilbert space L£ (C n ,R), which gives the result. 


Q. E. D. 

We see that theorem 2:9) reduces the original 
Integral equation 2.31 ) to the m complex scalar equations 
2.35), which then can be solved by standard implicit 
function theorems. These scalar equations are called 
the branch equations, following Schmidt and Iglisch 
[ 17 ], [18], [ 19 ]. In case the B r are defined by P's 
of type I or II, then it is obviously possible to speak 
about the terms of By (u) having a specified formal 
degree in u. Thus we may then define 
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1 w(y,z 1 ,...,z m ,r) = y + W 1j7 (y) -i:?. p l/+W 1p ,(/ 
q w(y,z 1 ,...,z m ,7) - q degree terms of j,z, ,...,z m 

in Hy (5i q „«), 

2.4o) h v(y,?) = coefficient of h., ) h i (z 2 J^ 2 ... (z m ) hm 

in |h) w, 

pV r) - ( h v(o,r), p * ) for h Q = o. 

Here h r ^ 0, h =(h Q ,h 1 ,...,h m ) is a multiple index with 
Ihl = h + h, + ... + h. so that h„ is the formal 
degree of y in ^v, and k = (h 1 , . ..,1^). 

With these definitions it can be proved, by using 
the technique of the majorant analogously to Schmidt 
[17], that actually for P's of type I or II 

2.41 ) f(y,z 1 7 ) - 

oo h. h 

- z ir <z,) iy 

r=1 |hT ss *' to 

convergent in X norm for sufficiently small I|y|11, 

11711 and |z p |. Also the branch equations 2.35) now 
become, for y =^0, 

2 -‘ al z p-£'| h £ u ’ ,h ’-<y • 

1 y • • • f in • 

The L's here are known as the Schmidt L numbers. 

We note that 1 w(y,z 1 ,...z m , 7 ) can always be defined 
by 2.40 ) regardless of , and that in general for P's 
of type III by using the Teylor expansion form of the 
mean value theorem we can define y w and thus v L for 
v £ q if the P's have q th order continuous partials 
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in a neighborhood about the origin. Actually if for 
type III P's we only required first order' differen¬ 
tiability, then in place of 1 . 16 ) we would have 

2.^3) I tf(x,)](t) - [P(x 2 )](t)| < 

£ llx 1 -x 2 M M e" at l(||x 1 ll a ,||x 2 iu) 

where 8 ) - 0 as p and p*-+ 0+ with a similar 

alteration of 2.39). This condition would still be 
enough to get theorem 2:9), since lemma 2 : 7 ) is still 
applicable, but not enough for theorem 1:8) due to 
replacing e“ 2at in 1 . 18 ) by e“ at . 

This terminates the generalization of the results 
of Schmidt which we needed here to attack our problem. 

CHAPTER III 


We now wish to construct the connection between 

the results of chapter II, chiefly theorem 2 : 9 ), and 

our original non-linear delay differential equation 1 . 15 ), 

and then to solve the branch equations 2 . 35 ) under the 

resulting special conditions. 

First we note that for arbitrary .nos5tjiye <* by 

making the transformation u.(t) = o>J” 1 ^, x(fe) 

J rttJ ’ 1 

= 1 we can write 1 . 1 F ,) in the vector form 


duj(t) 
dtT 
du__(t) 

TV = 

dt 


h u j+i< t) » J < »» 

-iisf ’ 1 /°u k+ 1 (t-wh)dF k (h)|- 

o'l h 

- h iP n (u,«)](t) 


3.1 ) 
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conditions 1.4) and 1 . 5 ) being assumed satisfied from 
now on. Here [P n (u,«)](t) is defined from the 
[P(x) ] (t) of 1 . 15 ) by replacing J '" 1 ^(t-b p ) by 
Uj(t-o)bp) in 1 . 16 ), and x^ J ' -1 ^ (t-hj) by Uj(t-whj) in 
1.17). 

Since we are looking for periodic solutions we 

p ft 

have x(t + — ) = x(t), or thus the boundary conditions 

3.2) u(t + 2* ) = u(t). 

We also sometimes impose the stronger condition 

3.3) U (t +»)-- u(t) . 

Following Courant and Hilbert, [31], p. 304 , we 
see that G ff (t - r) for ff) 0 ia the Green function for 
the operator ^ + ay and the boundary condition 3.2), 
where 

0 ,(t)- h- ) roroct<2* 

G ff (t + 2* ) = G^(t) is the extension elsewhere. 

Similarly for and the boundary condition 3.3) we 

have H(t - r ) the Green function, where 


3.5) H(t) = - for 0 t <*■, H(t + »■) =-H(t) elsewhere. 

Thus we easily see that 3.2) and the vector 
equation 3.1) are equivalent to u € 1^ (C n , (~ 00, 00 )) and 
over -ec< t < + cc 

u j(t) = y* 2 ^ (b ~ T ) i u j( T ) + TS u j + i ( T )1 dT > 
j < n. 
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by using the Fubini theorem and 5 . 2 ) in order to shift 
the lag - «h from the unknown vector function u into 
the G 1 kernel. Here both 3.1) and 3.6) need 

I I Iu 1 | | ^.p for [P n (u,o>)](t) to be defined. 

Similarly if P n (u) is odd, P n (-u,«) = -P n (u,«), 
3.1 ) and the boundary condition 3 . 3 ) are equivalent to 
u 6 La, (C n , ( -00 ,« ) and on (- «, + « ) 

1 y n 

Uj(t) = z>J H(t-r)Uj +1 (T ) dr , j < n , 


3 - 7 ) 


u n (t) 


|H(t-r)[P n (u,co)](r ) + 


05 


dr 


»?o Uk+l(T) o^ H(trCOh " T)d Vh > 


Now in 3-6 or 3 - 7 ) we assume that F k (h) = F k (h, 1 ) 
is a real valued function of a real parameter v such 
that over | ij | £ b and 0 £ h 


3.8) | d F k (h,’j') - d F k (h,*j) | £ U'-nl d ? (h) 

where ^(h) is monotone increasing over o^h, ^ (0) = 0, 

<f~ (+00) < +00. By taking y' = 0 , 3 - 8 ) shows the 

measure |dF k (h,i?)| to be dominated over [0,°°) by the 
measure bdjj(h) + |dF k (h,o)| for all n such that 
I * I £ b. 

Now put the two dimensional parameter )= 7 

for some “ 1 >b> 0 , and let Ky be the operator 
defined as the linear part of the integral operator in 

3.6) or 3.7). From 3.8) and dominated convergence in 

2.7) , we see that with R = [ 0 , 1r ] or [ 0 , 2 x] 

lim N(K t - K, ) - 0 . Hence | |K -K , I I <N(K -K ,) 

11 7 1 y 11—>o 7 77 77 

shows that K 7 satisfies the conditions of theorems 2 : 8 ) 
-or 2:9) over | M I £ b. Thus if we also .assume that 
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[P n (u,w)](t) = (P n (u,«,n)](t) is a function of 1 such 
that for type III the second partials of Q are 
continuous in y^ and 7j and for I or II the power series 
convergence holds uniformly over | n I £ b, then 2 . 30) 
follows and theorems 2:8) or 2:9) apply to equations 
3.6) and 3 . 7 ). Since y = 0, if 2:8) applies we have 
the unique solution u = 0; if 2:9) applies we merely 
have to solve the m complex scalar equations 2 . 35 ) to 
get the solution. 

It should be noted that the Schmidt procedure 
used here appears to be the only way of attacking 1.15) 
for periodic solutions. At first one might think 
Poincare's method of small parameters would apply, 

[26], pages 35 , 11 *+, 19 1 *. However, there the solution 
is analytic in the initial conditions at a time t Q , 
whereas we have seen the general solution of 1 . 15 ) to 
depend upon a ^(t) over the whole interval t 0 -L'<t<t 0 . 
Also we actually need the general Fredholm theory- 
developed in theorem 2:5). For since the K7 in 3 - 6 ) 
and 3.7) turn out not to be normal, the spectral 
resolution is not available. Also since the kernel 
matrices do not commute, the original Fredholm formulae 
for the resolvent kernel do not apply, and we seem 
forced to rely on the general Riesz theory, [21 ]. 

Turning to £he solution of equation 2.35), we 

define D^s) = 52 s k /°° e _sh dF^(h ,>7 ) as in 1.9) and 
k=o h 

assume for simplicity hereafter that 

3 . 9 ) D^i", ) = 0, D 0 (i«'« ) ^ 0 for integer »' ^ 7 1 

in case of 3.6) or condition 3.2), and that 
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3.10) D Q (i» 1 )-0, D 0 (i(2v + 1 ) qj ) + 0 for 


integer v ^ o, -i 


in case of 3-7) or condition 3 - 3 ). 

We here can allow D Q (i « ) ** 0 for any other real 
w if 3.9) or 3.10) still hold, and indeed this can 

Ct? 

happen, usually with -jj- irrational, for any number 

1 

of real co by proper choice of F^(h, 0 ) as has been 
experimentally investigated by Blumberg and Minorsky, 
[ 32 ]. 

Under these conditions we now have the following 


lemma. 

Lemma 3:1) 

\ = 1 is in the point spectrum of K Q with m = 2, 
and 1 V , 2 V s , ^ can be taken as follows: 

5 _ » . -£'(-!«|, k -j/ , e 1 ", h dP k <h 1 o) 

J 1 J k=0 1 0<h K 1 

3 . 11 ) ,^(t) = [e it c 1 fj], = cS[e it c 1 fy, 

^j(t) = , 2 *j(t) =o2[e it C 2 ^], 

where c 1 = (’ r ^I | ^j| 2 ) ^ c ? = ( *.11 |^j| 2 )” 1//2 for 5.6) 


. 1=1 


and c 


- < f- i r*.i 2 r 1/2 , c, - (i-.r r,i 2 >' ,/2 


J=i 


2 pr 1 J' 


for 3 - 7 ). 


Proof 

The first conclusion comes from the equivalence 
of the linear part of 3.6) or 3-7 with the linear part 
of 1.15) and 3.2) or 3-3), and by using conditions 
3.9) or 3.10) with corollary 1 : 7 ). 
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Eauationa 3.11 ) then follow by an. obvious 
computation of the known sinuaoidal solutions of the 
equivalent linear differential equations, the adjoint 
one for both 3.6) and 3 . 7 ) being 

3.is)*'(t)= " i (t) + rr /*^(t+« h)dP 1 _ 1 (h,o) J 

1 1 0<h 

with ^ 0 (t) * 0 as definition. 

Q. E • 13 . 

From lemma 3 : 1 ) we see that for our problem 
2.35) becomes simply two equations in z 1 , z 2 ,« , and 
rj with y = 0. Actually there is a further simpli¬ 
fication since 1.15) or 3.1 ) is autonomous. For then 
if u(t) is a vector solution of 3.1 ) and the appropriate 
boundary condition, so is @ u(t) for any real 6 where 
ju(t) = u(t- 0 ). Now it is easily verified from 3 . 11 ), 
since (0u, <f> ) - (u,_0* ) by using the boundary 
conditions 3 . 2 ) or 3.3), that 

3.13) (flU , 2 * ) - ( u , 2 <P ) cos 6 + (u,, v» ) sin 8 


Thus if we restrict ourselves to real valued 
solutions, as we will do from now on, [ u 2 ^\ is real 

, <u, s »K 

so that 8 = arc tan ^~( u ^ ) yields z 2 = ‘^e u, 2 </> ^ = °* 

Thus with z = z, and after dividing by z to remove the 
trivial z «■ 0 solution noted before, 2.35) reduces to 

1 - \ (B r (f( 0 ,z, 0 , 7 )),/ ) 

3.14) , , 

0 - 2 L lf0 (»,V) + \ (H Y (f(0,z,0,7)), 2 V ) 

where now z, w , and v are to be real, 7 = («-» 1 9). 
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In order to get a theorem on the solution of 3 -i 1 0 > 
we greatly strengthen 3-8) by assuming for simplicity 
dF lc (h,i/) = g k (h,i )dF k (h), $ k (h) to be of bounded 
variation on [o,oo), and g Jc (h,’»), g lc (h,u), and 

3^2 g k (h,ij) to exist continuous in 1 at all h and to 

be Borel measurable over h and bounded absolutely by 
f(h) for |i/|(b such that (h)|dF k (h)| < + ao . ' 

Also for P (u, <* , v ) we require if it is of type III 
that the third or less order partials of Q(y^, v) in 
y^ must possess first partials in >7 which are simul¬ 
taneously continuous in y^ and v over ly^K p |i|(b. 

If P (u, u ,v ) is of type I or II, we require in 1 . 1 7) 
that 



03 03 

/.../ 


% 

-Jit 


(h.,... ,h , V ) 
' p n 1 n 


.p„ (h " 


,h n ,r7) 


c 


<. I » -n I M 


for | n| and In’I <L b. Thus in either case we always have 

3 . 15 ' 11 |P n (u,«, v' )-P n (u,w, ij )|| Kh*-»| 111 u 111 2 m 1 . 

Under these assumptions, and with L 1 defined as 
the sup over b|£b of that in the definition of 
admissible ^(t) for equation 1.15), we now have the 

following theorem. 

Theorem 3:2) 

If L 1 is finite and if the Jacobian J ± 0, where 
5.16) J> 1^,0<"l> O )2 L 'l,o4"l- O » 


'2 1 2,0 (< V °>i L , >0 p" ,° h 



130 


P. H. BROWNELL 


then there exist some positive p^ axvi such that for 
any T-ftftl ij , 1 «i i < p^ there exist z(v ) and u(v) ualauv 
real valued solutions of 3.1*0 In 1 2 1 < fj. and I w - ^ I <p^ . 


Furthermore, defining z( v ) and «( v ) by 


3.17) 


Z ( 7 ) = J A 7 > 


A “ 2 L l',0,7 ( "l ’ 0) 1 L l',0,« ( "l ' 0) 'l L l' ,0,, ? (t 'l , ° ) 2 L 1 > 0) 


,- 1 , 


{.. ( ij) = ft) + J B 7 , 

B “ 2 L 2,0^’’l ,0 *1 L 1 ,0 ,!m ’°^ “l L 2,0^’l ,0 ^2 L 1 ,0,7^’l ,0 ^ 

we have as v -» o that 

ft)( 7) - 3(7) - o(7 2 ) and z(7 ) - z(7) - 0 (n 2 ) . 


Proof 

I) First we need to show that the first order Schmidt 
L numbers possess continuous first partial derivatives 
in ^ and 7 about («j,0), so that 3.16) and 3.17) have 
meaning. First from 2.4o), jL (» >v)= ( 1 v(« , 7),^) 

and = - (I - E Wi ,) _1 (f )’> or thus 

,v(«,7) - K fc ,^ 1 v(«,’i)) - ( 1 L 1#0 («,»l) - 1 )/ + 


+ _L, n ( J, , r ') 0 ^ • But the equivalent differential 

c I j U cL 

equations are known to be 

j < n , 

,vA(t) + h E 1 F v k+ 1 (t-#h)dF k (h,*) - 

k -° oih 1 

“( 1 tf - 1)1 *>> + 2 % *n< fc > 


3 . 18 ) 
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with the appropriate boundary condition 3 * 2 ) or 3 - 3 ), 
where we also require 

3 . 19 ) / = (,v, /) and 2 »' = 

Now we know .v(», ii,t) = -i(t) ^ [W „( 1 ^)](t) 

I 1 CO J V I 

tto be the unique solution of 3 - 18 ) and 3.19), so 

! 

1 vj(t) and hence 1 v j(t) by 3.18) are continuous, 
and thus n v' (t) € L 2 ( C n , [o,2*r]) . Hence term by term 

differentiation of the Fourier series for ^Vj(t) is 
valid, and hence by taking Fourier coefficients of 
3.18) and using 3.11) the uniqueness of the solution 
shows 

3.20) .v.(t) = <x. sin t + P. cos t. 

' J J J 

But substituting 3 . 20 ) in 3 - 18 ) now shows that 

a . and ii- are rational functions of w , 

A J /•» 

/ cos (wh)dF, (h,’i), and / sin(«h)dF^(h, y) and 
o<h K o<h 

linear in v and 2 ff with an added constant. Thus 
finally substituting in 3.19) determines * = 1 L 1 ^ 0 ( w ,n ) 

and 2 a = 2 L 1 0 ( w ,’i) a 3 rational functions of «•' , 

cos (wh)dF^(h,>j), and j sin(wh JdF^Ch,^ ). 
oyi o^h 

Since 1 L k ( /) and ^(tt) are always continuous 
in 7 from theorem 2 : 6 ) and 2:5) proofs, so that there 
are no zeros in the denominators of these rational 
functions, this gives our result from the assumed 
differentiability and L 1 < + 00 . 


Q. E. D* (I) 
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II) In order to solve 3 = 1*0 we first need some 
Lipschitz conditions In order to apply lemma 2 : 7 ). 

First consider the integraiy' 2 TG 1 (t-r-w'h) -G 1 (t-r -«h) |d* 

for |w'-^|<.b, | w -" 1 Kb, and o^h^L'. This is 
bounded by 2 jt £|w'-w|L' if |w'-w|L'^. 2* , and if not 
by |w'-w|h(1 +2v - ) £ |w'-w|L'(1 + 1 -©-2V )> 

since |«'-w|h is the length of the * interval over 
which t -T- w 'h and t -t - «h are separated by a 
multiple of 2 * and 1 ,^-gr - is a bound for G^y) when 
no separation occurs. A similar estimate holds for 
H(t -t - w h), so that for either 3.6) or 3 - 7 ) we have 
by L 1 £ + so and 3.8) 

3.21) | | |E 7 , (u) - E^(u) | || = I I |K 7 , (u)-K 7 (u) I | | <1 

£ |||u|||(|» , -«l + I 7' -v |)M, 

for all | 17 '|| and |M K b. Thus by 2.13) as X 
operators, 2.1 ) shows that for I I • | |£ b 1 and ||7 I K b 1 
we have 

3.22) | | |W , ~ W 1 y I I K (I «' -w| + I v ,- 7l ) Mg. 

Now for u € X define h u(t) * u(t + h) for real 

h, and | |u| l d = h^o(jHT * * 'h u_u * * O' We 366 aS in 
2.30) 

< a •SIII“Hl(^ s> ,,lllu- ( .,.. )h u1ll) t 
£ I I Iu||| I Iu|l d I w'-wlL' , 
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so that by L' < + ooand 3.15) 

3 . 23 ) |I |B 7 ,(u) - B 7 (u)| Ij £ 

£ M 4 ! |lu| 11 (| «•-«! I |u| l d +| n»-i»| lllulll). 


and hence by 3.22) a similar result holds for 

H<y = »7 + W 1 , 7 ®7 * 

Now in the proof of theorem 2:9), we see that 
f(0,2,0,7) is always defined as the solution of 2.37) 
or 2.36) even if 2.35) fails, so 
f = E^f) -z / + B 7 (f) 

Now || E 7 (u) M d £ Ml I lull | and ||B Y (f)M d £ 

£ M I I|P n (f, 7 )||I similarly to the 3.21 ) argument. 

Thus by 1.18) we have 

3.24) | |f(0,z,0, y)| l d £ |z| | |^ | | + Ml I lf | | KM 5 |z| , 

since by 2.26) in lemma 2:7), with g 1 ({) = z and 
^ in theorems 2:8) and 2:9), we have 

3.25) II |f (0,Z,0, 7)1 I \£ 2 II |/I 1 1 |z| = Mg Izl . 

Now again from 2.37) for f, we see 
f ( 0 , Z, 0 7) + zl J' + = H 7 (f(0,Z,0,7 )) 

for |z| and ||7|| small, and thus by 3.22), 3 * 23 ), 

3 . 24 ), 2.30), and 3.25) we have the bootstrap inequality 

f(0,z',0,7)+z» If +W 1 )7 .(^)l 

-f(o,z,o,7 ) - z + W 1 ) I 



,(f(0,Z',0,7 

• ))-Ey(f(0,Z,0,Y)) 

c 

B 7 ,(f')-B 7 (f') 

1*1 

|B 7 (f')-B 7 (f) 


+ || W 1,7' B 7' (f '> ' W 1, 7 B 7' (f,) 




+ 


3-26) 
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♦ III III 

+ IIK,r®r (f,) |l| 

£ (Iz'l + I z | ) 2 ( | w'-w| + |iT-»/| ) 
+ (lz '1 + lzl )|||f»-f||| 


for Iz'l, lz|, I It' Hand ||*v|| sufficiently tun.ll. Thus 

since lllz'l/ ■*,„,(/)! - zff+W, III £ 

£ M£[|z'-z| + (|«'-w| + |i? , -»il }(|z'| + |z| )], 
by choosing Iz'l + |z| £ ' and substituting back 

into 3 . 2 b) with the triangle inequality we get 
|||f(o,z',o,V) - f(0,z,0,7) III £ 

3.27) 

£ t |z'-z| + (Iz'l + |z|)(|«'-«| +IV-*I)] M g* 

Putting this back into 3*26) we have 

f(o,z 1 ,0,V ) +z , f 1 ^+W 1 i(>)l 

3.28) 1 1n , 

-f(o,z,o,7) - z (i nw i>Y (i*)| *■ 

£ z* | +1zI ^ IZ'- 2 1 + (lz' I +1z|)(| «‘-w| + | v'-v\ )j 

for Iz'l, Iz|, || V||, and ||y|| sufficiently small. 


Q. E. D. (II) 

III) As additional notation define 2 nd order 

operator terms only in B Y . Thus B^ = B<y~ By has like 
2.30) and 3.23) by the three times differentiability 
assumption. 
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3 . 29 ) 


bv<u')-b.,u, in mir'lll.* Uhl!) lll u, - u lii M 9' 

B' 7 ,(u) - Bly(u)!|| C lllulll 2 u |l d l« '-«) +\ 

+ ll|u||| W-.,\ ) 


for llrll , III u* Hi , and III u III sufficiently small. We 
also define H y = fiy + W 1 y B y , H' y = Hy - H y and note 
that " (fi^(,V(^r) ), p ^) for ,v(y) W, (/) 

by 2 . 40 ). 

Also we see that [P n (u,«,$)](t) in lyis now 
always given by 1 .17) with p 1 + ... + p n = 2 regardless 
of the original type of P n (u,«,v) in By , and hence 

P n (u +, v,«,» 7 ) = P^u^",*) + P n (v,«,v ) + C(u,v ,»,v ) 


with 

[C(u,v,<v/)](t) 

3.30) 


y. r /fv-vv<-v>-) 

lik<K'in o‘”o I . . f 

( +v k (t '" h k )\i(t - a \ ,)I J 


*1 9 


where p^ = 0 except for i *» k and k 1 , P k = li P^ 1 = 1 . 

Thus we see that with Fy(u,v) defined from [C(u,v,«,»i )](t) 
exactly as was Hy from [P n (u, w ,i;) ] (t), we have 

Hy(u+v) = fty(u) + Hy(v) + Fy(U,V), 

3.31) - Fy(v,u), 

|l|Fy(u',v) - F^(u,v) III £ |||u'-u||| III v HI M 10 , 

|||Fy,(u,v) - Fy(u,v)||| £ 

C p«'-«4(lllu||| ||v|| d + IIIvIII llu|l d ) 

‘ + l*'-il IIIu|f| 111v||| 

exactly like 2 . 30 ) and 3 . 23 )* 

Q. E. D.(Ill) 




F. H. BROWNELL 


1 36 

IV) Now to return to the original equations 3 * 1 M 
which we wanted to solve, we see that by using 

,L 1 0 (V°) = 1 and 2 L 1 , 0 (w i ,0) = 0 from 2 ‘ 58) W ® 
have the equivalent pair of equations, p = 1 or 2 , 

-y,o, 7 (w i’ 0) = (w " < i ) p L i , ,o« ( "i >0) +Z P L 2,0 (w 1 j 


+ pR, (“•,’?) + p R 2 ( u ,v ,z) + 
+ - 0 R 5 ( u ’ j , ?,z) + z p R 4 (",7 ) 


3.32) 

where f 

p R i ( w , r?) =p L , ) o('' , ' ,) -p L i,o['V 0 ’- :! p L t,oj“i’ 0) - 

-(co-<-.'i ) pL^o^.^,,0), 

Rg(u,n,z) = ^(H^r(0. " 0,T)), p v» ) 

R 3 («,’1,2) = ^(a-v(f(0,z,0,T))- fi 7 (2 ,v(7)),pi») , and 

pR 4 ( u ’> 7 0 = p L 2,0 ^ ” P L 2,0^°1’ 0 ^ 

= (h^tVC v)) - H o ( 1 v(0)),p<? ) • 


Now f(o,z, 0 , 7 ) = z ^(7) + H 7 (f( 0 ,z, 0 , 7 )) from 
2 . 37 ), ao 

3 . 33 ) p R 5 («,»,z) - (F y ( 1 v,H 7 (f))+ ^H^H Y (f)), p »’ ) 

from 3.31). Also since || RyCuJII^ i. M |l|u ||| 2 as for 

3 . 24 ) and since |||H«y(u)||| <^M|IIu 11| 2 from 2.30) we get 
from 5 * 33 ) 

3 . 34 ) | p R 3 (W,*,z) - pRjC^^z)! £ Izl 2 m 12 

by using 3-31 ), 3-27 ), 3.22 ) for ,v( 7 ) « - 

3 . 24 ) ,3.25), and the equivalent of 3.23) for H 7 and 
H <y. Similarly from 3 . 33 ) 

3.35) lpR 3 ( w »’*z') - p R 5 («, 7 ,z)| Clz'-zKIz'l + lz! ) M 13 

by taking care of the — factor first for the obvious 
case j |z| £ |z'| <l 2 |z|, and if this falls then 


o) + 
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Iz| £ 2 |z'-z| and |z'I £ 2|z 1 -zI which again makes the 
result obvious. Likewise from 3 . 27 ) and 3 . 29 ) we have 

3 . 36 ) | p R 2 («%,z') - p R 2 (^,r,z)| £ 

f(|z'|+lz|)|z'-z| + 

^ 1 + (Iz'l + lzl) 2 |w»-„| j Ml4 
Also by the mean value theorem with known differentiability 

3-37) pR, -pR, (*M) = 

- "p L i',o,« (w i’ 0)] 

with |u>"-“| < |w'-w|. Again by 3 . 22 ) and 3 . 23 ) 

3 . 38 ) |z» p R 4 («j v ) - z R u (w,ti)| £ 

£ |z'| |«' - ?|M + Iz'-zl | p R 4 (»,v)l £ 

£ J(|z'| + |z|)|w'-w| +(|«-^|+ M)|z'-z|) M^. 

Now putting p R («,v ,z) = p R 1 + p R 2 + p R 5 + ZpR^ 
we have 3 . 32 ) .to be equivalent to 

= >|B J -1 + 2 L 2 j0 ( ^ 0)J " 1 1 R(w,,,z) " 

-,l 2 _ 0 (V) j ' 1 2 r( "i- , ' 2) 

3,59 z -.A J-’ - 2 L,',o,iV° W ’'l S <“" , ' z > * 

+ .L 1 («.,0)J" 1 2 R(»,’J,z) 

since we are given J 0. Thus y ■ (»-«|,z), Y being 
euclidean two space and T»j(y) 0 right hand side of 
3*39) gives the proper form for lemma 2:7). Also 
Li 0 (», ’i) was shown to have continuous first partials 
in part I), so by 3-37) and 3-34) through 3-38) as 
well, Tij(y) satisfies condition 2 . 2 I) with*,,- 2 for 
I *l|, |«- | and |z| ^ 8 for some 8^ 0. Also at z ■ 0, 
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p R 2 " p R 5 = « 0 so that 

3 .^ 0 ) pR( w i jl) 0 ) = p^i ( W 1h ) = p^i t q( W i 


But with b) 0 fixed, by 3. 4 o) and the known differen¬ 
tiability of pL 1 Q (w,n) we can find 0 , 8 

such tha'. 11 T,j (*>)!! < - 8 for |n| £ p k and hence 
condition 2 . 22 ) is satisfied. 

Thus with = 5 we have our desired unique 
solution w ( v ) and z(n) to 3 «l i O> and |w(n) -« | + 

|z(ij)| £ |n| M from 2.26) as usual. But by the 
assumed twice differentiability in n of F k (h,n), the 
part I) proof shows L. -(« ,n ) to have continuous 
second partials in w and V , so that we have 
IpR., («,n)| £ (!«-“> I + Ini) 2 M. Thus by 3 - 35 ), 3-36), 
and 3-38) 

3 .U) l p R(“ ,n ,z) | £ (|z| + |»-«| + hi ) 2 M l6 

for sufficiently small h-«|, hi and |z|. But this 
combined with | w (n)- w 1 l + |z(n)| £ hlM, 3 - 39 )> and 
3.17) thus yields w(n) -«(n) => o(n 2 ) and z(n ) - z(n) = 

0 (n 2 ) as desired. 

Q. E. D. 

Actually if our original equation was 3 . 7 ) rather 
than 3.6), then P n (u,u,n) is odd and hence ^- > 2 , 0 ^ u,v ' > 
s 0. Thus J = 0 and theorem 3:2) is of no use. In 
order to take care of this situation we have the 
following corollary. 

We make all the assumptions preceding theorem 
3:2) and in addition assume the second order derivatives 
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in or second order terms in 1.17) vanish 

identically for |t)| £ b; also we assume Q(y^,n) is four 
in place of three times differentiable in y^ if P n (u,«,n 
is of type III. 

Then in 5*16) and 3 - 17 ) replace JL„ .(«, ,o) by 

„L, -(“,,0) to define J 1 and B 1 and let tf'(ij) = « + 

P 1 _ I 

B^(J^) _1 ri and z^(n) = VA(J') _1 t? Under our assumptions 

we then have the following. 

Corollary 3 : 3 ) 

If L 1 < +0Q and if ^ o, then there exist some 
positiv e (I. and Pc such that for any real g satisfying 

4 mm 1 

| ij| <P 1) ahii A(J' ) 7^0 there exists a unique real 

valued solution v, ( v ) and (i;) of 3.1 4 ) in 0 £ z < ^ 

(or in -^ < z £ o) and |“ -", I < P^. 

Furthermore, asy->0 , «(i?) - = 0(n^-' ) and 

[z(n)f - W = o(i) 5 ^ ). 

Proof 

Here we merely need to mimic theorem 3:2), first 
noting that in place of 3 . 15 ) we now have 3 . 15 )^ by 
replacing III u III 2 by IIIu|||^ and similarly for 2.30) 
3.23), 3.26) and 3.28) by adding one to the exponent 
of the obvious factor. 

Letting = the third order terms in B^,and 
uty = By B^ , we get 3.29)^ from 3.29) by replacing the 
exponent 2 by 3 similarly. 

Also letting C^(u,v,«,*) be the sum of the cross 
terms in P ^ (u + v,«, v ) and defining F.J (u,v) from 
C^(u,v,<p,i»), we now get in place of 3 • 3 1 ) 
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(u+v) - h}(u) - ffyv) - F,} (u,v) = rJ(v,u), 
3.31 ) T |||pJ (u!v) - Pj(u,v)||| i 

£ IIIu 1 - u11| ^IIIvIII + lllu• III + IIIulll^IIIvHIM, 
II|fJ(u,v) - f}(u,v)||| £ 

i f\a'-u] (l||u||| || v|| d + HIv||| |,u|, d 0 
| + lv'-nl lllulll lllvlll J ’ 

. ^lllulll + lllvlll) M 

Also 3.1 U) is now equivalent to the pair, p <* 1 


or 2 , 


3 . 32 ) 


t -’pVo,,^’ 0 ) * * 2 p L 3 ,o<V°> 

T-l T / . . _ _ \ 


+ p R, («,n ) + p R^(w,if,z) + 

+p rJ(«,7,z) + z 2 p rJ(«,v), 
with p Rg = i- (4(f(0,z,0,7)), p v), 

p R 3 = \ (H*(f) - fit,(z and 

^P R 2 = P L 3 ,o( w ^) “pS, 0 (-hO)- 

“(»Vl v (^)) -hJ (i v( 0 )), p ^ . Thus putting 

^ 2 o for a > °, pR t . Ri + R t + R t R t 

we see from J f d 0 that , „,t , , P 5 p 4 

F tnat 3 . 32 ) is equivalent to 

t "' W 1 " »B T(jt )" 1 + 8 L 3 oMKjV^HVrfHT) - 
3 - 39 ) t 

' ****¥«) 

“ " ’' A(jf) ~ 1_ 2 L ! , 0 ,i w r°)( j+ )" 1 1 R < '("^y«) + 
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Now from the preceding inequalities as before 
we have strong enough Lipschitz conditions on the re¬ 
sidual terms in 3.39)^ so that for o £ a < 8 , I <4 

and |n |£4 condition 2.21) holds with p n = -r ; 

f 

hence any solution of 3.39) is necessarily unique in 
this neighborhood. Also 2.22) obviously holds for 
small hi. but since we require^ 0 we must review 
lemma 2:7). In constructing the solution there we 
note from 2.26) that we only need consider w and a 
such that 

V !«-"•, h + « 2 £ 2 | ( e )| |<. h|M like 3-^0). 

But since i)A(J^) -1 ^ 0 is given and since the residual 
terms in 3.39)^ are 0(a 5 / 2 ), it is clear that this 
means for sufficiently small v the component of 
T n (w-« ,«) for«in 3 . 39 )^" is always non-negative for 
suchw and a . Thus the construction in lemma 2 : 7 ) 
gives the desired unique solution. 

Q. E. D. 

We note in 3.32 f that if we had replaced z by 
£ 0, we would similarly get a unique solution 

in -Pe < z < 0. Also all the residual terms in 3-32)^ 

' \ + 
are actually 0(z ) except for pR^ , and it would be 

also if P n (u,«,»j) had fifth instead of fourth order 

differentiability and the fourth order terms vanish. 

The latter holds necessarily for 3 - 7 ) where P n (u,«, 9 ) 

4 11 

must be odd. If the residual terms are o(z ), then 
we see that «(»?) - = o(?j ) and 

[r(.,) 2 ] ~ (n) 3 s = o(7 2 ). 

Also we remark that if P(x,*i) in the original 
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differential equation 1.15) is odd, then both 3.6) and 
3.7) apply. Thus by theorem 2:9) and corollary 3 : 5 )> 
if 3.9) is satisfied, a sufficiently small solution of 
1.15) and the boundary condition 3.2) also satisfies 3.3). 

It should be noted that if P (u,o*,ij) is of type 
I or II, then the form 2 . 42 ) of equations 2.35) has 
each plfr( w j 1 *) analytic in both“ and n by an argument 
similar to part I) of the theorem 3:2) proof. In 
place of 3.20) here we would get IV m ,0 ^) 1 j ) to be 
a finite Fourier sum with angular frequencies 1, 2, 

...,m. Also it is easy to obtain bounds for the 
absolute value sums of the right sides of 2 . 42 ) over 
all complex ij and z and all real" near 0, 0,^ . Thus 
if we had been able to extend these bounds to complex 
« , by an application of the Montel theorem and the 
standard implicit function theorem of complex variables 
we could have eliminated the lengthy proof of 
theorem 3:2). 

The non vanishing of the Jacobian is an 
important restriction to the solution of our problem, 
since it requires that not both the second order L 
numbers, or the third order in 3:3), vanish at the 
origin. For this reason the Schmidt technique is not 
applicable to equations which become linear at v = 0, 

as for example Van der Pol's equation. 

We now have the following result for the form of 
the solution f( 0 ,z, 0 ,v) with z « z(v), y “ ( w ( V)-®., ,*), 
and where x,(t) denotes the corresponding solution of 
1.15) and xi)(t) its first Fourier component for the 
period . 
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In theorem 3:2) and corollary 5: 
all real t and hI 

3.42) lx,(t) - x 1> (t)|< ti g M for 3:2 ). 

|x„(t) - x,(t)k,l M for 3:3) . 
Also with a Q = — for 3.6) and a Q =VF 


3.i+3)x fl (t) = z(n 


2 (n -1 )' 


/Vl+w 1 + »«» + w 1 \ 

)[---1-]a n cos(tw(*)). 

\i +« 1 «(>j)+.. .+(« 1 «(^) r ' 


Proof 

First from the integral equation 3.6) or 3 * 7 ), the 
n th derivative of x 1) (t) is continuous in real t, and 
thus the Fourier series for x^(t) can be differentiated 
term by term. Thus 3 . 1 + 3 ) follows from 
Uj(i,t) = xjjj -1 } (sjjy) , 3.11 ), and from 

computing z = (u(q), ^) and o = (u(+ 7 ), 2 v>), these 
inner products being over [0,2x] or [0, *] for 3-6) or 3 - 7 ) 
Now for 3.1+2) we first note from 3.20) that with 
^ •(«(>?),7,t) and u.(»,t) the first Fourier components 
of J 1 v .(»( n),9,t) and u^(ij,t) we have 1 vj(«(n), V,t) *= 

1 vj(w(n)^t). Thus by the integral definition of 
Fourier coefficients for [0,2»] we have 

3.1+4) HIu(ij) - z(9) 1 v( w(v ),''i)lll ■ 

= |||u( v) - z( j?) 1 v(«(*j),fl) III C 
£ 2 |||U(»?) -Z(i» ) 1 V(W[»1), , J ) III • 

But 3.28) shows |||u(?) - z(+?) 1 v(w(i» ),fllll £M|z(i»)l 2 
for 3:2), and 3.28)^ makes it £ M |z(>?)P for 3 . 33 )» 
and from 3:2) results I z( 1?) I = 0(M) while 
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1 

| z( n) | - o( 1 17 1 2 ) from 3:3). Thus we get 3 .^ 2 ) 
obviously from 3.44). 

Q. E D. 


Let us denote by x^t) the result if in 3 - 43 ) 
we replace z(n) and«(tj) by zU) and «(*/) if 3:2) was 
used, or by z^{v) and 5 ^(ij) if 3:3) was used. We see 
by 3:4) that x„(t) may be considered the first order 
approximation to x^(t) over o£t£ -srp as I-* 0. 

If we actually carry out the computation outlined 
in part I) of the theorem 3:2) proof, we can easily 
verify the following formulae. 

h.(«) = i: u«)j-v k » v{w) = ~fi h i (w) ( -i v iI ~! 

J k=i j =1 

n -1 _ -? -u 

g(u,v )= h . («) + 2 Zh k (w)y e dP k (h,')), 
k =0 y o 

3 . 45 ) . .n-i ir , 2 2 (n-i) 1 - 1 . 

R( w) = [1 +«« + .. , + (w o » 1 ) ] [1 + « 1 +. • • + «, J > 

H(«„) = 1 + V(») - R(«) 

^^(w,*) - H (J >t) )]» 2 L 1,0 (w,,,) = °^ ’"Htw,"?) 1, 


where 


3.46) 


»a£ is defined as in 3-^3) and the rest as 

l L l',0,, ( ‘V O) 1 ^’ D ' 1 U “ 1 H, "° 

8 L i,o,, l "i’ 0) "^fgtvo) 1 '& D * tl *i )I i-o 

,h,oJ“<- 0> - ^KvoT [ ^ D o <1 “ ) 4-» 1 

2 L 'i,o,»<"r 0) -“'[gT^ToT 1 


in 3 . 11 ). 
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By means of 2 . 58 ) and 3.46) we can now compute 
J, A, and B and hence £„(t). This is carried out for 
a few simple examples. 

example I) 

0 - x"(t) + a 1 Q x'(t) + (i+r?)a 0 ^ 0 x(t) + 

+ (i+*)(a 0 .jX(t-b) + f(x(t-b))| 

with f(y) odd, four times differentiable, and f'(o) = 0 . 
We use 3 . 7 ) here and get for « 1 satisfying 3-10) 


ji - 


?Tf"*(0)(O g ) l> _ 

8ii («, ) 2 (1+<^ , (a, 


r 

(2 ^ +a Q ^ 1 b 9in(0 1 b)^ ain (^b) 
" ( a i j0 ~ a o,i b 003 (•*i b ))cos 



A 


tf) 


(- 1 ) 8 ( l +(- 1 ) 2 +( a 1f0 ) 2 ) 8 



+ a o , 1 003 (tt i b) )( a l,o’ a o,i b co3 
sin (« 1 b)^2a* 1 + a 0>1 b sin (fc^b)) 



5irf ,,, to)(c 2 ) lt _ 

8Ji C - ! ) 2 0+*? +(a, fQ ) 2 ) 


a o,o 


sin («-b) 


We can verify that f' ' ' ( 0 )>/■ 0 , and a o,o a o,''^ > 

> - (a 0 1 ) 2 (l-f)b, and a Q ^ 0 are sufficient to make 

jt 4 0 . If we had taken r «= 0, these equations 
«*t 

simplify so that «■>' (q ) , 

x„(t) -6 ) cos (•»!*)• 
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example II) 

0 - x"(t) + a 1>Q x'(t) + (1 +tj) f(x‘(t-b))+a 0>0 x(t) 

with f(y) satisfying the same conditions as in example I). 
Again using 3 - 7 ) we get for satisfying 3.10) 


5*f"'(0)(o s ) a 8 
_ _ f 1 

.♦-1 _ v. 


^ f 1 - a 1 #1 (2« 1 coa(«,b)+a 1 ^sin^b)) , 


A(J ) ' - - 


, c 2 ) 2 ) 7 f '"( o ](*\ 0 8) "" 8 "T 4 


B - 0 so that •('(f) , 

3 n ( C) - l/l7 (* 8 —^-) 008 (“it) 

" \ ( Ml )*f«'«(O) 7 


It should be noted In these examples that the 
same final expression for x^(t) could also be obtained 
by following the method of Duffing and Hamel [27] in 
a formal way. However, due to the presence of the time 
delay terms it seems difficult to extend their method 
of justification, as the existing solution of a vari¬ 
ational problem, to our case. 

Summary of Results 

Our main result here that appears to be new deals 
with the equation 

1 . 15 ) 0- x (n) (t) + x (k) (t-h)dP. (h,t») + 

k=o K 


+ tP(x,n)] (t) 
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Defining D,,(s) as the auxiliary exponential polynomial 
for the' linear part of this, we assume D (i*^) = 0 
fl-rni the rest of 3.9) or 3.10) is satisfied for some 
« 1 > 0. The Schmidt technique of non-linear integral 
equations extended in theorem 2:9) can then be applied 
to 1.15) with periodic boundary conditions. Our 
results are then given in theorem 3:2) and corollary 
3:3) And 3 : 4 ), which show the existence of and give 
asymptotic formulae as n -*■ 0 for a non zero periodic 
solution x,j(t) of 1.15), which is unique up to an arbi¬ 
trary phase constant, x,j(t + 0 ) being the general form. 
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IV. FORCED OSCILLATIONS IN NONLINEAR SYSTEMS 


By M. L. Cartwright 


FORWARD 

The following pages contain the substance of a 
short course of informal lectures to Professor Lefschetz's 
seminar on differential equations and were originally 
written with a view to private circulation in mimeo¬ 
graphed form. Time did not allow me to revise as 
carefully as I should have liked and the informal 
character of the course is reflected in many places 
where the treatment is over condensed and unsolved 
problems are discussed in a somewhat casual manner. 


Part 1. General Topological Background 
§1.1 Introduction . The following lectures are 
based on work (some of it unpublished) which I have done 
in collaboration with Prof. J. E. Littlewood on ordin¬ 
ary nonlinear differential equations of the second 
order. A typical equation is van der Pol's equation 
with forcing term, 

(1) 3 ? -k (1 -x 2 ) £ + x *» bk X cos(xt+«). 

Written underthe auspices of the Office of Naval 
Research, Contract No. N6ori-I05, NRO45-9U2. 
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(2) 3 c + kx + x + cx^ = bk K cos(Xt+a), 

where dots denote differentiation with-respect to t 
which I shall call the time. Both these equations 
belong to the general form,said by Levinson to be 
•dissipative for large displacements,' viz 

(3) x + f(x)x + g(x) = p(t), 

where the forcing term p(t) has period —, the damping 
f(x) ^ 1 for |x| ]> a, and the restoring force g(x) 
satisfies ^ i for |x| ± a. These equations can be 

normalized in different ways by putting x' =^x + 0 ., , t' 
= 71 t + 6 i. Different forms are convenient for diff¬ 
erent purposes. 

Our interest in such equations was aroused by a 
memorandum issued by the Radio Section of the Depart¬ 
ment of Scientific and Industrial Research in 1938 
appealing to pure mathematicians for assistance in 
determining the possible steady states (or stable 
oscillations) in certain types of circuit, and their 
frequencies, and also how the latter varied with the 
parameters of the system. There was considerable 
emphasis on the frequency in some of the references 
given and in subsequent correspondence, and compara¬ 
tively little on the amplitude, and this has, I think, 
influenced our outlook, making us prefer to deal with 
the x,t plane in which the time is explicit, rather than 
the phase plane (x,y) where y = x. The problem of 
determining periodic solutions is not easy to solve 
satisfactorily by numerical methods, nor do numerical 
results show how solutions vary with parameters unless 
a very large nunjber are obtained. 
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We have spent most of our time on equation (1 ) 
which 1 may seem extremely special. The reason is that 

p 

van der Pol suggested that, if k is large, (1 ) 

corresponds to a physical system which he investigated 

experimentally with van der Mark . The experimental 

results showed stable oscillations of periods (2n-l )y 

and for certain values of the parameters. Actually 

equation (1) does not correspond to this particular 

physical system because the latter needs a very un- 

symmetrical nonlinear function for its representation, 

as van der Pol explained in a letter. With the 

symmetrical function 1 - x 2 in equation (1), it may be 

observed that if we put t' = t + (2n+land x' = - x, 

the equation is unchanged, so that, if a solution is 

2 7r 1 

periodic, odd multiples of j with n + - waves above 
x = 0 and n + - similar waves below x = 0 seem more 
probable than even multiples. The stable oscillations 
with period (2n+i )y are in fact like this, but not all 
the unstable oscillations. It seemed that equation (1) 
was the simplest type of equation likely to have two 
stable periodic oscillations with periods prime to one 
another, and so we attacked it on the grounds that it 
is best to tackle a really difficult problem first in 
its simplest form. Once done much of the work carries 
over to more general equations with very little 
alteration. These lectures are mainly concerned with 
the general background and nearly linear oscillations, 
except in Part 9. 

1 . M. L. Cartwright and J. E. Littlewood, 
Journal of London Math. Soc . 20 (19^5) 180-189. 

2. B. van der Pol, Proc. Inst. Radio Eng . 22 
(1934) 1051-1086. 

3. B. van der Pol and J. van der Mark, Nature . 
( 1927 ) 563 - 56 ^. 
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Si.2. Existence and Uniqueness . It ia known from 
the general theory that if p(t), and f(x) are continuous 
and g(x) satisfies a Lipschitz condition for the values 
of x and t considered, there is a solution x(t,x Q ,y 0 ) 
of (3) for which x(0,x o ,y o ) = x Q and x(0,x Q ,y o ) = y Q . 

The usual uniqueness result requires f(x) to satisfy 
a Lipschitz condition, but this is not necessary and 
x(t,x Q ,y 0 ) is uniquely determined by the above condi¬ 
tions. For if not, let X(t,x Q ,y 0 ) be another solution 
for which X(0,x Q ,y o ) == x Q , X(0,x Q ,y o ) = y Q . Write 
x = y, X = Y, and let 

( 4 ) m — max (Y-y), 0 £ t £ ot . 

Then there exists a K such that for any a £ 1 


( 5 ) |f(x)| < K, |g(X) - g(x) | < K|X - x|, 0 £ t < a . 


Hence 

(6) IX - x| = 

and from (3) 


f t (Y - y)dt 




X X t 

Y - y = - / f(X)dX + f f(x)dx - / (g(X) - g(x))dt, 

j -v • v Jr\ 


so that by (5) 


IY - yl i. 


X 1 t 

J f(x)dx + J |g(X) - g(x)| dt 


i K(X - x) + t K(X - x) 
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By (6) 

IY - yl £ K( 1 + «),* 2K M « < !■»» 

for o {t = min (1,which contradicts ( 4 ) for a 
sufficiently small a . By repeating the process, we can 
cover any interval 0 £ t £ a ^ in which the conditions 
(10 and (5) hold. 

A slight modification shows that the solutions 
vary continuously with (x Q ,y 0 ). 

§ 1 . 5 . The Topological Transformation . Let us 
consider the solutions of (3) in three dimensions 

P 7T 

x, y, t; since p(t) has period —, the equation itself 
is the same at t = 0 and t = and so we obtain from 
the solutions of ( 3 ) a transformation T of the point 
P o (x 0 ,y 0 ) in the plane t = o into the point P 1 (x 1 ,y 1 ) 
in the plane t = ^. We maj also consider it as a 
transformation of the x,y plane into itself and write 
P 1 = T(P Q ), P 2 = T(P 1 ) and so on. It follows from the 
remarks of §1.2 that T is (1,1 ) and continuous, and it 
is also orientation preserving, that is to say if P Q 
describes a certain continuous closed curve C counter 
clockwise, then P 1 will describe the corresponding 
curve C 1 = T(C) counter clockwise. For the trans¬ 
formation is the result of a continuous deformation with 
t from one plane to another. 

If p(t) = o, the equation ( 3 ) is the same for 
all t, and so we may choose the period 2?r/\ as we please. 
If there is a periodic solution x = x(t),y = y(t) it can 
be represented in the x,y plane by a simple closed 
curve T (or in some cases a single point). If we take 
the period of f as the period determining the trans¬ 
formation, every point of r is fixed. In three 
dimensions all the solutions with initial values 
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1 5^ 

x 0 ,y a on r wind up a cylinder on r as base. If p(t) is 
not identically 0, a solution of (5) when represented in 
the x,y plane may cross itself, and also since p(t) 
varies with t, a set of solutions corresponding to a 
closed curve f in the x,y plane will wind up a surface 
which is not cylindrical. For even if its sections by 
t = 0 and t = y are the same, the sections between 
will vary with t. 

§ 1 , 4 . Fixed Points and Periodic Solutions . 

A solution of (3) with period y obviously corresponds 
to a fixed point P such that P = T(P). A solution with 
least period y£, m > 1 , corresponds to a point with 
period m such that P = T ra (P) and P ^ T m (P) for 
m' = 1 ^ 2 , ... m- 1 . There are always m points 
P, T(P) ... T ra ~ 1 (P) corresponding to each solution with 
least period m at times t = 0 , y, ... (m -1 )y. 

There are certain standard types of fixed point, 
most of them correspond closely to standard types of 
singular point for equations of order 1. 

Let P Q with coordinates (x Q ,y 0 ) be a fixed point, 
and suppose that the point (x,y) near ( x 0 >y 0 ) goes into 
the point (x',y')- If the functions f, g, p, in (3) 
satisfy certain additional conditions, it is possible 
to express x',y' i- n the form 

x' - x Q = a(x - x Q ) + b(y - y Q ) + o(r) 

y 1 - y 0 = c(x - x Q ) + d(y - y Q ) + o(r), 

where r 2 = (x - x Q ) 2 + (y - y Q ) 2 , and a< 3 - be ^ 0 . 

The types of fixed point can then be determined to 

some extent by means of the roots p 1 > p 2 of the 
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k 

characteristic equation 


a - ft , b 

c , d - /> 


o. 


However I shall confine myself here to the main topo¬ 
logical features connected with the simplest classes of 
isolated fixed point, and leave the discussion of 
analytic details and all finer points. 

(1) Stable points . These are points P Q such that 
P Q = T(P q ) and if P is sufficiently near P Q , then 
T n (P) —* P Q as n —► oo. In the most usual cases if C 
is a sufficiently small circle with centre P , T(C) C C, 
and so the vector P, T(P) points into the interior of C, 
and as P describes C counter clockwise it rotates through 
an angle 2ir counterclockwise. We therefore say that it 
has index +1. This is true whether P moves towards P Q 
more or less radially as in the case of nodes, or 
winding spiral fashion as in the cases of foci, in the 
theory of singular points, but it should be remembered 
that P moves by jumps T(P), T 2 (P), and so on, not 
continuously along a curve. 

I shall show later that in the general case 
through each point P sufficiently near P Q there is a 
simple closed curve C such that T(C) C C. Any stable 
oscillation with period 2m? corresponds to a stable 
fixed point under T m . 



4 . See N. Levinson, Annals of Math ., 45 
( 19 ^) 723 - 757 . 
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(2) Direct cols or saddle points . These are 
fixed points P Q which have two pairs of special in¬ 
variant directions or continua 7 1 and ? 2 . The pair 7 1 
separate points P near P Q which move away from P Q in 
opposite directions under T and the pair 7 2 separate 
points P near P Q which move away from P Q in opposite 
directions under T -1 the inverse of T. Points on the 
continua 7 1 move towards P Q under T, but all others 
eventually move away under T n for n sufficiently large. 



move towards P Q under T 


-1 


but 


all others move away under 
T _1 . This type of point 
has index number -1, for 
the vector P, T(P) rotates 
clockwise as it describes 
a small circle counter 
clockwise. 


Figure 2. 


(5) Completely unstable points . We need only 
say that these are stable under the inverse of T. They 
have index number +1, as the vector PT(P) turns counter 

clockwise as P describes 
a small circle counter 
clockwise. 

Figure 5 * 




( 4 ) Inverse cols or saddle points . Behaviour 
near these is similar to that described for saddle 
points except that the figure is rotated through an 
angle *, each branch of 7 1 goes into the opposite onf 
and similarly each branch of 7 2 goes into the 
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opposite one. The upper right hand set between 
and y1 goes into the bottom left and vice-versa. Since 
vectors all cross over P Q approximately, the directions 
of the vectors are roughly similar to those in Fig. 1 , 
and so the index number is +1. Under T 2 an inverse col 
becomes a direct col with index number -i. 



(5) Centres . These are transitional between the 
spiral forms of (1) and (3) as in the theory of 
singular points. They are rather special points; it is 
difficult to distinguish centres from stable or com¬ 
pletely unstable points in analytical work, and diffi¬ 
cult to describe the behaviour near a centre correctly 
and precisely. All that concerns us now is that a 
centre has index +1 and may therefore be included with 
stable or with completely unstable points in counting 
index numbers. 

(6) Multiple points . These may be formed by 
points of types (1) and (2) or types (2) and ( 3 ) 
coalescing, in which case the index number is o, and 
other multiple points of index + p, where p is an 
integer greater than i also exist. There may also be 
fixed points which are limit points of fixed points, and 
other points whose index numbers cannot be so easily 
determined even if it can be defined. 
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§ 1 . 5 . The Existence of One Fixed P^lnt . There 
are various results known showing that there exists a 
constant K such that for every point P, T n (P) lies in 
the circle x 2 + y 2 < K 2 for n > n 0 ( x 0 >y 0 ^‘ ^e 
prove a result of this type in the next part and 
from this it follows as we shall see later that there is 
a simply connected domain D bounded by a continuous 
curve C containing (x Q ,y Q ) such that T(D)C D. It then 
follows from the Brouwer fixed point theorem that D 
contains at least one fixed point? 

§ 1 . 6 . The Maximum Invariant Set S . Since 
T(B) C B and T is ( 1,1 ) T 2 (B) C T(D) and so on. Hence 
T n (D) —♦ S a closed connected set such that T(S) = S. 
Its complement is a domain and it will be shown that if 
the point at infinity is added to the plane, C(S) is 
simply connected. S contains all fixed points, 
periodic points, and also all other recurrent points. 

A point P is recurrent if for every 5 > o, T n (P) lies in 
a circle of centre P and radius 8 for an infinity of n. 
Certain types of recurrent point correspond to uniformly 
almost periodic solutions^ which may in a certain sense 
be stable. 

§ 1 . 7 . A Finite Number of Fixed Points . If 
there are only a finite number of fixed points or 
periodic points in S, we can say something about the 
relation between the numbers of the different types. 

For we can draw a circle round each point fixed under 
T m , m y l,so small that no two intersect, and then join 
each circle to another by parallel segments of straight 
lines in such a way as to form a simple closed contour 
C' containing all the points fixed under T m . Now C the 
frontier of D is deformed into C', the vector P, T(P) 

See R. Courant and H. Robbins, What is 
Mathematics ? (Oxford 1943). 

6 . See § 8 . 4 . 
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varies continuously and does not vanish. Hence the 
index number of C* is the same as the index number of C. 
But it is also the sum of the index numbers of the small 
circles. For the angle through which the vector turns 
on a line joining any two circles is equal and opposite 
to the angle turned through as P describes the parallel 
line in the reverse direction. Hence writing S m , D m , 

U , I m for the numbers of stable points, direct cols, 
completely unstable points and inverse cols respectively, 
we have 

S + U + I™ ” = index number of C . 

m m m m 

If fixed points of any other types occur, they must of 
course be included in S m , U m or I m if their index 
numbers are +1, and in D m if their index numbers are -l, 
and counted p times if the index is + p. 

In the most usual case T(C) lies in the interior 
of D, in which case the index number of C is +l,for the 
vector behaves in a manner similar to the case of a 
stable point. Hence in the most usual standard cases 
we have 

3 ,+ U + I — b = 1 , 

m m m m 

although many other exceptional cases actually occur in 
the case of differential equations of type (3). 


Part 2. Forced Oscillations in Nonlinear Systems 

A general analytical theorem on boundedness 
§2.1. The formulation of the theorem . In 
Part 1 we discussed certain topological results associ¬ 
ated with the equation 

(i) X + f(x)x + g(x) = p(t), p(t) of period 
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where f, g, p satisfy certain other conditions, and 
mentioned the equation 

(2) x - k(i - x 2 )x + x = bkx cos(Xt + a), 

which is especially interesting both for k large and for 
k small. Writing y = x, we stated that there is a con¬ 
stant K such that for every x Q , y Q the solution of (i) 
for which x = x Q , y = y Q at t = 0 satisfies x 2 + y 2 < K 
for t > t 0 (x Q , y Q ), provided of course that f, g, p 
satisfy suitable conditions. Further we stated that 
from this certain topological results which imply the 
existence of a periodic solution can be deduced. Some 
general bounding theorem seems essential for further 
progress, and for the study of equation (2) a quantita¬ 
tive result involving k is needed. We therefore consider 
equation (1) in the modified form 

(3) x + k f(x, k) Z + g(x,k) = k p(t,k), 

where p(t,k) is now not necessarily periodic. For this 
is an unnecessary restriction in the main theorem which 
follows. As before it will be assumed that f(x,k), 
p(t,k) are continuous functions of x and t respectively, 
and that g(x,k) satisfies a Lipschitz condition in x for 
all values considered, so that (3) has a unique solution 
x(t, x Q , y ) for which x = x Q , y = y Q at t = 0 and this 
solution varies continuously with x Q , y Q . We denote by 
B a positive constant independent of x Q , y Q , t and k, 
not necessarily the same in each place unless a suffix 
is attached, but B 1 , B 2 , ... remain the same throughout. 
Although f, g, p may depend on k, they will satisfy 
bounding conditions independent of k, and therefore we 
usually write f(x), g(x), p(t). 
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Theorem 1 
U) 

(ii) 


(iii) 


Hypotheses 

f(x) ]> b 1 > o for |x| ^ 1 and f - b £ 
always . 

g(x) sgn x ± b. 


> 0 for |x| ^ l, and 


!gU)l £ 7 ($) 
for | x | . 

Ip(t,k)| £ B, 


where 7 is. Independent of k 
t < B. 


/•t 

/ p(t,k)dt 
' o 


Conclusion For every x q , y Q the solution of ( 3 ) for 
which x = x Q , x = y = y o at^t = o satisfies 


lx| < B, |x| < B(k+ 1 J, 


where B is Independent of x Q , y Q for t > t Q (x o , y 0 )• 

The result can be Improved so that if 

p p p 

x Q + y Q R > t 0 depends only on R, but I shall not 
attempt to include this. 

It should be observed that (i) f(x) does not 
depend on x or t, for if it does, some additional con¬ 
dition such as a Lipschitz condition is necessary for 
uniqueness, (2) p(t) is not necessarily periodic, but 
f p dt is bounded, so that positive and negative values 
of p(t) average about the same, (3) various normaliza 
tions are possible by putting x' =« 1 x + ft 1 , 
t' = « t + ft q, and we have chosen |x| £ 1 as the 
critical strip, ( 4 ) some parts of the proof have to be 
separated for k large and k small. In the conclusion 
Ix| < B is the significant part for k when k is small, 
and |x| < Bk when k is large. 


§2.2. The use of the integrated equation . Our 
main tool in the four following lemmas is the inte¬ 
grated equation 
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(M 


r X 

x - Y + k / f(x)dx + 

•'X 



x) dt 



Here-and in what follows x = x(t, x Q , y ) is the solution 
of ( 3 ) such that x( 0 ,x Q ,y o ) = x Q and x(o, x Q , y Q ) = y Q 
and X = x(T, x Q , y Q ), Y = x(T, x Q , y Q ). 

Writing 


F(x) 


- f 


f (x)dx. 


P, (t) 


= f p(t)dt, 
y T 


( 4 ) becomes 


r t 

( 4 ') x - Y + k F(x) + g(x)dt = k p^t). 


Lemma 1 . |x| is. not greater than 1 for all large t. 

Suppose x 1 for t > T, then by hypothesis (i) 
F(x) ^ 0 and by (ii) g 1 b^ > 0, and so using (4') and 
(iii) we have 

ft 

bj(t-T) £ J g(x)dt = k p : (t) - x + Y - k F(x) 

{Bk - x + Y. 

As t —> 00, the left hand side tends to infinity, and 
so x must tend to - so ; but then x —♦ - oe which gives a 
contradiction. Hence x is not greater than 1 for 
t > T, and similarly x is not less than -1 . 

§ 2 . 3 . The strip |x| £ 1. Lemma 2 . If 
|x| £ 1 on an arc PQ, 
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(5) |xq| < |x p | + B 1 (k+1), 

and more generally if |x| ^ b Q on an arc PQ, 

(6) |xq| < |x p | + B,(b Q )(k+l). 

If |x| £ 1 and x > k + 1 on an arc PQ, the time 
taken to describe PQ is less than or equal to For 

if not, since Xq - Xp = Jj 1 x dt, 

x Q - x p ^ (k+1 ). (t-T) 1 2, 

and since -1 <C Xp £ Xq £ 1 this gives a contradiction. 
Similarly x is not less than -(k+1) on any arc lasting 
a time longer than £ 2. 

Let P 1 be the last point before Q at which 
|x| £ k + 1 or P itself whichever is the latest. Then 
the time from P ] to Q is at most 2, and x has the same 
sign as Xq on PQ. Suppose that Xq > 0 so that x is 
increasing, and use ( 4 1 ) with T and t corresponding to 
P and Q respectively. This gives 

( 7 ) x n - x p < - k F(x) + / |g| dt + k |p (t)|. 

Q P 1 -'t 

Since by hypothesis (i) f(x) > " b 5 and x > X, F(x) 

> - bj(x-X) 1 - 2 b ? . By (ii) Igl <7 (i), and by (iii) 

f t 


Further t-T £ 2, and so combining these with ( 7 ), we 
have 

x Q < 4 p + Bk + (t-T)7 (1) < x p ^ + B(k+1). 


Ip,(t)I = 


./ 


I 


p dt 


£ B. 
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Since Xq > 0, Xp > 0, this is the required result if 

P. = P, and if P is not P, x p £ k+i, and so 

1 

Xq £ B(k+1) which includes (5). 

If Xq < 0, x < 0 on PQ, and since x is decreasing, 
we obtain the corresponding result for -Xq when we 
replace (7) by 

r t 

( 7 ') -Xq + ip < k F(x) + J Igl dt + k|p 1 (t) | 


because 


/X 

F(x) = - J f(x)dx <1 b^(X-x) <£ 2b ? . 



Figure 6. 
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§ 2 , 4 . Above x = 1. Lemma 3 • If the arc QR Ilea 
above x = i and begins and ends on x = 1, the greatest 
height h aatiaflea 

<81 h < * B 2 . 

We integrate from Q to H, the point at which 
x * h, x = 0, and using ( 4 ) we have 

t r t 

g(x)dt + k / p dt 

<1 Xq - k b 1 (h-i ) + Bk, 

in virtue of hypotheses (i)/ (ii), (iii), Hence 

x Q 

h -’ 

which is equivalent to (8). 

Lemma it-. If QR is. an arc above x = 1 beginning and 
ending on x = i, then the time r taken to describe QR 
is less than B^(Xq + k). 

Integrating from Q to any point in QR 

X t t 

(9) x = Xq - k J f(x)dx - J g dt + k A p dt 
X T jP 


x H = 0 = Xq - k J f(x)dx 


< Xq - b 3 (t-T) + Bk. 

r r 2 

Also o = x R - Xq = j x dt < B(Xq + k)r- b 5 t g-. Hence 
r <i Bj(Xq + k) which is the required result. 

§2.5. The use of the energy equation . The next 
lemma, which is in many respects the kernel of the proof. 
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depends on the energy equation 



This is obtained from (3) by multiplying by 2x and 
integrating. 

In lemmas 1 , 3 and 4 we used the fact f(x) 0 
for x ^ 1 , but we only used f(x) b 1 ) 0 in lemma 3 to 
obtain the special quantitative result (8). In the next 
lemma f(x) b 1 > 0 is vital in order to obtain a 
decrease of energy on an arc above x = 1 with suffi¬ 
ciently large energy, that is to say for sufficiently 
large Xq when Xq = 1. 

Lemma 5 . If QR is. an arc above x = 1 beginning and 
ending on x = 1 , then for given B 1 1 there exists 
]> B 1 such that if Xq > B^Ck +1 ) 

x| < *| - 8B 1 k Xq. 

Suppose that |5 cq| ^k. The energy equation for QR 

is ^ t 

( 11 ) x| - ^Q = - 2k f f(x) x 2 dt + 2k p(t)x dt. 

Let J = k j- f(x)x 2 dt > k b 1 x 2 dt, and let 

t - T = t 9 then using Cauchy f s inequality and lemma 4, 
we obtain from (11) 
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( i 2 ) Xp - Xq < - 2 J + B k j x dt 

{-2 J + BkT 1 / 2 (/|x| 2 dt ) 1//2 

( ’ 2 J + jl/» 


= - 2 J 


( 


1 - 


B e 


f k X Q ) 1 / g \ 

' J / ' 


p 

where depends on B^. We may suppose that B^ > 8B 1 . 
Then the right hand side of (12) is less than 
- J £ - B^k Xq whenever J ^ B^ k Xq, and if this is true 
the required result follows. 

On the other hand If J < B^ k Xq, integrating 
from Q until x =(i/2)Xq or x = B 6 whichever comes first, 
we have x increasing, and so 



Hence by (11) 


x 2 - Xq = - 2k J f(x)x 2 dt + k p(t)x dt 




g(x)dx ^ - 2 J - k B • B^-B 


1 ~ 2 b| k x Q - kB*B 6 - B 1 - 1/2 x 2 , 

provided that Xq > B 4 (k+l), where B 4 depends on B ? and 
B 6 . It follows that x 2 > 1/2 Xq, and that means 
x > 1/2 Xq, so that x reaches B 6 first. But then 

j Ik b, / 6 x dx i k b 1 (B 6 -i ) | Q 1 k B 2 x q , 


which is a contradiction,if B 6 is chosen sufficiently 
large. Hence J 1 k b|xq and the result holds. 
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S 2 . 6 . Proof of the theorem for k 1. By 
lemma 1 we know that every solution enters the strip 
|x| £ 1 at some time t > 0; if it remains in the strip, 
we have |x| £ k + 1 at some point within time less than 
or equal to 2 and so the result follows from lemma 2 
with the |x| <1 1. If the solution emerges from the 
strip at Q returns to it at R, and next emerges again 
at S, (see Fig. 2 ) then |xg| < |xq| - aB^, provided 
that 1x^1 > B^(k+1). For by lemma 2 with R « P and 
S = Q, l* s l £ |x R | + B 1 (k+l ) i. |x R l + 2 B^, and so 

|x s l 2 < ( |x R | + 2 B^) 2 

= |* 2 | + 4 B,k |x R | + 4 B 2 k 2 . 

•By lemma 5 |x R l 2 < |x|| - 8 B.,k |x Q | £ lx Q | 2 , and so 
|xg| 2 < |x 2 | - 8 B 1 k |x Q | + 4 B,k |X Q | + 4 B 2 k 2 

< |x 2 | - 4 B^ |x Q | + 4 B 2 k 2 < (IXqI - aB^) 2 

for |*q| > B 4 (k+l ) > 2 B.jk. 

Hence the value of |x| decreases by 2 B.,k each time 
it emerges until |Xq| £ B^Ck-t- 1 ), and so any solution 
emerging from the strip at Q does so with |xq| £ B^k+1 ), 

provide) td-u. b > t (x , 'j ) ■ Bat if |x Q | < B u (k+l ), then 

the maximum height or depth reached on the succeeding arc 
outside the strip is less than B„ bj lemma 3 (8). Hence 
|x | < B ? for t > t Q . R .turning to lc-mma 2 and putting 
b Q = B y , we have |*| < B u (k+i) + B,k = Bk which completes 
the proof. 


&P.7. The case k < 1. If k £ 1, the result of 
lemma 2 is inadequate because the reduction in energy 
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1 70 



Figure 7. 

obtained by lemma 5 on the arc QR above x = i is now 
comparatively small. At the same time we shall see that 
the energy added on any arc PQ inside the strip is not 
very large, but in order to have the change of the 
energy in a usable form we may have to shift the strip 
a little. Let 


G = f g(x )dx. 

-1 

It follows from (ii) that 

, i 

IGI £ f y (1 )dx = 2 7 (1 ). 
• / -1 
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If G ) 0, since g £-b^ for x < -1 , 
£ ~ b 5 ^ 4 _1 )» aru1 30 there is a 


/ g dx 

* -h 
°4 

such that 


-1 

g dx = - G, 

4 

/' b 5 

and similarly If G < 0, J g dx = - G for some b^,and 



(13) 


max (b^, b^) < B Q . 


In both cases by putting x =<t 1 x l +ji 1 and choosLng 
a 1 and ft 1 so as to include the extra interval in 
(-1, 1 ) we can make 


(14) 



)dx 


0 . 


It follows from ( 15 ) that this normalization will 
only add a constant B to the existing B's. 

Lemma 6. If the arc PQ lies in |x| £ 1 and begins and 
ends on x = 1 , and if 

( 15 ) / g(x)dx = 0, 

•-1 • 


then 

< Xp + ^k |x p | + 4B,k. 

for B 1 sufficiently large and |x p l > B y . 

Suppose first that |x| < !xpI at some point P 1 

in PQ. Then by lemma 2 with P = P^ wo have 
I*qI < \ IXpl + 26^ and so 
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*° q <14 + 2 B, |Xp| + k B 2 < Xp 


provided that Xp > . 

If |x| ^ |Xp| on PQ, we may suppose without 

real loss of generality that x > o, so that x is 
increasing and then the energy equation gives 

t x ‘ 

- 2 k / ** , ~'" 2 

J fjl 


*2 *2 
X Q " X P 


f(x)x* dt -2 / 
y v 

£ 2 k b 2 Jx dx + k / p dx 


Q /-t t 

p dx t it / p x dt 
• T 


£ 2 k b 2 (Xp + 2 B 1 + B) 

{ *tk B 1 ( |x p | + 1 ) 

for B 1 sufficiently large which is the result required. 

§ 2 . 8 . The height . Although ( 8 ) is valid for k 
small, it is inadequate, and we need 

T^rrmw. 7 . If the arc QR lies above x = 1 and begins and 
ends on x = 1 , the greatest height h satisfies 

h < 1 + B ? (Xq + k) 2 . 

By ( 9 ) x < Xq + Bk on QH, and by lemma 4 the 
time taken is less than B^ < X Q + k) * Hence 



§ 2.9 Proof of the theorem for k £ 1 . Normalize 
so that ( 15 ) holds. In virtue of ( 13 ) this only 
changes 7 ( 1 ), b g and therefore only the precise B 



IV. FORCED OSCILLATIONS IN NONLINEAR SYSTEMS 173 
obtained in the conclusion. As before we reduce the 
proof to the consideration of a solution which emerges 
from the strip |x| £ 1 at Q with Xq large and after 
returning to it at R emerges again at S. By lemma 6 
with R — P, S = Q, we have 

x§ < Xp + 4B 1 k |x R | + 4B 1 k, 

for |x R | > B ? . If |x R | B 9 by lemma 2, |x g | <1 B ? + 2B 1 

and so we have a solution emerging at R with |x| < B. 

If |x R | > B 9 , by lemma 5 

|x s l 2 < x| - 8B 1 k |xq| + it B 1 k |x^| + 4 B^ 

= Xq - 4B 1 k |xq| + 4 B 1 k < (xq - 2 B^) 2 

and so |x s l < |xq| - 2 B^, provided that |xq| > B^(k+1 > 
Hence |xq| decreases at each subsequent point where the 
solution emerges from the strip until |xq| < B tQ 
= max (B^, B^k+1)). But now the maximum height is 
less than B 11 by lemma 7, and the result follows from 
lemma 2. 


Part 3. Topological Consequences of Theorem 1 
§3.1 . We now return to the case of i (3) in 
which p(t) has period 2t/x, and consider the topological 
consequences of theorem 1. As we said the solution of 
1 (3)(and therefore the solution of 2 (3) with k = 1 
and p(t) having period 2 n/\) gives rise to a (1,1) 
continuous orientation-preserving transformation T . 
Theorem 1 asserts that for every x Q , y Q |x(t,x Q ,y 0 ) | and 
|x(t,x Q ,y 0 )| are less than B where B is independent of 
x 0 ,y 0 for t > t 0 (x 0 ,y 0 ). In particular 
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17^ 

|x n l = |x( 2 n /A,x o ,y Q )| < B 
|y n l = |x( 2 n A,x o ,y o )| < B 

for n > n 0 ( x 0 >y 0 )> and this means in the notation of 
1 .3 that there is a B such that T n (P 0 ) lies in x 2 + y 2 
< B for all x Q ,y o and all n )> n 0 ( x 0 ^y 0 )- We shall now 
prove a fundamental result based on a more general 
hypothesis suitable for later applications, and then 
deduce from the fundamental result properties of an 
invariant set and the existence of a fixed point in it. 
Theorem 2 . Let T be a ( 1 , 1 ) continuous transformation 
of the plane into Itself , and let D q be a fixed domain 
and D a domain containing D q bounded by a closed Jordan 
curve J. Suppose that if P is a point of D, every T n (P) 
lies in D q for all n > n Q (P). 

Then there is a domain A depending on D having 
the following properties : 

(i ) A is bounded by a closed Jordan curve 

(ii) A contains D, 

(iii) T(A) Is contained in A . 

§ 3 . 2 . We need a compactness result 

Lemma 8. Suppose that the hypotheses of theorem 2 
hold , and let n(P) be. the first n 1 for which T n (P) 
lies in D Q . Then there is. an N such that n(P) £ N 
for all P in D, 

Corresponding to each P in D there is an n(P) 
such that T n ^^(P) lies in D , and since D Q is an open 
set there is an open circle 7 (?) with centre P a point 
of D such that T n ^(Y(P)) lies in D . The set of 
circles 7 (P) form an open covering of the closed set f D, 
and so by the Heine-Borel-Lebesgue theorem we can 
extract a finite covering y (P 1 )+y(P 2 )+• * + 7( P m ) • Then N, 
the maximum of n(P M ) for \l = 1,2 ... m satisfies the 



IV. FORCED OSCILLATIONS IN NONLINEAR SYSTEMS 175 
result. For every P of D lies in some r (P M ), and so 
T n (P) lies in D Q for some n £ (P^) <£ N. 

§5.5 . We also need a lemma on connectivity 
based on the use of the Jordan curve theorem and other 
allied results. 

Lemma 9 . If D 1 and D 2 are the interior domains of 
two closed Jordan curves J 1 and J 2 , and if D 1 . D 2 is 
not null , then the frontier r of the unbounded component 
U of the complement of J ] + J 2 iii §L closed Jordan curve l 1 
whose interior domain A contains D 1 and D 2 , and r is 
contained in J ] + J 2 # 

There are three possibilities, either (1 ) D 1 C D 2 , 
or ( 2 ) D^Dg, or ( 5 ) neither ( 1 ) nor ( 2 ) is true. In 
case (1 ) r = J 2 > D = D 2 and the result is obvious; 
similarly in case (2 ) r = J (] , D = D 1 . In the remaining 
case there are points of D 2 in D 1 by hypothesis and 
also points outside, but D 2 does not contain D 1 . Hence 
there are points of J 2 both Inside J 1 and outside it. 

For If there were no points of J 2 outside D 1 , the points 
of D 2 outside D 1 could be joined to infinity without 
meeting J 2 , and if there were no points of J 2 in D 1 , 
would be included in Dg. It is easy to see that F is 
contained In J 1 + J 2 , and if It is a closed Jordan 
curve, the Interior domain A of r must contain D 1 + D 2 . 
It therefore remains to prove 

Lemma 10 . Let J 1 and J 2 be two simple closed curves 
such that J 2 contains points in the interior and in 
the exterior domain of J 1 . Then the frontier r of the 
unbounded component U of the complement of J ] + J 2 is a 
closed Jordan curve . 

The following proof is due to Mr. Floyd. For 
this lemma only we use small letters to denote points, 
or mappings. 

We define a map f of f into J 1 , and prove that 
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It is a homeomorphism of r onto . Suppose that x c r 
and x# Then define f(x) = x. Suppose next that 

x c r, but x does not belong to J 1 so that x belongs to 
J 2 . Then there is a unique sub-arc A x of J 2 , containing 
x as an Interior point, whose interior points are points 
of Tbut not of J 1 , and whose end points a, b are points 
of J 1 . Then J 1 + A x is a theta curve (a curve consisting 
of three arcs intersecting only in their end points). 
Hence J 1 + A x divides the plane into three domains, the 
two bounded domains being disjoint from U. Let 
denote the complementary domain of T - A which is 
bounded and has A x on its frontier, so that R^. U = 0 . 

Let B x be the arc of J 1 which is on the frontier of R x - 
Then we can define f on A as a homeomorphism of A v on 
to B x which keeps the end points of A x fixed, and the 
definition is complete. 



Figure 8 . 

We next show that to every x of J. corresponds a 
- 1 ' 
point f (x) of r . If x « ^ and xcT this is obvious. 

If x c J 1 , but x does not belong to r we can construct 

an arc C x from x to infinity which meets J 1 only at x. 
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Let y be the first point of the arc which intersects r. 
Then the domain Ry defined as before contains the part 
of C x from x to y, and hence x is the image of some 
point of Ay under f. 

In order to see that f is (1,1 ), we suppose that 
if x 1 , x 2 < r and f(x 1 ) = f(x 2 ). If X€f and x does 
not belong to J 1 , then f(x) does not belong to r. Hence 
if f(x 1 )e r, x 1 = x 2 . Suppose then that f(x 1 ) does not 
belong to r, then A and A Xp are disjoint, except 
possibly for their end points. We have f(x 1 ) a frontier 
point of both R x and R X2 , and not an end point of A Xl 
or A X2 , so that R Xl and R x ^ have common points. But this 
is impossible. For if points of R X1 belong to R X2 they 
can be joined to the point at infinity by an arc only 
meeting J 2 in Ax 2 , and so not meeting either A Xl or Bx 1 . 

Finally we observe that f is continuous. For the 
arcs Ay, are countable in number, and only a finite 
number of the sets R x can exceed a given positive 
number e in diameter. 

§5. h . From lemma 9 we deduce at once 


Lemma 1 1 . Let T be a (1,1) continuous transformation 
of the plane on to Itself , and D a domain bounded by a 
closed Jordan curve J. If D. T(D) 4 = 0 , then the 
frontier r of the unbounded component Ujj of the com ¬ 
plement of J + T(J) + ... + T^( J) is. a closed Jordan 
curve whose Interior domain a ti contains D + T(D) + 

... + T N (D). 

If N = 1, putting D 1 = D, D 2 = T(D) we obtain the 
result from lemma 9. Suppose that the result holds for 
N - 1 , and put D 1 =h N _ 1 , D 2 = T N (D). Then J 1 = r u-i' 
and J 2 = T^(J) are closed Jordan curves, and since 

contains D + T(D) + ... + T N_ 1 (D), the unbounded 

■Li ' |T 

component of the complement of l ’^_ 1 + T (J) will be the 
unbounded component Ujj of the complement of 
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J + T(J) + ... + T N (J). Since D •T(D) + 0, we have 
T^ _1 (D) • T^(D) + 0, and sinceA]^ contains T^ ^D), 
this implies A N-1 *T N (D) + o. Hence the conditions of 
lemma 9 are satisfied, and the frontier I’ N of U N is a 
simple closed curve whose interior domain contains 
A^_ 1 and T^(D), and therefore D + T(D) + ... + T^(D). 

§5.^♦ Proof of Theorem 2 . First of all D Q and 
T(D q ) have points in common. If not, whenever 
T n (P) e D q , T n+1 (P) does not, which gives a contradic¬ 
tion for any fixed P and n > n Q (P). Since D and T(D) 
have the set D Q ■ T(D Q ) in common we can apply lemma 11 
Let N be the number defined in lemma 8. Then for all 
P t D, T n (P) e D for some n £ N and D is contained 
in D, and so inA° N _ 1 . For T N (P) = T N ' n ( P} (T ri( P} (P)), 
where T n ^(P) « D Q , and n(P) ^ 1 so that 
TN-n(P)(D Q ) is contained inA^_ 1 . Hence T^(D), and so, 

T(D + T(D) + ... + T N_2 (D)) + T N (D) 

are contained IriA• Also since T^(D) lies in 
A n _,, T N (J) lies in A jj_ 1 , and so T(1' N _ 1 ) lies inT N _ 1 , 
and therefore A N = A^ . It is now easy to verify that 
A=A n-1 satisfies all the conclusions of theorem 2. 

§5.6. The maximum invariant set . Various conse¬ 
quences follow from theorem 2. 

Theorem 5. If the hypotheses of theorem 2 hold, then 

ft T n (A) = S 
11=1 

is a closed connected set such that T(S) = S. Further 
the complement of S lj3 a simply connected domain if. the 
point at infinity is. i ncluded in ft. 

Since A contains T(A) which contains T 2 (A) and so 
on, and all these sets are closed and connected, S is 
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a closed connected set, and obviously T(S) = S. Further 
if C is any closed Jordan curve in the complement of S, 
then C lies in the exterior domain D^ n ^ of T n (r) for 
some n, and since the exterior domain of a closed 
Jordan curve is simply connected if the point at in¬ 
finity is included, C can be deformed into a point in 
which is obviously contained in the complement of 
S. Hence the complement of S is a simply connected domain 
A Fixed Point Theorem . The following result now 
follows easily 

Theorem 4. If the hypotheses of theorem 2 hold. there 
is a fixed point in S and P has index number + 1. 

By theorem ?(i^i) the Brouwer fixed point theorem 
can now be applied to the 2-cell A, and so A contains a 
fixed pent, bat by the definition of S if there is a 
fixed point in A it must lie in S. Further since for 
each point P of 4 T n (P) lies in D Q (which is in A) for 
n > n Q (P), 110 point of r is fixed. Hence for every 
point P on r the vector P, T(P) has positive length, and 
so as P describes P the vector turns continuously. By 
mapping A(1,1) and continuously on the unit circle it 
can be shown that the vector turns through a total 
angle +1. 

§5.7. Properties of solutions . From these 
theorems we now deduce the following with the help of 
the remarks made in 3.1 

Theorem 5. If the hypotheses of theorem 1 hold, and 
also p(t) has period 2.r/A, then there is at least one 
solution of 2.'1 (5) (or 1.1(3)) with period 2 r/\ . 

Further if the number of solutions with period 2mr/x is 
finite, the corresponding points satisfy 1.7 (1 )•' 

This follows immediately from theorems 1, 3 and ^• 
§5.8 . Since by theorems 2 and 3 T n (A) tends to 
S and T(A) is contained in A. for every 6 > o- every 



l8o M. L. CARTWRIGHT 

solution of 1 .1 (3) for which (x Q ,y 0 ) lie in D has 
(x n ,y n ) within a distance s of S for n 2 N Q , where N Q 
depends only on D. By the well known existence theorem 
methods if |x n l < B 1 , |y n l < B., |x(t,x n , y n )l < B g , 
lx (t.x n ,y n )| < B a , where B g is Independent of t, x n ,y n , 
for o £ t £ 2x/A , and so all solutions tend uniformly to 
S. A similar quantitative result for 2 . 1 ( 3 ) in terms ot’ 
k requires some sort of uniformity ir. Theorem 1 . 

It should be observed that solutions do not 
converge uniformly to D Q . For solutions starting in 
D n may emerge after an arbitrarily long time. 



This may be seen by considering an Invariant set S 
consisting of a circle with a stable point, and a col 
at opposite ends of a diameter, and an unstable point at 
its centre. Then D Q can be taken to be a thin rectangle 
containing: this diameter in its interior. For all P 
except the col and unstable point which are? fixed in 
D q tend to the stable point which is fixed in D Q . But a 
point P near the unstable point on the radius to the col 
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ends to ths col, ajid so T n (P) is on the radius near the 
col for all large n. Hence for a point Q sufficiently 
near P T n (Q) is near T n (P), and if T n (Q) is near the col, 
it will obviously emerge from D q before reentering ana 
tending to the stable point. 

As we observed in § 2.1 the methods of theorem 1 
can be improved so as to give uniformity with respect 
to (x 0 ,y Q ). 


§3.9. Damping and Area . Suppose now that 

x ! = x(2!r / x > v *o ) > >1 = v 5- c .) 

have continuous derivatives with respect to x Q , y Q . 

This will be the case if f, g in 1.1(3) have continuous 
derivatives of the second order, and p has a continuous 
derivative of the first order. 

Theorem G . If in the equation i . 1 (3 ) f and 3 have 
continuous derivatives of the first two orders. and p(t) 
has a continuous derivative of the first, older- under the 
transformat1on T defined by the equation.then anv 
sufficiently small area Sx Q 5 y 0 goes into an area 



where t -—* 0 as 5 x, 5 y Q —► 0 . 

Corollary . If f > b 1 >0 for all x, then under T each 

sufficiently small area ax_ <>y_ goes into an area less 
- 2 b. *■ A 0 0 

than e 5 x 0 ® y , and so all finite areas tend to 0 

under- T ri as. n —• ec. In particular 8 has zero are a, 
and caxujnt contain a simple closed curve. 

After time t the area 6x Q iy Q occupies an area 
J(t) dx 0 dy Q approximately, where 
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J(t) = 


3 V 3y o 


i£L_ &L_ 

3x o '■% 

Now since the derivatives are continuous we can change 
the order of differentiation, and so 






4 

r'*X 

ax 


dx 

dx 

f)X ' 
O 

3y o 

+ 

dX Q > 

3y o 

ay 



<zi_ 

ai_ 

3 V 

3y o 


»V 

'^0 


But x = y, and y = x = -f(x)y - g(x) - p(t), and p(t) is 


independent of x , y . Hence 


fir - -«*> g- 


( f'Wi- * e’oo) ff- 


and similarly for y Q . All determinants with two rows 
the same vanish, and so 


dJ = - f(x)J. 
dt 

Integrating from o to 27 t/a , we have 

, / A 27r / X 

J(2ir/A) = exp l~J f(x)dt 


which is the required result. 

The corollary is an obvious consequence of 
theorem 5 • 
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§3.10. Recurrent Pointa . The points of S may be 
divided into two classes (a) wandering points (b) 
recurrent points. If there Is a neighborhood U(P) of a 
point P such that T n (P) does not lie in U(P) for 
n > n Q , then P is a wandering point. Otherwise P Is 
recurrent. A fixed point, and a periodic point are 
recurrent points. 

Let P be a recurrent point. Consider the set 

E - /L_T n (P), where n runs through all integers from 

- ^ to + 00 . Then every point of E is recurrent. In 
most cases E* also consists of recurrent points. A 
minimal recurrent set M is a closed set of recurrent 
points which has no proper closed subset of recurrent 
points. If P is fixed or periodic, M is finite. In all 
other cases M is infinite. It may, or may not, be 
locally connected. It is known that sets which are not 
locally connected exist, and also, I think, that locally 
connected sets correspond to uniformly almost periodic 
solutions, and cannot occur when S has zero area. It Is 
an Interesting unsolved problem whether any recurrent 
set other than fixed or periodic points can occur for 
transformations corresponding to equations 1.1 ( 3 ) 
satisfying the conditions of theorem 6 Corollary. 

Levinson has given an example of an S of zero area 
containing a recurrent set which Is not periodic, but his 
transformation does not necessarily make all small areas 
reduce by a factor less than J Q < 1 as in the corollary 
of theorem 6 . 

Part 4 . Positive Damping 

§4.1 . We now return to the discussion of the 
equation (3) of § 2.1 from an anlytical point of view. 

It is known^ that the solutions of § 2.1 (3) for 

7"! See M. L. Cartwright and J. E. Littlewood, 
Journal of the London Math. Soc . 20 ( 1945 ) 1 80-1 89, also 
N. Levinson, Annals of Math . 50 (1949), 126-153. 
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f and g may include stable and unstable solutions of 
different periods, combined with an irregular type of 
recurrent solution; and it is easy to construct 
functions f and g for which the equations have both 
periodic and almost periodic solutions. In fact if 
f = 0, |x| £ f = 2(lx| - j), |x| 1 j, g = x, p(t) 

= jj- cos t, the equation will satisfy our conditions anu 
have almost periodic solutions for irrational X. The 
richest variety of solutions is usually associated with 
equations for which f < o for some x, and so, although 
we cannot hope to prove any very precise result without 
further hypotheses, we may expect some sharper results 
if f ^ b 1 >0 for all x. Theorem 8, below, although it 
says little about the solutions, strengthens this 
conjecture®. Sharper results are in fact obtainable for 
f \ b 1 y o, although in order to obtain a single stable 
periodic solution to which all other'3 converge we have 
to make additional assumptions about g as well. 

§4.2 . In the next theorem p need not be periodic, 
and the result is merely a quantitative improvement of 
theorem 1. 

Theorem 7 . If the hypotheses of theorem 1 hold, and if 
f y b 1 >0 for all x and k 1 , then 

|x| < B, F(x) "P 1 * =c_ ^ / g dt + 0(1-), 

where the constant implied in the 0 is a B. 

Cor . If f• and p* exist and |f•I < B, Ip'I < B, then 
15c| < B and fx = p + o(£-'. t 

Proof of Theorem 7 . Let r (t) = f f(x)dt, then r y_ b,t 

J o 

(T The theorems of this section and their proofs 
are taken from M. L. Cartwright and J. E. Littlewood, 
Annals of Maths. 48 (1947) 472-494. 
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for t ^ o. By theorem 1 |x| < B and so lg(x)| < 7(B) «■ B. 
Further there exists a P for t > t such that |Xp| 1 . 
For if not, |x| cannot remain less than B. Changing the 

\r j 

origin ao that t = 0 at P, and multiplying by e , we 
obtain the equation in the form 


_d_ 

dt 


(* 


e kr ) = e kr 


(kp - g). 


Integrating we have 

|x e kr | £ |x p | + Bk [* e kr(t) dt. 

J o 

But r' = f, and e kr > 0 for t > 0, so 






e kr f dt 


e kr 

^ kb,' • 


Hence |x| £ 1 + B/b 1 = B. The rest of the theorem 
follows from the integrated equation 2.2(4*). 

Proof of the Corollary . Put u = f x - p/k ao that 
x = - ku - g, and u = - kfu + h- where h = - fg + f *x 2 
- p/k = 0(1)• For u = fx + f f x 2 - p/k. Now 


_d_ 

dt 


<u e kr ) 


h e 


k r 


and ao 



where u - u Q at t = 0. Hence 

|u| 1 Iu | e" kT + B e" kr f e kT dt 
° J o 

= 0(e" kT 


) + o(i/k) = o(l/k). 
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Hence x = 0(1) and the result follows. 


§4,5 . We next add hypotheses on g and introduce 
the idea of convergence. Any two solutions X^t), X p (t) 
are said to converge if X^t) - X g (t) —> o and 
X, (t) - X 2 (t) —♦ o as t —» oc. 

Theorem 8. Suppose that the hypotheses of theo rem 7 
hold , and that p(t) has period 2 v/\. Su ppose further 
that g(o) = o, g' ^ b^ > o for all x and |g' '(x)| 

£ G( £) for (x | £ $ , where G is. Independent of k. Then 
all solutions for which 


O ) 1*1 £ i 0 > 1*1 £ 17 o for t 1 t 0 

converge, provided that 


(2) 2, 0 G(J 0 )<kb 1 b 4 . 


Cor . 1. All solutions conv erge for k ) k Q . 

Cor . 2. If p(t) is periodic , there exists a periodic 

solution X* to which all solutions satisfying (1) and 
(2) conv erge. 

Proof of theorem 8. Consider any two solutions 
x^t), x 2 (t) of §2.1 (3), and let z = x 2 - x 1 , 

Ag = g(x 2 ) - g(x, ), AF = P(x 2 ) - P(x,), where 

P(x) = f* f(x)dx as usual. Then substituting in the 
equation and subtracting, we have 


(3) 





0 . 


Multiply by z and integrate. This gives 



(*> 
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Z • Z I 
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- k 


/ 


AF 


• z . z dt 


+ U* 



t 

o 



1 7 2 d_ 

2 z dt 



dt . 


The integrated terns are 0(1 ) as t —* oo, (the constant 
implied is Bk 2 but this is irrelevant). Substituting 
for z from (3), we have 



( r 0 


AF. . _AK 


- #t () ] 


z^ dt = 0(1). 


Let x --= x 1 , x + z = By Tpylor’a theorem 


,fr ( ) =1 ( e’(x + z) - F'U>> 




g(x + z) - g(x) - zg*(x + z)f = 


)|= X g" 


(x + Z ) 


— |-(-z ) 2 g"(X + z - «)"z). 


where 0 < £ < 1, 0 < ,»' < 1. Since |g"| £ 0(S o ) 
for |x| ‘!$ 0 . and |x| £ | Q , |x| ^jjo, Izl i. £ n Q > 
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we have 

JL (AS. ) 

dt \ z / 
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< 2 »o G( *o>- 


Since a P/z = f(x + #"z) 2 , o < # " < i, and. 

A g/z b^ (because g' b^), the part of the integrand 
bracketed in (5) is greater than or equal to k b 1 b^ 

- 2v G({ Q ) > 0 if (2) holds. Hence (5) gives 

f z 2 dt = 0(1 ) as t -—► oo. Since z = o(l ), it 
follows that z —► o, and since z = o(i ), this gives 
z —► 0. Hence the solutions satisfying (1 ) and (2) 
converge in the sense defined. It may happen that no 
solutions or only one satisfy (1) and (2). 

Proof of the corollaries . Corollary i follows 
immediately from theorem 1 and theorem 2 by taking 


v sufficiently large, and then k Q = 2 ij o G(g Q )/ (b 1 b^). 
For corollary 2 we suppose that p(t) has period 
2jr/\ , and write x n , x n for the values of x(t,x Q ,y o ) 
at t = 2wr/\ . x(t,x Q ,y 0 ) and x(t+ 2p ,^ Q y Q ) converge 
and that means 


for all p as n —► oo. Let (X,Y) be a limit point of 
x , x n . Then x = x(t,X,Y) has period and all 

solutions converge to it. 


§4.4 . Some of the best known cases of positive 
damping are associated with hysteresis phenomena which 
may perhaps be represented by an equation of the form 

(1 ) x + f(x,x)x + g(x,x) - p(t). 


although it is not clear precisely how the functions 
f and g should be defined. In this form the proof of 
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lemma 2 in theorem 1 requires a slight modification, but 

the result of that theorem remains true provided that 

f(x,x) and g(x,x> satisfies hypotheses (i) and (ii), 

and the same is true of theorem 7 . Theorem 8 however 

depends on properties of F(x) = / x f(x)dt which does 

O 1 

not exist and the result is not true for equation ( 1 ) 
in general. Hysteresis occurs in problems of ferrores'o- 

p 

nance and subharmonics have also been observed in such 

problems when the damping depends only on x, but g" is 

* 

very large. The equation 

x + k x + x(l - «+ j«x 2 ) = j« cos 3t, 

also has three subharmonic solutions for « < e and 
k < k Q (e), and many other equations of a similar type 
have subharmonic solutions. The modified form of 
lemma 2 of theorem 1 to cover equation (1) is as 
follows: Let |Xq| = |x p | + u, u ]> 1 . We have to prove 
u ■< B. We may suppose Q th-> first point after P at 
which |xq| = |Xp| + u. Let Q 1 be the last point before 
Q at which |x| = |x p | + g- u. Then in (^Q |x| llc-s 
between |x p | + ^ u and |x p | + u, and so it is of con¬ 
stant sign, say, positive. Then x at a point of Q 1 Q 
Is algebraically at most 

- f x + Igl + Ipl <. B ( |x p | + u) + B = a , say. 

K See M. L. Cprtwright and J. E. Ijittlcwood, 
Annals of Math .. 48 (1 o4y ) 4 vo-49»i • 

2. See W. H. Surber, Jr., A study of ferroresonant 
and subharmonic oscillations. Thesis for the degree of 
electrical engineer (Princeton 1948). 

3. See M. L. Cartwright and J. E. Littlewood, 
Annals of Math ., 48 (1947) 490 et. scq. The term 

a^a^ has been omitted from some of the calculations 

of the order of k. 
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The time from Q 1 to Q is at least j u/a, and 



Since - 1 £ Xq^ < Xq < i, we have 

( |x p | + u)u < B( |x p | + u) + B, 
and whatever the value of Xp, this implies u < B. 


Part 3 . Nearly Linear Oscillations 
§5.1 . In this part I propose to review the 
methods for nearly linear oscillations. That is to say 
cases in which certain periodic or almost periodic 
solutions of 1.1(3) and 2.1(3) are nearly equal to 
solutions of a linear equation over a fairly long time. 
The equation 2 . 1 ( 3 ) itself Is nearly linear for 
|x| < K, |y| < K if it can be written in the form 

(1) x + kx + « 2 x = p(t) + e <p (X,X,e ), 


where k ^ 0, « is small and positive and 
(2 ) I <p\ < B 


for all t over the range of x, y and « considered. The 
constant B is independent of « here and also in what 
follows. We shall suppose, as is usually the case, that 
p(t) is of the form 


(3) 


p(t) = P n cos (x t + « ), 
n=i 


where \ > 0 because we assumed that 


r t 

J p(t)dt 


< B 


in theorem 1 . Further we may obviously suppose that k 
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and « 2 are either o or not 0(«). For If one of them 
is 0(«), the corresponding term can be absorbed into <P . 
This still leaves the possibility that k and « 2 may 
depend on «. 

§5.2. The case u + 0. Suppose first that 
» + 0(0, in this case it is best to normalize by putting 
wt = t' so that u = 1. Suppose that when this has been 
done we obtain the equation 

(O x + kx + x = p(t) + « <p (x,x,«), 

where 


(5) M < B for |x| < B, |y| < B. 
The corresponding linear equation is 

(6) x + kx + x = p(t), 


which has a solution of the form 


( 7 ) 


““W’t —!/■+■ 

x = a^ cos |it + a 2 e sin |it + 

00 . (l-x£) cos (X t+0- ) + k sin (X t+«_) 

+ > p-— - - - - --■-• 


rt=l n 
provided that k and \ 


(1 -X 2 ) + k 2 


n 


1 are not both o. 

If k y o (and so by our hypotheses not 0(0), 
and if the partial derivatives of <p are bounded by B's, 
the conditions of theorem 8 hold. For in the notation 
of theorem 8, we have 


f Ik -« B 1 J-k, g' ^ 1 -«B, |g"| < Be 
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so that 2 and G B 30 that 4. 35 (2) holds. 

Hence all solutions converge to a solution which is 
given approximately by ( 7 ) with a 1 = a 2 = 0 . 

If k = 0, it may be observed that by adding 

p 

0 (c ) to w before standardIzation we can avoid the case 
in which \ n « 1 exactly, but if X n - 1 is. small the 
solution given by (7) may go outside the range in (5) 
unless p n is also small . In this case the solution is 
not nearly linear, and so we shall not consider it. In 
other cases where k = 0 by putting 


x = 


cos U n t + « n ) 


n 


+ x. 


1 - \ 


n 


and dropping the suffix we obtain an equation of the 
form 


(8) x 1 + X 1 =«<!> (x 1 ,X 1 ,t, « ), 

where 

(9) 


co 



and 

(10) | <1* (x,y,t, t ) | < B for |x| < B, |y| < B. 

§5.5. The case o> 2 = 0. Before proceeding 
further, it is worthwhile considering the case u= 0 
which we passed over. The solution of the corresponding 
linear equation for u = 0 viz. 

(1 ) 


x + kx = p(t) 
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is of the form 

vt — 

(2) x = a + b e + ZZ cos ( A n t +«^) = X(t,a,b) 

n= 1 

where a and b are arbitrary constants. Putting 
x = X(t,a,b) + «x 1 
in 5 - 1 ( 1 ) which is now of the form 

( 3 ) x + kx = p(t) + * <s(x,x, e ), 
we have 

(4) x 1 + kx 1 = <p (X,X,e) + e <p ^ (x 1 ,x 1 ,X,X) 

The first approximation of (4) is 

(5) X 1 = A + Be" kt + p (a, 0 )t + * 2 

where A and B are arbitrary constants, and <p contains 

“let 

t only in the form e , cos (A n t + « n ) so that is 
bounded as t —> oo but x 1 is not unless v (a,o) = o, 
which cannot occur in equations derived from 2 . 1 ( 3 ) 
unless a takes a special value or g(x) is linear 
over some -range. If *»(a,o) + 0 for a near a Q , it is 
clear from ( 5 ) that the solution tends to move away from 
the solution obtained by putting a = a Q , b = B =* 0 , and 
so even if there is a periodic solution of 2 . 1 ( 3 ) it 
cannot be stable unless perhaps the period tends to 
infinity as « —> 0 . For this reason we exclude this 
case, also the one with « = 0 and k = 0 from considera¬ 
tion. if k >0 and <p (a,o)=o, the result is similar to that 
in § 5 . 2 . 

§3.4 . In virtue of the preceding remarks, the 
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main problems connected with the equation 2 . 1 ( 3 ) in its 
nearly linear forms can be reduced to the consideration 
of the equation 5 . 2 ( 8 ) namely 

(1 ) X + X = t <l> (x,x,t,O, 

where (x,y,t,«) and its first and second derivatives 
are bounded by numbers independent of*, and 

<J>(x,X,t,e) = (x,x,e) cos (X t +t* ). 

n =0 11 11 

In most special cases the series for $ only contains a 
finite number of terms. 

The main problem in the modern physical theory of 
oscillations is to determine what types of oscillation 
are likely to occur in a system,either by varying the 
parameters of the system,or by the application of some- 
jerk or shock. This is equivalent to determining solu¬ 
tions, usually periodic or almost periodic solutions, 
which have some kind of stability for small displacements 
The unstable periodic or almost periodic solutions are 
of interest to the pure mathematician, partly as a means 
of determining the existence of stable solutions. These 
qualitative results arc usually determined oy the first 
and second terms in the approximation, or rather by 
determining how the first approximation varies. The 
higher approximations are of minor interest, but are 
sometimes required in order to obtain the frequency of 
periodic solutions accurately. In all cases we require 
an approximation valid over a very long time, and so the 
Poincar^ method is of little value unless combined with 
other devices. 

In estimating the values of the various methods 
available it may be useful to consider, ( 1 ) whether a 
method is convenient practically, ( 2 ) to what extent It 
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ia accurate, and how easy it is to justify it, ( 5 ) 
whether it ia adequate for dealing with all the cases 
which arise. Under ( 5 ) we nay consider methods in 
relation to the following important cases of the 
equation 5 . 2 ( 8 ): (a)4> independent of t, (no forced 

oscillation); (b) X 1 near a certain integer or rational 
fraction ,a = n.^ , and conditions such that there is a 
periodic solution, (this may be described as the resonant 
case with synchronization); (c) the non-resonant case in 
which no X is near any significant rational fraction 
and the solution 1 - u <t periodic, but is a perturbation 
about a solution of the- form b cos (t +a); (d) transi¬ 
tion phenomena between (b) and (c). The cases may be 
illustrated b; van der Pol's equation in the form 

5c + x = e (1 -x 2 )x+pt xcos (At +«) 

Case (a) occurs if p = 0, case (b) occurs if X - 1 = 0(t ), 
provided that p is sufficiently large, and also when 
X - 3 = 0(€) and pe is not small. The latter case is 
called the case of subharmonic resonance, and the 
integer 5 has a special significance because the only 
non-linear term is of the third degree. Case (c) occurs 
with \ not near 1 or 5 and then the solution is a 
perturbation about the solution with p = 0, and case (d) 
occurs on the borders of (b) and (c). In cases (a) and 
(b) we have the advantage of a clear aim viz. exact 
periodicity, in case (c) of a slight deviation from the 
better known case. (a). 

§ 5.5 Problems of Approximation . There are two 
problems of approximation which may be worth mentioning. 
The first is that if the original equation 1 . 1 ( 3 ) or 
2 . 1 ( 3 ) contains several small terms it is usual to 
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normalize so that there is only one small parameter to 
consider. This process nearly always cuts out at least 
one special case which needs separate consideration. 

For instance Mandelstam and Papa1exin their work on 
subharmonic resonance standardize in a way which is 
roughly equivalent to making 

, p 

f(x)x =6 (« + X + y X )x 

o 

which excludes any even function f(x) such as * (1 - x ) 
which occurs in van der Pol's equation, and also all 
other functions with very small odd terms in f(x). 

The other problem is that of the treatment of v> 
when it is not regular. The non linear function may 
have discontinuous derivatives of some order. It will 
be clear from what follows that it is the Fourier co¬ 
efficients of •? (X,X,t,c ) where X, X are the first 
approximations which are most important. In physical 
problems harmonics higher than the third are often 
negligible and even the third is small, and so it is 
sometimes assumed that it will be sufficient to use a 
cubic polynomial as an approximation for ^. But this is 
not necessarily the case except for fixed values of the 
parameters. For v may be strictly linear from x = - 1 to 
x = 1, say, and need substantial second and third degree 
terms for its representation outside this range. For 
instance f(x) in 1 . 1 ( 3 ) may be of the form shown, where 
BC is a straight line. 



9 . L. Mandelstam and N. Papalexi, Zeitschrift fur 
Phvsik, 73 ( 1932 ) 223 - 2 ^ 8 . 
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§5.6. Fourier Series . The most obvious method 
in cases (a) and (b) is to try substitution of a Fourier 
series. If there is a periodic solution, it certainly 
can be represented as a Fourier series, and if the 
series contains one or two dominating terms it is fairly 
easy to estimate their amplitudes. There is something 
to be said for using a complex Fourier series 


x 



a e ni ^ 
n 


which makes combination of terms arising from multipli¬ 
cation fairly easy, but even so it is easy to overlook 
certain combinations. 

The method gives necessary conditions for certain 
types of periodic solution and is valuable In the pre¬ 
liminary stages. Other methods are needed for the dis¬ 
cussion of stability, and the method fails to give any 
information if the Fourier series converges so slowly 
that many terms are of comparable magnitude ; for then 
very many product terms have to be considered. Even 
with two terms of comparable magnitude in the Fourier 
series the estimation of the higher approximations 
rapidly becomes laborious by this, and, I think, by any 
other method. 


§5.7 . The method of Lindstedt was used by 
Appleton and Greaves 10 . It can be used to obtain a 
periodic solution in case (a), but needs modification in 
case (b) and for non-periodic solutions. The method 
consists in arranging the approximation so that each 
term of order € n , n= 1, 2 ..., consists of a periodic 

~TcT E. V. Appleton and W. M. H. Greaves, Phil. 

Mag. 45 (1925) 401-414. For justification and discussion 
of stability see W. M. H. Greaves, Proc. Roy. Soc . A, 

103 ( 1923 ) 516 - 524 , and Proc. Cambridge Phil. Soc . 22 
(1 923 ), 16 - 23 . 
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function of t independent of e . In case (a) the period 
is of the form 2 r/ii, where it 2 « i + e u 2 + c 2 u 2 + 
and so by changing the variable t, we can obtain the 
equation 5-^(1 ) in the form 

2 2 2 

x + x(1 +f<^ + e u> 2 + ... ) 

= ( <P^(x,±) + e 2 v' 2 (x,x) + ... 

with a solution of period 21 exactly. Eauating coeffi¬ 
cients of <• n we have a first approximation Jc + x = 0 
with solution x = a sin (t + a). By a change of origin, 
we make a = 0 , substitute x = a sin t + ex 1 , and equate 
coefficients so that 

x 1 + x 1 = -cj 2 a sin t + ^(a sin t, a cos t). 

Here the values of a and ^ are chosen so that no term 
in sin t or cos t occurs on the right hand side thus 
eliminating secular terms. 

The method can easily be justified in this case 
by the use of classical theorems, and seems quite well 
suited to obtaining higher approximations of periodic 
solutions. It does not touch the question of stability 
or general qualitative results. 

In case (b) the period, if it exists, must be a 
multiple of the period 2r/\ of v(x,y»t,«) in t. The 
method has been applied to this case, but it is less 
easy to justify it here. The method of Poincare' gives 
a solution in the form of series in power of « provided 
that the initial values of x and x are fixed, and of 
course that $ is analytic in all the variables. But the 
initial values of x and x which give rise to a periodic 
solution vary with *, and so the series obtained by 
Lindstedt's method may be only an asymptotic series. 
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§5.8 . The remaining methods are applicable more 
generally and are suitable for qualitative results, but 
in some cases they do not go beyond determining roughly 
how the first approximation varies over a fairly long 
time. They are based on the fact, which is evident, 
that over any limited time a solution of 5»Mi ) which is 
bounded is of the form 

(1) x = b 1 sin t + b 2 cos t, 

where b 1 , b g vary slowly, which is equivalent to 

(2) x = b sin (t +«), 
or 

(3) x = b sin 0, 

where b, a vary slowly and 0 is nearly t. 

Appleton 11 and van der Pol 12 used (1) and assumed 
on physical grounds that , b g are small and that 
, b 2 are negligible compared with certain terms in 
b 1 , b 2 . They give no purely mathematical justification. 
But Mandelstam and Papalexi 15 used b 1 , b 2 as parameters, 
adding the condition 

(4) o = b 1 sin t + b g cos t. 

By this means exact equations for b 1 and b g are obtained, 
and if 5.4(1 ) is of the form 5*1(0 so that $ has period 
2 7 r/\ , we have 

TT7 E. V. Appleton, Phil. Mag . 47 (1924) 609 - 619 . 

12. B. van der Pol, Phil. Mag . 3 ( 1927 ) 65-80. 

13 . See,A. A. Andronov and C. E. Chaikin, 

Theory of Oscillations .edited and translated by 

S. Lefschetz, (Princeton 1 9^9), also L. Mandelstam, and 
N. Papalexi, A. Andronov, S. Chaikin and A. Witt, 

Tech. Phvs. of U.S.S.R . 2 ( 1 955)(in French) 81 - 13 ^. 
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( 5 ) 
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b 1 = b 2 ) + b 2' 

b 2 = e { X o (b 1’ V + *1 ( V b 2 b) 


where , x 1 are represented by Fourier series having 
terms of the form cos (n + m<\) t, sin ( n + mX) t, but 
no constant term. In case (a) X does not occur, and 
putting <t - t' in (5) we obtain equations with a short 
period 2irt of the type considered by Fatou • 


r 


db, t' , 

y = iA Q (b 1 , b 2 ) + (b 1 , b 2 , —) 


dt 


( 6 ) < 


db„ t' % 

—2- = x (b , b 2 ) + x 1 (b 1 , b 2 , —) • 

dt' ° 


Fatou showed that for every T, the solution of (6) 
differs from the solution of 


db, 

— = VV V 

dt' ° 


(7) 


db r 


_ . " X Q^ b 1 * b 2 ^ 


dt 


for t { t { t + T by less than B«, and so (5) is fairly 
accurately represented over a time of length T/e if we 
put * = x 1 = 0. This time is long enough to establish 
most of the properties required with some trouble; but 
it is worth while to consider the reason for Fatou's 
result. Over a time 2 jt« any term in cos nt or sin nt 


- it p Fitou T, Bull, de la Soc. Math, de F ranc e 

56 (1928) 98 - 139 . 
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passes through the same negative range as it does 
positive, and since b 1 and b 2 have not had time to vary 
much the effect cancels out over any complete period, 
and the average effect over any fairly long time is 
negligible. The method is also applicable in cases (b), 
(c), (d), although Fatou's result is only applicable 
in case (b) and sometimes by special arrangement in (c). 
It is easy to see that in the interior of any one 
period 2 »•« the effect of ^ and x 1 in ( 6 ) is not negli¬ 
gible compared with ^ Q , and so the expressions obtain¬ 
ed for x only represent the average behaviour with 
accuracy of order 0 (f ) and not the variation throughout 
the period. The method only gives limited information 
in (b) and (d) as to the form of the solution. 

There is much to be said for putting x=b sin (t+“) 
instead of ( 1 ) because this only involves the sub- 
sitution of one term, and gives a result in terms 
of amplitude and phase which are physically important, 
but it is perhaps a little more tiresome to obtain the 
equat ion for £> and « . 

§ 5 . 9 . Kryloff and Bogoliuboff 1 ^ lean heavily on 
the methods of Poincare and Liapounov. They use the 
form 5 . 8 ( 5 ) and obtain equations for a and 0 corresponding 
to 5 . 8 ( 5 ); by a further transformation 

b = b 1 + « u(b 1 , t ) 1 , t), 9 = 0 | v(b 1 ,t), 

they remove the terms «u and «v/«a corresponding to 
and x 1 , so that they obtain equations 5*8(7) for 
b 1 ,0 1 in place of b and 0 . In this form 5*8(7) give 

T 5 T N. Kryloff and N. Bogoliuboff, Introduction 
to Nonlinear Mechanics . trans. by S. I^fschetz, 

Annals of Maths. Studies, No. 11 , (Princeton 19^3)* 
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give the true approximation of order e throughout any one 
period. Moat of the theoretical work of Kryloff and 
Bogoliuboff proceeds, by means of assuming that one or 
more characteristic robts of certain equations is not 
zero,to show that stable or unstable, periodic or 
almost periodic, solutions exist. Their theory appears 
to be very complete, since it only fails in exceptional 
cases where the characteristic roots of certain equations 
are zero, but in fact it is not always simple to verify 
for a given equation that the exceptional case is 
confined to isolated values of a parameter under con¬ 
sideration. So far as we know the exceptional case may 
occur for every value of a parameter in an interval. 
Further some of the general theorems quoted are hard to 
recognize or trace in the literature, and consequently 
it is hard to form any precise estimate of the error 
terms. 


§ 5 . 10 . The method of Cartwright and Littlewood 
depends on difference equations, and uses less of the 
general theory. It will be applied to a special case 
in the next part. It Is very generally applicable, 
ana easy to justify, and consequently It is easy to see 
What error is involved at each stage, but the formal 
calculations may seem longer, and less mechanical than 
some of the methods of 5*8 and 5-9- 

Part 6. Nearly Linear Resonance . 

§6.1 . In this part I propose to discuss one 
particular type of nearly linear differential equation 
in detail by the method of Cartwright and Littlewood . 

I choose van der Pol's equation with forcing term in the 
form 

--T5T See M. L. Cartwright, Proc. Camb ridge Phil. 

Soc. 45 (19^9) 495-501. 
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(1) x - k(l - x 2 )x + x = pk x cos (Xt + «), 

where k is small, and X near i because this is a case 
which shows a considerable variety of phenomena without 
too heavy formal calculations. There are other inter¬ 
esting cases of resonance, for instance subharmonic 
resonance in (1) withX =3, and resonance with nonlinear 
restoring force as in an equation of the form 

(2) x + kx + x + kcx^ = pk X cos (xt + a), 

where k is small and X near 1. Subharmonic resonance in 
(i) in its most interesting form appears with pk = p' 
not small, and the formal calculations become lengthy 
because two trigonometrical terms of nearly equal magni¬ 
tude have to be cubed and then reduced to linear functions. 

In (2) there is no stable oscillation for p = 0, and so 

1 7 

less varied phenomena may be expected 

§6.2. A fundamental lemma . The justification of 
all the approximations which we shall use is effected by 
means of the following lemma which in its turn depends 
directly on the method of successive approximations. 

Lemma . Let F(x,y,t,k) be a continuous function of t with 
continuous partial derivatives with respect to x and y, 
and suppose that 

(i) F(x,y,t,k) £ M + lx| + |y| 

for |x| £ a, |y| £ a, |t| £ 3ir, k < k Q , M be i ng 
Independent of x,y,t,k. Then the solution of the 
equation 

vf. See K. 0- Friedrichs and J. J. Stoker, 

Quarterly Journal of Applied Mathematics , 1 (19^5) 97"‘> 1 5* 
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x + x - F(x,x,t,k) 

for which x=o,x=Qatt=o satisfies 

] Ixl £ g- M(e 2t - 1 ) 

(3) < 

1 Ixl £ j M(e 2t - 1 ), 

provided that k < k Q , M(e^ ,r - 1 ) < 2a, o £ t £ 3 tt. 

Proof . Since F is continuous in t, and has partial 
derivatives with respect to x and y, a unique solution 
exists near x =-0, x = 0, and continues to exist as long 
as |x| and |x| remain less than or equal to a. Writing 
x = y, y = -x + F, we have 

(*0 lx| + |y| £ M + 2(|x| + |y| ) 

so long as |x| £ a, |y| £ a, |t| <3^. 

Since x(0) = x(0) = o, it is easy to show by 

1 8 

applying the method of successive approxlmation to the 

equation u = F 1 (u,t,k), where |F 1 | £ M + 2 |u|, that 

Ix| + |y| £ jL M(e 2t - 1 ). 

So if M(e 6T - 1)< 2a, we have (3). 

§6.3. The Approximations . We have shown in 
theorem 1 that all solutions of 6.1(i ) are bounded by 
a constant B independent of k for k £ 1 as t —♦ =o, and 
it is easy to show by the method of lemma 1 of part 2 
that they cross the axis x = o an infinity of times. 
Hence for the purpose of discussing any kind of periodic 
or almost periodic solution or steady state solution, 

i"8"! See Kamke, Different lalgleichungen reeler 
Funktlonen. (Leipzig 1930 ) 93. 
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and behaviour of solutions starting near such solutions, 
it will be sufficient to consider a solution of (i) 
for which x=0, x = b^.o when t = 0, b being indepen¬ 
dent of k for k £ 1. Let 


(1 ) 


x = b sin t + k $ 1 , 


then | 1 =t 1 =0att=0 and 

(2) j’j + $i = p X cos (Xt + «) + b cos t(l - b 2 sin 2 t) 
+ k^^, t,k,b) = ^ (t,p,b,«,\) 

+ k p i (& i > $i »t,k,b), 

where ^ is a polynomial in ^, k 1 having no constant 
term. It is easy to see that for every a and b there 
exist constants M 1 = M 1 (p,b), N 1 = Nj(a,b) such that for 
all t and k £ i, 


(3) 


1^(t,p,b,ot)| £ M 1 

I ^({,1,t,k,b)| £ N 1 (|£| + U I ), 

I £ I £. a, I >/1 £ a. 


It follows immediately from the lemma that 

(4) II, I £ £ M 1 (e 6lr - 1 ), \k } \ £? M ) (e 6r - 1 ), 

provided that k<k Q (p,b). For, choosing a^=M 1 (p,b)(e^*"-l ), 
N^(a,b) is fixed and then for k < k Q (p,b), k^ < 1 so 
that 6.2(1 ) holds. Combining (1) and (4) we have a 
first approximation 
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( 5 ) x = b sin t + 0 (k), x ■» b cos t + o(k) 

Let X = X(t,b, a) be the solution of 
x + x = i 1 (t,p,b,«) 

= p X cos a Cos X t - p X sin a sin X t 
+ b(l - j“b 2 ) cos t + b^ cos 3 t 

for which X( 0 ) = X( 0 ) = o, so that 

( 6 ) X(t) = p ~~ cos a (cos t - cos X t) 

X -i 

+ 13 — sin a (sin x t - X sin t) 

X -i 

+ |-( 1 - b 2 )t sin t + j b^ (cos t - cos 3 t). 
Let-^ = X(t) + k$ 2 (t) so that 

(7) x = b sin t + k X(t) + k 2 £ 2 (t) 

is a solution of 6 . 1(1 ). By ( 2 ) $ 2 satisfies an 
equation of the form 

\ 2 + £ 2 = ^ 2 (t) + k <p 2 (Z 2 , S 2 ,t,k), 

where ? 2 is a polynomial in £ 2 ,£ 2 110 constant 

term. 

Since X as well as ^ satisfies (*0, we have 
2 I £ *^(p,b) 

\<f 2 \ £ N 2 (a,b,p)( |{ 2 I + l€ 2 l ) 
for || 2 I < a, |^ 2 I £ a, |t| < 3 jo and k < k Q (p,b). 
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Hence by the lemma of 6.2 

(8) l« g | £ ^ M 2 (p,b)(e 6ir - 1 ), || 2 I £ i- M 2 (p,b)(e 6ir -1 ), 

provided that k < k Q , where k Q N 2 £ 1. Combining this 
with (7), we may write 

x = b sin t + k X(t) + 0(k 2 ), 

(9) 

x = b cos t + k X(t) + 0(k 2 ), 

provided that b = o(l ) for o £ t £ 3 tt, the constants in 
the o's being independent of k. This holds for all \, 
provided that k < k (A,p,b). 

§6.4. The Difference Equations . From 6 . 3 ( 5 ) it 
follows that the solution crosses x = 0 again with 
x = b' > Oat t = 2 jt + kr, where Irl <L M independent 
of k. Hence we have a solution of 6 . 1(1 ) with 

(1) a , = a+27r(\-l)+k\T 

instead of , such that x = 0, x = b' > 0 at t = 0, 
and we can repeat the process. The solutions therefore 
set up a (1,1 ) transformation of the point (b,«) on to 
the point (b 1 a'). This transformation is only of 
interest to us for b > 0, b' y 0, 0 a £ 2t; for the 
cases in which b or b' is negative can be obtained 
from these by a change of approximately it in a or a', and 
since the functions involved have period 2 ?r inland a', 
the transformations repeat themselves outside the strip 
0 <i a £ 2 jt. In fact we could regard (b, «) as polar 
coordinates, but the curves which we use later seem a 
little simpler with a and b as rectangular coordinates. 
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Since x = 0 at t = 2* + kr, 6.3(5)(6) and (7) give 

0 = b sin (21 + kr) + k X( 2 rr + kr) + 0(k 2 ) 

= bk r + ^pA COS « j cog Jj. r _ cog (2 jr{ x -1 ) + kr 

A * - 1 

+ — -■ jsin (2rr (A-1 ) + kAr) - A sin kri + 0(k 2 ) 

A 2 - 1 

so that 


b r = - p A cos « 


1 ~ COS 2 rr ( A - 1 

a 2 -i 


-p\ sin « 3ln 2 /t . A- D + 0(k) . 


A 2 - 1 


By (1) we have 


( 2 ) 


a 1 - a _ 2 ( A - 1 ) _ p A COS « ( 1 ~ COS 2rr(A -1 ) ) 
?r A k k rr b ( ,\ 2 - 1 ) 


_ E-A—|ls— °L gi n 27 r (A -1 ) + 0(k), 
*b(A - 1 ) 


So far we have not used the fact that A is near 1, and 
the result holds for all A , provided that k )> k Q (A). 
Now if A is near 1, (2) reduces to 


(3) <LL ^r= 2 P " E - § tt j *+ 0(k) + 0( A -1 ),p = 


A - 1 


= A(b,«) + 0(k) + 0(A - 1) 


Similarly by using 6.3 ($) with x = b f at t = 0, we 
have 
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b' - b + k X(2 t + k.r) + o(k 2 ) 


= b 


P A k COS a 

a 2 -i 

+ 0(k 2 ), 


Sin 2 k (A -1 ) + rb 


(1 



so that 


b 1 - b 

7T A k 


- p co % » 3In 2.(\ ~1 ) . £(, - tb 2 ) , o(k). 


U 2 - 1 ) 


and for A near 1 

(4) - = p cos « + b( 1 - ^ b 2 ) + o(k) + o(\ - l ) 

= B(b , a) + 0(k) + 0( A - 1). 

§ 6 . 9 . Stable Non-periodic Solutions . From 
6.4(3) and (U) we can make various deductions, almost 
immediately. For instance if p is small, and b is 
near 2 , b does not change much, and if b - 2 is large 
compared with p, b tends to return to 2, while a' - « 
is approximately 2(a - 1 ). Hence there is a stable 
oscillation which of the form 


x = 2 sint + 0(p) + 0(k) + 0( A - 1) 

over the interval 0 £ x £ 3 Jr. It is not periodic and has 
an increasing phase. 

Again if A - 1 is small, but large compared with 
k, the difference a' - a varies much more rapidly than 
b and so if b starts near 2 , a varies through the range 
0 { 2S 1 in o(i/(A - 1)) steps approximately, but 

during this time b only varies by 0(k/( A - 1 )) which is 
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small. Farther, of these steps, those for which 
cos a < o approximately balance those for which, 
cos a > o ( so far as the term p cos a) is concerned, 
and so we again have a tendency to return to b = 2. 



respectively. 


$6.6. Periodic Solutions . The solutions of 

6.1(1 ) of period 2 vj\ are given approximately by the 

1 9 

intersections of the curves 

A(b,«) = o, 

B (b, a) = 0. 

Y§~. For a discussion of the general form of the 
solutions, see M. L. Cartwright, Journal o f Inst, of 
Elec. Eng . 95 III (19^8) 88-96. 
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and that la 


b - b ~rr 

1 O 

b(^- b - 1 ) = p coa «. 

Squaring and adding, we have 

b (4 P + (it 13 “ 1 )) = P 

which determines the amplitudes of all periodic solutions 

for given p,*,k. For p 2 > ^ there is only one b, 

for p — there may be three roots. This may be seen 
^ 2 

by putting b = z and drawing the curves 
(1 ) z(4 P 2 + ({- z - 1 f) = p 2 





Fig. 11 . It should be observed that the horizontal 
scale is very much larger than the vertical. The line 
z — 2 meets the stability ellipse at the point E 
where p «■> jj- . 
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in the z, p plane. The points where the tangents are 
vertical are given by 

kp 2 + 2 - z 2 _ z + y = 0 , 


and there 



which has only one root z = f- for P 2 = corresponding 
to p = —. The curves have a double point at p = C 

if A- z 2 - z + 1 = 0 which has two positive roots 

1 b k K 

z = 4 and —. The root j corresponds to a real value of 
b such that p 2 = For p 2 < the curve breaks up 

into an oval and a curve going to infinity in both 
directions. 

§6.7. Stability . In order to discuss the 
stability of solutions of period 2ir/x, we put b = b Q + c, 

b ,= b n +c', «=a o +/3, «' = a Q 0 , where 

(1) A (b Q ,« 0 ) =B (b o , a Q ) = 0 

and suppose that c and S are small. At first we suppose 
that terms of the form 0(k) and o(\-i) are small com¬ 
pared with c and /?. Then it follows from 6.4(3) and (4) 
that 

c' = Ac + BS + 0(k 2 ) + 0(k(X-i )) + o(k( |c | + | Pi f ), 

( 2 ) , \ 

S' = Cc + DS + o(k 2 ) + o(k(\-i )) + o(k( |c| + IS! )% 

- f b 2 ), B = -Trkp sin « Q = -2pb 0 *k, 


where A = 1 + 1 
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C = 2 pak/b o , I >=1 -jrk(p/b o ) cos a Q = i + xk(l - [bg). 


It follows that approximate stability depends on the 
roots 1 + kM 1 , 1 + kjig of the equation 


(3) 


A - x, B 
C , D - x 


0 . 


An elementary calculation gives 


(4) 

"N 

M 1 


f L 



>= 7T i 

1 " 2 Lb o ( b o " L 


** 2 


J 


J 




The vectors of the transformation (c,(3) —.* (c’,P ’) 
point approximately along the curves which are solutions 
of 

(5) g|-B(b,«), g£ = A(b,«), 

2 0 

and ao by the classical theory the periodic solutions 
cannot be stable unless the real parts of both and /x 2 
are negative. This means that for stability 

( 6 ) b^ > 2 and ^ b£ - b 2 + i + k,, 2 > o. 

Further it is possible to establish the existence of 
exactly periodic solutions of 6 . 1(1 ) by the use of index 
numbers and fixed point theory, except in certain criti¬ 
cal cases where the index number of the approximation is 
0 . More delicate topological arguments establish that 

2Q~. See S. Lefschetz, Lectures on Differential 
Equations (Annals of Math. Studies, No. 14 (1946) 125 - 132 . 



2 u M. L. CARTWRIGHT 

there is only one periodic solution with the appropriate 
stability properties corresponding to each root of (1). 
The existence of periodic solution can also be establish 
ed by putting b' ■ b, a' = a in 6.4(3) and (4) and 
using the implicit function theorem. 

Part 7. Some Problems of Nearly Linear Resonance 

§ 7 . 1 . In the preceding part I obtained very 
precise difference equations determining the behaviour 
of solutions of 

( 1 ) x - k(l - x 2 )x + x = pk \ cos ( t + a). 

In this part I propose to discuss various problems in 
connection with nearly linear resonance which are not 
completely solved. The first problem is whether the 
results would be changed in any marked respect if the 
nonlinear function x 2 -l were replaced by a more general 
function f(x) changing sign from positive to negative 
and back again aa x runs from -octo +oq, in particular 
if the function f(x) is nearly constant from - 1 + 5 to 
1 - 6 where 5 is small and positive. For this is the 
type of function which is likely to occur in radio 
problems, but so far as I know the problem has not been 
tackled. 




Figure 12. 
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The remaining problems fall into three main 
classes: 

(a) The problem of determining the behaviour of 
the solutions of the corresponding differential equations 

( 2 ) a£-JJ(b,«), ff=A(b,«). 

For the transformations given by 6 . 4 ( 3 ) and (4) consist 
of small steps of length 0(k) along the solutions of (2), 
the end point of the step being within 0(k 2 ) + 0(k(X-l )) 
of the solution through the initial point of the step. 

(b) The problem of determining how far the 
transformations given by the difference equations 
follows the differential equations (2) when repeated 
indefinitely. 

(c) The problem of determining precisely the 
behaviour of the solutions of (1 ) corresponding to 
points on a closed limit cycle of ( 2 ). 

(d) The problem of presenting the rather compli¬ 
cated results in a reasonably intelligible form. 

These problems are of course interrelated. 



Fig. 13 . The curve b = b(«) is a solution of ( 2 ). 
P is the point (ba), and P' the point (b',“')- 


'. 2 . Problem (a, 


. As we have already seen the 


singularities of ( 2 ) and their forms are fairly easy to 
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determine, and the results can be displayed by means of 
the curves 6.6(1) and the inequalities 6.7(6) written 
in the form 

2 

(1 ) z ) 2 > vs ( z “ 3) + kp2 ^ y 

It will be observed that there are no stable periodic 
solutions for p y p Q (p)» and it is not difficult to 
see that in such cases if b and « are used as polar 
coordinates there must be a closed limit cycle with an 
unstable point inside it. By the classical theory this 
limit cycle cannot disappear by a change of parameter 
unless it passes through a singularity of 7 - 1 ( 2 ). It 
is fairly easy 21 to see that for large fixed values of 
p the limit cycle shrinks as A - 1 decreases to the 
singular point on b 2 = 2. For p very small .it passes 
throu gh the singular point corresponding to a point on 
the upper part of the ellipse 

(2) & (z- |) 2 + = P 


Between these two cases for reasons of continuity there 
must be cases where it passes through singular points 
of the saddle point type inside the ellipse (2). The 
curve through the point where z = 2 meets the ellipse 
determines the largest value of p for which this 
phenomenon occurs, but it is not known what the smallest 
value is. The cycle certainly passes through a singular 
point corresponding to a point on the upper part of the 
ellipse for some p 2 > rr, but the phenomenon of limit 

I Q 

cycles shrinking to a point occurs for all p >1, as may 


be seen by investigating the neighborhood of the unstable 
points for which b 2 is just less than 2. There is no 


21. See M. L. Cartwright, Journal o£ Trvqt - Elf 
95 III (191*8), where references to earlier work 


will be found. 
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obvious method of determining when a limit cycle disap¬ 
pears by passing through a saddle point, but this is the 
only possible transition from one to the other of the 
better known types. 

§ 7 . 3 . Critical Limit Cycles . If the closed 
limit cycle with (b, a) as polar coordinates encloses the 
origin, it appears f when b and a are used as rectangular 
coordinates, as a curve from « = - oo to «=+oo, and 
the phase <* increases with t; other limit cycles on 
which n oscillates appear as closed curves.(See Fig.io 
C 1 and C 2 ). There is no obvious method of determining 
the values of p and p for which the transition occurs, 
but we may obtain some information by writing 7.1(2) in 
the form (2pb - p sin «= p cos « + b( 1 - ^ b 2 ). It 
fellows that 

(1 ) [ A b 2 - bp sin «] c = /b 2 (1 - \ b 2 )d « . 

c 

If C is a closed limit cycle, the left hand side of (1 ) 
returns to its initial value, and so 

(2) f b* (1 - b 2 )d « = 0. 


Hence if « is still increasing, b takes values above and 
below 2. In the case of the critical limit cycle 
through b = « = 0 the right hand side of (1) first 
increases from 0 to a positive value for which b = 2 and 
then while b )> 2 decreases until b = 2 where it is 
negative; it then increases to 0 as it descends to b = 0 
with ct =*•. (For it may be seen by inspection of the 
curves B(b, a) * 0, A(b,a) = 0 that it has only one 
maximum in each period). Hence the left hand side is 0 
for some b > 2, while the curve 
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A(b,a) - o (which is b = ^ sin a) 

must still meet B(b, a) - o in a single unstable point 
which is therefore below b = 2. Hence for a critical 
cycle 2 p< p < 4p. 

§ 7 . 4 . stability of Limit Cycles . Since 7-3(2) 
necessarily holds for a limit cycle there is at most one 
limit cycle enclosing the origin. For considering b and 
a as rectangular coordinates, there is one and only one 
solution through any given point (b,«). But if one 
limit cycle is above the other for some a = a^, say, the 
positions must be reversed for some other a = « 2 , say, 
in order to preserve 7.3(2). Hence the limit cycles cros 
which contradicts the uniqueness property. 

For limit cycles not enclosing the origin this 
argument fails because b takes two different values 
b 1 > b 2 say for the same a, and (2) may be written in 
the form 



wherice b 2 + bg takes values both greater and less than 4 

1 1 

so that bg < 2 2 for some « and b 1 > 2 2 for some «. 

But so far as we know such a ring may split into 
several and reassemble as k, X or p varies. If so, the 
outer ring is approached spiral-fashion by solutions 
outside it, and the inner ring is approached by solutions 
inside it. We can only settle problem (b) (See §7-5) 
with regard to limit cycles which are strongly stable, 
and this we only know when p is small or X - 1 large. 
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$7.5 Problem (b) . So far as the singular points 
of 7.1(2) and periodic solutions of 7.1(1) are concerned, 
we have a fairly complete solution. For at the critical 
points of index 0 a slight change in parameters may 
cause the singular point to appear or disappear, and 
we must therefore allow a latitude corresponding to 
the error terms in which the corresponding periodic 
solution may appear or disappear. 

In 6.5 we sketched an argument showing that, if p 
is small or (X - 1)/k large, the solutibfis clearly move 
towards b = 2 and stay near it with a increasing to ®, 
and in this case we may describe the limit cycle C as 
strongly stable. In order to deal with limit cycles in 
general we have to define strong stability more pre¬ 
cisely by means of what may be described as quasi- 
Liapounov corrdinates. The general theorems of Liapounov 
show that near C the equations 7.1(2) can be written in 
the form 22 

j = 1, if = - ai/, a being a real constant. 

This depends on the fact that B and A are analytic. The 
following method can be applied whenever B and A have 
continuous partial derivatives of the first three orders. 
Fi,rst we may transform to coordinates | and i», where $ 
is the arc of C measured from some fixed point, and n 
is the length along the normal. The transformation is 
obviously ( 1,1 ) for all points sufficiently near C, and 
we obtain 


22. See N. Kryloff and N. Bogoliuboff, Methodes 
de la mecanique non-lineaires appliquees a 1 'etude des 
oscillations stationaires. Monograph in Russian wj.th 
summary in French (Kiev 1934 ) Ukrainska akad. nauk ., 
Inst, mech ., Report 8 . 
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(l) £=*P.|(£) + 7 Q-| (£>*?)> 7 = 

where P 1 , Q 1 , P 2 , Qg have continuous derivatives of tne 
first two orders, and period L in $ , L being the time 
taken to describe C. By a change of scale of t, we may 
obviously suppose that L = 2 *. Further since B and A 
are not both o on C, P., (fc ) 4 o and t is uniquely defined 
as a continuous function of S, and putting $' = t, we 
obtain the equation in the form 

i‘= i, n= v (P^(S') + 70 ^, 7 )) 

Let J o 2T Pg(S')d£' = - a, then C is said to be 

strongly stable if a ) 0 , and strongly unstable if 
a < o. The second case may be handled in the same way 
as the first by changing the sign of t. If a ) 0 , we 
put 

r V 

- f (p« + a)d 6 ' 

7 ' = 7 e 0 

which makes 

H _ i - (p> .a) 

7 ' 7 ' r 2 + 

and, dropping the primes, we obtain from (i) 

( 2 ) 7 = - a 7 + 7 2 , 7 ), 

where Qg has period 2 r in £. The transformation is 
valid in a certain neighborhood D of C, and that is for 
|ij | < 5 , where 8 is sufficiently small. In D the 
difference equations 6 . 4 ( 3 ) and 6 . 4 ( 4 ) may, by the same 
transformation as that used to obtain ( 2 ), be written 
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( 3 ) £, - £ + »k + k 2 F,({,,) + k(x - 1 )F 2 ( €, t,) 

ii 1 = n(1 - »ka) + irki? 2 Qg(6,i) + k 2 
+ k(X- i ) Gg( 5 ,>»), 

where F 1 , F 2 , G 1 , G 2 have period 2ir in £, and they and 
their derivatives are bounded for k £ 1, |x- 1| £ 1 . 

For simplicity we shall concentrate on the case in which 
X - 1 “ O(k), and then we can drop F 2 ,G 2 , and by a 
change of factor r in k use the transformation ( 3 ) in 
the form 

( 4 ) 5 ,= £ + k + k 2 F, (£, ij) 

( 5 ) = r, (1 - ka) + kij 2 Qg(£,^) + k 2 G,(£,i), 

where F, , Qg, G, , and their derivatives are bounded for 
|ij|< 5 , 0 <k< 1 , | X - 1 | < 1 and have period 2 r. 

§7.6 . The following theorem, although stated in 
terms of the special difference equations obtained from 
7.1(2), holds generally for all difference equations 
which can be reduced to the form 7 - 5( 1 0 and (5) hy means 
of a small parameter and their corresponding differen- 
tial equations. 

Theorem . Suppose that C is. a strongly stable closed 
limit cycle for the equations 7.1(2) . and let T be. the 
transformation 7 . 3 ( 4 ).( 5 ) . Then there is. a neighborhood 
D of C depending only on 7 . 1 ( 2 ) such that if 1 ' 0 is a 
closed curve deformable into C in D, T n (r Q ) tends to a 
unique simple closed curve r m n —* 00, provided that 
k < k Q . Further each point of r lies within Bk of C and 
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are bounded by B'a on r. 
d{ d{ 2 - 

Proof . We shall consider £ , i; as Cartesian coordinates, 
so that C is the axis v = 0, and the transformation has 
period 2x in £. Suppose first that r Q is the line 
f = 7 Q (£) = 5 and that it lies in the domain where 
7.5(4) and (5) hold. Then = T(r) is a curve 
n = ^(f) with period 2x on which 

( 1 ) h <, Q (i - ka) + B(k , 2 + k 2 ) <, Q - 5, 

provided that $ < 5 Q (B), k < k Q (5, B, a). In these cir¬ 
cumstances T 1 lies completely below r , and therefore, 
since T is (1,1), r g lies below r and so on. Similarly 
if r 1 is » «= -8, TJ lies above r' and below r . Hence 
r n tends to an Invariant closed set r with period 2x, 

and T' = T^l" ) tends to an invariant closed set T' with 
n 

period 2x lying below F. It is easy to see from 7-5(5) 
that |'i| will be reduced by the transformation so long 
as it is not 0(k). Hence both r and l" lie within 
Bk of C. It remains to show thatr and T 1 are curves 
with bounded derivatives, and then that they coincide 


§7.7. The derivatives of f. Let ? ({) denote 
generally the value of v corresponding to £ on the 
curve r n and £ n the value of obtained from an arbitrary 
value £ Q by T n » Then 


Jn±l_ 6 Jn±l 
d5 n + i “ d * n 


d£ 


n+i 




n 


i 


and by 7.5(4) and (5) 



( 2 ) 


( 3 ) 
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d£ 


dg 


^ = 1 + k 2 


n 


(>1 i.i 6 Jn\ 
V Si n a, n d£ n/ 


dr 


= 1 + o(k 2 ) + o(k 2 ) , 

! n 


d» 


(1 


d» n fd(v 2 Q,) a(-i 2 Q. ) d,A 

d£ n "" lta) «n* k l S£ n * a *n ^ 

+ 1 .2/ dG i aG i dl, n\ 


- (1 - ka) jji . O(ki) + 0(k 2 ) + (o(k,) * 0{k 2 )) 

'n 5 n 


Combining (1), (2), and (3), and supposing that 
= 0(k8), we have 

d* 


dr! 


df 


'n+l 

n+l 


(1 + o(k 2 ) + o(k8)) = (1 - ka) + o(kl) +o(k 2 ) 


ao that 

(M ( ^r ±L = o(k»). 

5 n+l 

d *7 

Since -stt =0, ( 4 ) holds for all n, and so IV tends to a 
dt rt» n 

curve T with a derivative ^ = 0 (k 5 ) for small k and 8 . 

The higher derivatives can be treated in the same 

way. For 7 . 5 (^) is practically a translation while 

7.5(5) is practically a slight reduction in hi, so that 

the vector from ((■,)?) to ) points along the axis 

>1=0 making an angle whose tangent is nearly -(l-ka)if 

with it. Similar results obviously hold for the 

derivatives off. 
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22k 



§ 7.8 Uniqueness . Suppose that n, if ' are distinct 
values of v corresponding to the same value £ = £ p on r 
and f respectively. Let $p, 6 p , be the values of £ 
corresponding to $ p on r and f ' respectively under the 
inverse of T, and let »j p , vp be the values of i\ 
corresponding to I p on r and r' and tjj,, the value of v 
corresponding to $ p , on r'. 



Figure 15. 
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Since there is only one value £ ^ corresponding to 


both£p 

and 

£ p 

, ,by 7.5(^> we have 



(1) 

0 = 

*P 

- £ pi + k 2 (F^Sp 

,i p ) - 

F,(« 

p j Vp ) 




+ P^tp,^) 

- p^s^p 

) 




“£p 1 + k ^ (*ip 

dP i 



= 

^ P 

■ip) TT (f 

p.njf) 




+ ^ P ^ p t 

. * F i 

) TT 

(£ p t f 

’•p)) > 

where 17 

p ^ 

ti 

’P 

K rj py £ p <( £ p i ( 

pi <£ 

?'* 

so that 

( 2 ) 


D 

a pf )d + o(k 2 )) = 

0 (k 2 

(V p 

- »*))• 


By 7 . 5 ( 5 ) we have 

(3) A r == ^R —, 7R“( , ?p"’Vpi)(t ” ka) 

+ k ^ v p Q 2 (£p^Vp) ~ 7p 1 Qg (^ p 1 i *1 p I )") 

+ k (g ^({pj’fp) - C^(£pi> V p 1 ) ^ 

We can treat the differences of v 2 0 ^(^ ,v) and G 1 as we 
treated the difference for F 1 in (1) and (2). Also 
since r' has a derivative of order 0 (k 5 ) we have 

(M >7 p ~7pi = Tp ” 7p + 7p “ *1 p 1 

= >7 p - ip + (6p - tpi) jt~(5 ' )> (p <£' 

= Ap + 0(kS)(£p -5p t )• 
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Hence ( 2 ), (3) and ( 4 ) give 


» A p ("1 - ka + 0 (k 5 ) + 0 (k 2 )J 

for 5 < 5 (a, ) , k < k Q ( 5 , a). Hence the maximum distanc* 
between r and r* is reduced by the transformation which 
is incompatible with the fact that th£y are invariant, 
and so T =* r 1 . 

§ 7.9 Problem (c) . The theorem of 7*6 reduces 
the problem of solutions, associated with a strongly 
stable limit cycle of 7.1(2) to the discussion of solu¬ 
tions with initial values on a simple closed curve V , or 
transformations off into itself, and therefore of the 
unit circle into itself. This type of transformation 
has been much discussed, and since it involves the 
theory of rotation numbers we postpone it until part 8 . 

§ 7 . 10 . Problem (d) . We next consider the problem 
of representing the complicated phenomena displayed by 
the solutions of 7.1(2). The curves in 6.6 Fig. 11 show 
the periodic solutions adequately, and for limit cycles 
we may plot 

T 

(1 ) z = lim ST f b 2 dt 

T-—* 00 1 J o 

against p on the same figure. If the limit cycle 
shrinks to a point, z obviously tends to the value of 
b 2 at the point. If the limit cycle does not shrink to 
a point, but vanishes because it passes through a 
singular point, it is easy to see that just before this 
happens li and A are both small together. This means 
that both b and a are small, and so the point lingers 
near that part of the limit cycle. It seems certain 
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that the limit in (1 ) tends in this case also to the 
value of b at the singular point, but no formal proof 
of this has been given. Further it would seem likely 

p 

that as p tends to 0 the average of b decreases mono- 
tonically until the limit cycle disappears, but this has 
not been proved. Again there are various reasons for 
supposing that the time taken to describe the limit 
cycle increases monotonically as p decreases, and that 
except when the limit cycle shrinks to a point, the 
time increases to +oo monotonically as p decreases to 
the values at which synchronization takes place, but 
this has not been proved. 

Part 8. Rotation Numbers 

§8.1 . There are a number of problems connected 
with the application of rotation numbers to the trans¬ 
formations connected with the theory of forced oscilla¬ 
tions both in the case of the simple closed curves which 
we discussed in the preceding part, and also for the 
general theory of the frontier of the invariant set S 
of Part 3 . The idea of a rotation number is due to 
Poincar^ 25 , but the following proof is due to Denjoy 21 * 

§8.2 . Let e be the angular coordinate of a point 
on the unit circle, and e —> 0^0) a continuous (1,1) 
order preserving transformation T such that 0 < 0^0) 

<27r. Then since order is preserved ^ n (0) ■ 0 n (©) “ 0 
has period 2 ir, and since it is continuous and periodic 
it is bounded. Hence it attains its lower and upper 
bounds m^, such that 

< e n (e) - 0 <1 M n , where 0 <1 M n - < 2*. 

237 H. Poincare', Oeuvres , i ( 1928 ), U 5 . 

24. A. Denjoy, Journal de Math . (9) 11 ( 1932 ), 
333-375. 
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For fixed n and large N = m + s, o £ a £ n - i, we 
have 


“Vi ^ e i*n^ e o^ ” ®(p-i )n^ e ^o e n ( e (n-i )n (e Q )) 

‘ V-i )n (e o ) ^ V (M = 1 ' 2 "** r) ' 
m 1 ^ e k (0 o ) “ Vi (e o> ^ M i (k = 1 > 2 ,...a). 


arid s.) 


rn^ + am, <. ® N " 0 Q <1 ^ + sM 1 


Hence 


™n + sm i . “n . % , rM n + 3M i 
Sv N ^ N ^ 


N 


N 


and making N —► 00 
m n y 11m 

n ^ N ^ N ^ n • 

The extremes differ by leas than Zr/n, and ao making 


n —* oo we have 
(1 ) 


25 


lim -# = lim •# = 2 t p . 


N 


N 


nr 

Alao —■ £ 2 *P <L —■ for every n > 0 , 


and ao we may write 


n^ = 2*np -« n , = 2jrn p + 7 n , 


25 . We adhere to the traditional notation in spite 
of using p quite differently in parts 6 and 7* Through¬ 
out this part p is the rotation number. 
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where 0 n ^ o, Y n o, 0 n + 7 n < 2*. 

Since o £ e 1 (o) < 2t, o <. © n ( 0 ) < 2tm, and so 
o { p ( 1. If p = o, we have - 0 , £ o £ y, , and since 
e, (o) is continuous, 0,(6) -e=o for some 6 and so 
the transformation T has a fixed point. If p > 0, it is 
easy to see from (1) that there is no fixed point. 

If p = p/q, an irreducible fraction, 

m q = 2*p -0 q £ 2 *p £ M q = 2 *p + -y q , 

and so 0 q (0) - 0 = 2*-p for some 0 = 0 Q , say, which means 
that 0 is fixed under T q . Further if q 1 is a positive 

O Q I 

integer less than q, no point is fixed under , for its 
rotation number is the fractional part of pq’/Q which is 
positive. 

§8.3 . It is well known that if T has one point 
fixed, then every point is fixed or tends to a fixed 
point under T n as n —► <*>. This is easily seen by taking 
the fixed point as origin and drawing the curves 
y = 0,(0) and y = 0 on the same figure. The values 
0,(0), e 2 (e)j 63(8) on the 0 axis can be constructed by 
steps from the points P,, Pg, P^ on the curve 0 ,( 0 ) 
corresponding to the points 0, 0,(0), © 2 (0) ••• respec¬ 
tively. 



Figure 16. 0 , A and B are fixed points, and o' 

represents the same point as 0 . 
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Similarly if one point is fixed under T^, then every 
point is fixed under T^, or tends to a fixed point under 
T n( ^ as n —► oo. 

§ 8 . 4 . If p is irrational, there are no fixed 
points under T^ for any q, and there are two distinct 
types of transformation. Either for every 0 Q , 0 n ( 0 o )> 
n = 1 , 2 , ... takes values near every value to modulus 
2 ^, or this is not so. In the first case there is a 
continuous increasing function v ( 6 ) such that 9 ( 0 ) = o, 
<p{ 2ir) = o, and if v., ( 0 ) = p(e 1 ) <® 1 (e) = v( 0 ) + 2 * for 
all 0 , so that the transformation is reduced to a pure 
translation 


= V + 2 7T p. 

We put <p equal to the fractional part of np when 
9 = e n (0). This defines 9(0) for all points 0 = 0 n (O), 
and since e n (o) takes values near every value, and order 
is preserved, vis defined at the remaining points by 
continuity. 

In the second case @ n ( 0 ) does not take values in 

certain intervals, and no such function v exists. 

Denjoy 26 showed that if d9 l is of bounded variation, the 

de 

second case cannot occur. 

§ 8 . 5 . Returning to the case of Part 7 where we 
had a closed limit cycle C for the differential equa¬ 
tions 7.1(2) in b and a, we suppose that it is strongly 
stable. Then by transforming to the coordinates (£ ,n) 
we showed that there was a unique curve r with continu¬ 
ous derivatives of the first two orders which remained 


26 . See Denjoy, loc. cit. 
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invariant under the transformation. The difference 
equations on r was reduced to the form 

S' = i* k* + k'^U,©), 

where F 1 has period 1 in£ , and is bounded as k' tends 
to 0, k being a multiple of the original k. Hence the 
transformation has a rotation number 

i> = k: 1 + o(k' 2 ) 


considered as a transformation of 6 = 2 jt£ on the unit 
circle. Obviously if" i> is a rational fraction since 
q.. 2 1 > the denominator q is greater than 


L + 00 )• 


In this case there is a value of £ for which the trans¬ 
formation (and therefore the corresponding b and a) has 
least period P > Nk 1 , where N is a positive number 
independent of k, and all solutions of the difference 
equations corresponding to points on r have period P, 
or tend to solutions having this period. 

Kryloff and Bogoliuboff 27 claim to have proved in 
similar cases that p is continuous and satisfies a 
Lipschitz condition, and therefore passes through both 
rational and irrational values. I am unable to see that 
they have proved more than that p satisfies a Lipschitz 
condition as k —> 0 . They further seem to assume that 

27 I N. Kryloff and N. Bogoliuboff, M^thodes de la 
mecanique non-lineaires appliquees a l'^tude des 
oscillations stationnaires, Monograph in Russian with 
summary in French (Kiev, 1 93^) Ukrainsk a Akad. nauk. 
Inst, mech . Report 8. 
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for rational values the fixed points are of one of the 
standard types and therefore, if any parameter is 
changed by a sufficiently small amount, the fixed point 
still exists so that p is constant in certain intervals. 
It seems difficult to reconcile this with the continuity 
of p . On the other hand if p varies continuously and is 
not constant in any interval, we might, in virtue of 
§8.3, expect a line of fixed points. But then the two 
equations in b and a must define an analytic function 
and r is an analytic curve, so that another question 
arises,is T analytic? 

If p is irrational, since the transformations in 
b ,a are analytic, and f has continuous derivatives, we 
may reduce the £ transformation on T to one satisfying 
Denjoy's criterion, and hence to the form £• = 2 xp + ?, 
such that b = b(f), « = «(?) have period 2 *- in?. Hence 
the solution of the original equation can be expressed 

pR 

in the form 

(1 ) x = x(\r, ~), 

where x(u,v) has period 2v in u and v and is continuous. 
It is evident that (1 ) is uniformly almost periodic. 
There is an extensive theory of almost periodic func¬ 
tions and transformations, 29 , and the type in (1) is a 
very special type of almost periodicity. Birkhoff ^ 0 
has shown that the necessary and sufficient condition 
for x to be recurrent under a transformation such as 
those considered here Is that it is almost periodic In a 
more general sense. 

20 \ See Kryloff and Bogoliuboff, loc. cit . 

29. See G. A. Hedlund. Amer. Journal of Math . 

66 ( 1941 ) 605-620. 

30. G. D. Birkhoff, Dynamical Systems 
(New York 1927)199-200. 
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§ 8 . 6 . The remaining cases in which the limit 
cycle C is not strongly stable present a more general 
problem. We do not know that the curve r exists, but 
in some cases it is possible to show that an invariant 
set exists which is the frontier of a domain, in this 
case the problem is similar to that of the invariant 
set S of Theorem 3 in 3.6. 

Map the exterior domain of S on |z| > 1 by a 
transformation Z. This is possible because C(S) is 
simply connected, and we can make the point at infinity 
correspond to itself. Then F(S) corresponds to 
|z| = 1 in such a way that to each accessible point 
corresponds one and only one point on |z| = 1 . Further 
the prime ends 51 of C(S) correspond ( 1,1 ) in cyclic 
order to points on \z\. = 1 , each prime end goes into a 
prime end under T in such a way that r = Z T Z 1 is 
( 1 , 1 ) and continuous for |z| ^ 1 (but not for |z| < 1 > 

We can now define the rotation number of r , and if it 
is 0 or a rational fraction p/q, we get points on 
|z| = 1 fixed under T or T q , and this means prime ends 
fixed under T or T^. Prof. Littlewood and I are in 
process of investigating in what circumstances a fixed 
prime end implies a fixed point, and how far a fixed 
point on F(S) is compatible with a positive rotation 
number; but the general theory of irrational rotation 
numbers for this case has hardly been investigated. 

There is much general theory for various types of 
spaces, some require an area preserving transformation, 
some a semi-locally connected set. Most investigations 
do not seem to use that T is (1,1) and continuous 
outside the invariant set which is always the case 
with transformations derived from this type of 
differential equation. Is it possible to have the most 
general type of frontier with an irrational p? Can the 
yT. C. Caratheodory, Math. Annalen 73 ( 1913 ) • 
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most peculiar types of non-wandering point occur for 
the type of transformation associated with these 
differential equations. The examples of Levinson, 
Cartwright and Littlewood suggest that this is so, but 
the rotation numbers are not known for these examples. 


Part 9. The Singular Case . 

§9.1 . We return now to the case in which the 
nonlinear terms are not small, and in particular to 
the equation 


(1 ) x + kf(x)x + g(x) = kp(t) 

with k large. This is sometimes called the singular 

70 

case-' because dividing by k and making k -—> go, we 
obtain the degenerate equation 

(2) f(X)X-p(t). 


This has a solution of the form 


(3) F(X) - F(X q ) = 


l X 

/ f(x )dx 

Ar 


/•t 

/ p(t )dt = P(t) 
J o 


such that x = x Q at t = 0, but it is not possible to 
assign an arbitrary value of x at t = 0. On the other 
hand there may be more than one value of X for which 
(3) holds, t and X Q being given. 


§9*2 . Suppose for simplicity that, in addition 


32 . Compare N. Levinson, Annals of Math, where 
further references are given. The following very brief 
sketch makes use of material by J. G. Wendel (in this 
volume), particularly in connection with the condition 
for a stable solution with period 27r/\when f(x) and p(t) 
change sign more than twice. 



IV. FORCED OSCIUATIONS IN NONLINEAR SYSTEMS 235 
to the hypotheses of theorem 1, f(x) and p(t) only 
vanish for a finite number of values of x and t 
respectively at which they change sign, and that 
g(x)/x 1 b^ for all x. Then the curve 

r x 

y = J f(x)dx = F(X) 

0 

has only a finite number of maxima and minima, 
y = f* 2 , ••• say, at x - « a ... « 2m . 

Between these values of x the function F(x) is monotonic, 
and F(x) tends to +ooor - oc, as x tends' to +ocor - oo 
respectively. Consider 9-1(3 ) in the form 

(i ) F(X) = P(t) + C. 

Since P(t) is bounded, and p(t) periodic, so is P(t). 

For fixed t (1) has at least one root X_(t,C), and not 
more than 2m+l. Then we may write 

X^(t,C) i ^ 2 ^^^i ^ • • • ^- a 2m ^ ^2m+1 ^^)> 

where X g (t,C) may be non-existent for an even number of 
adjacent pairs of values of s. P(t) + C varies from 
P 1 to P 2 as t varies from 0 to 2 jt/X , and so X g (t,C) takes 
values on the thick parts of the y = F(X) in Fig. 17 for 
the appropriate values of t. As t varies P(t) increased 
or decreases, returning to its initial values after 
time 25 r/X; but during this process two adjacent roots 
such as X 1 and X g or X ? and X^ in the figure may 
coalesce and disappear, so that the corresponding 
solution of the degenerate equation 9.1(2) does not 
exist over the whole period, while Xg and X^ suddenly 
appear. 
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Figure 1 7• 


It should be observed that ifP(t) increases with 
t the solutions X 1 , X^, X^, .which lie in the 
intervals where F increases, also increase with t, but 
the solutions X 2 (t,C), X^(t>C), .which lie in the 
intervals where F decreases, decrease with t, and of 
course vice versa when P(t) decreases. 
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Figure 18 . The curves x = X (t,C) correspond to 
the thick segments in Figure 17. They have period 
2jr/Xin t F(x) decreases in the shaded regions. 

§9.5 . The integrated equation of 9 . 1(1 ) is 

(1 ) -- + F(x) - F(x Q ) + £ j g(x)dt = P(t). 

k o 

By theorem 1, |x| <( B, |x| < Bk, and further it follows 
from this that lx| < B at some point in each interval of 
length B. Choose as origin a point at which |x| < B 
so that |x Q | < B in (1 ). Then (i) can be written 

(2) j + F(x) - P(t) - C = 0(£) 

for 0 £ t £ B, and in particular for o £ t £ 5’ r A* 
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There are four important cases to be considered 

(i) |x| < B, and |f(x)|> B 2 in a subinterval, 

(ii) |x| > Bjk: in a sub interval. 

(iii) |x - a a | <6, where corresponds to a 

y s 

maximum or minimum of F(x), and o is a small positive 
number. 

(iv) Subintervals not covered by (i) (ii) or (ill). 
§9.U . In case (i) put 

(1 ) x - X s (t,C) + x r 

then 

F(X g + x,) - F(X g ) = x,f(X B + ex 1 ), o < e < i, 
and so putting x„ = XOo,C) in 9.3(0 we have 

O O 

X ,f(X s .ex,) - 0 ( 1 ). 

Since If| ^ B 2 , we have 

(2) X 1 = 0(£) 

in a subinterval of type ( i ). 

Further, dividing the original equation by k, 
we have 


£ + f(X a + x 1 )x + ^ = P(t), 

and so, if x is sufficiently large, the term f(X g +x 1 )x 
outweighs gx/k and p(t),and so x and x have the same 
or the opposite signs according as f(X g + x 1 ) is nega¬ 
tive or positive. Hence the solution given by (O and 
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(2) is very stable if f ^ B 2 and very unstable if 
f £ - Bg. In fact if X g belongs to an interval in 
which f 1 B 2 > 0, x = X g (t,C) + 0(1/k) from the point 
where |x| < B until X„(t,C) meets a maximum or minimum 

3 i t 

and ceases to exist. The term £ J g(x)dt in 9 . 3(1 ) 
makes the constant C gradually decrease if J g(X_ )dt over 
a period is positive, and increase if the integral is 
negative. 

§9.5 . As regards case (ii) the Interval can 
only last a time B/k. For if not, x goes out of the 
strip |x| <( B. 

If |x - a | <5 where a is a maximum or minimum 
f(x) < B g = « where e may be as small as we please 
by making 5 sufficiently small, and so by 9 - 1 (i ) 

x = kp(t) + o(e k) + 0 ( 1 ). 

Since p(t) has only a finite number of maxima and minima, 
this gives x } kB^ if the interval lasts a sufficiently 
long time, greater than B^, say, and so |x! > kB, and 
x moves outside |x - « | < 6 within a time B for 8 

IJ 

sufficiently small. 

§9.6 . We have already shown that solutions tend 
to move towards X 1 , X^, X^ and away from X 2 , X^, ... . 

To find the time of transition from an interval of type 
(i) to an Interval of type (ii) or vice versa, we 
suppose that f(x) ^ B 2 and that 8 and D are positive 
constants and that x decreases from 5 k to D as t 
increases from 0 to t 1 . Then, if D is sufficiently 
large, since x > D, 
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x = - k f(x)tf - g(x) - k p(t) 


£-k B p x + kB^.-|kB 2 x , 


and so integrating we have 


log x 


<■ - £* B 2 t, . 


Hence 


log D - log 5 k { - B 2 t 1 


and 


t i < 2 1 k S 4 f ° r ^ > k °' 

The intervals in which x is negative of f(x) £ - B 2 may¬ 
be treated in a similar manner. 

§9.7 . We now assemble these results. So far as 
any stable solution is concerned we may ignore 
Xg, X^, ..., and define a degenerate solution of 
9 . 1 ( 1 ) to be a solution of 9.1(2) for which X lies in an 
interval where f(x) > 0, and if X 23 _ 1 (t 0 ,C) = 0, we take 
the value X =■ X 23 _ 5 or X = X 2g+1 for t - t Q according as 
P(t) is increasing or decreasing.^ 2 The solution then 
moves round a circuit consisting approximately of parts 
of the curves x = X 2a+1 joined by arcs on which |x| > Bk, 
in such a way that 

t 

g(x)dt 

yT. The case in which P(t) has a maximum or 
minimum needs further discussion. 


/ 
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tends to O as t —»oo. For a solution of period 2 jt/x 
it follows from the original equation that 



g(x)dt = o. 


and therefore for the approximate solution 



g(X)dt = 


0 . 




V. SINGULAR PERTURBATIONS OP A VAN DER POL EQUATION 
By James G. Wend el 


Preface 


The classical perturbation theory dating back: 
to the work of Liapounoff [ 9 ] and Poincare [ 12 ] deals 
with systems of differential equations of the (vector) 
form x = f(x,t; c ), where < is a small parameter and 
f(x,t; « ) is continuous at 6 = 0 . More recently, 
interest has focussed on the problems arising from the 
assumption that one or mure of the components of f is 
unbounded as € tends to zero. The principal difficulty 
encountered in this new class of problems is that 
formally, the system x = f(x,tj 0) may be degenerate, 
which is to say that one or more of the initial 
conditions imposed on the perturbed equation must be 
relinquished. 

For example, in the work of Friedrichs and Wrsow 
[4], the system under consideration is 


(1 ) 


n ~n 

which becomes, when « 


Xj = f 1 (x 1 , 

«*«“ f«(x, » 

0 , 


•’ x n>' 

>x n ). 


i = 1,2, 


• ,n-l 


( 2 ) 


= f n (*,, ■ 


,x n ) 


'n' 


1 . A dissertation, submitted to the California Institute 
of Technology in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy, J u ne 1948. A 
preliminary report has appeared in Bull . Amer . Meth.Soc., 
Vol. 54( 1 948),p. 836 . I wish to thank Professor F. 
Bohnenblust for invaluable encouragement and guidance 
throughout the course of the work. 
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2kk 

In the study of the relationship between solutions of 

(1) and of (2) cognizance must be taken of the fact 

that in (l ) the initial values x°, are 

independent, whereas the last equation of (2) imposes 
the restriction f(x°,...,x°) = o. 

The results of Friedrichs and Wpsow pertain to 
the approximation to solutions of (l) by solutions of 

(2) in those cases where the solutions of (2) are con¬ 
tinuous. Volk [ 13 ] discusses a similar problem in 
which the right members depend explicitly on t. The 
so-called relaxation oscillation problems in which the 
« = o system has discontinuous solutions have been 
treated by Flanders and Stoker [ 3 ], who discuss the 
van der Pol equation + (x 2 - 1)x + «x = 0 for « 
small, and more recently by LaSalle [l 4 ] who studies 
the general case ex + f(x)x + ex = 0. 

Systems in which the right members depend 
explicitly on the independent variable and in which 
the degenerate system has discontinuous solutions 
have been discussed by Minorsky [11], Cartwright and 
Littlewood [1], and Levinson [5], [6], Cartwright and 
Littlewood announce results pertaining to the equation 
«x + (x 2 -1 )x + «x = bA cos (At + <*) where b,« , A are 
positive constants independent of « ; « is taken to 

be small and positive, the latter being only an 
apparent restriction as is seen by replacing t by -t 
in the equation. They find that the value b Q = | is 
a critical value for the parameter b: if b^>b Q then, 
if «is small enough, there is a single periodic solution, 
which has period 2*/A , and which is stable in the 
sense that as t-»oo any other solution tends to the 
periodic one. If b<b Q , then the behaviour is very 
complicated even for t small: both stable and unstable 
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periodic solutions of least period n appear, and in 
addition to these "subharmonics", solutions of the type 
called "discontinuous recurrent" are found. And there 
Is, finally, a single periodic solution of period 2 * /\ 
which is unstable. .Levinson [ 6 ] makes a study of 
similar phenomena in the case of the equation 
« x + x sgn( |x| - 1 ) + <x = b sin t, 0 < b < b Q ■ 1 . 

The case of b ) b Q is not discussed. 

These equations are each of the Van der Pol 
type ex + f(x)x + € g(x) = e(t), and in each case the 
difficulties which arise are due to the fact that the 
"damping factor" f(x) can change sign. The solutions 
of the degenerate equation f(y)y = e(t) have discon¬ 
tinuities, in general, and the situation as regards 
uniqueness and stability of periodic solutions is far 
more complex than In the case when f(x) is of fixed 
sign, as has been shown by Cartwright-Littlewood[ 2 ] 
and Levinson [ 8 ]. 

We propose then to study the equation ex + f(x)x 
+ eg(x) = e(t) and its degenerate form f(y)y = e(t), 
where f(x) is not required to be of fixed sign. In 
part I (§§ 1 and 2 ) solutions of the degenerate equation 
having certain desirable properties are defined and 
shown to exist uniquely; important features of these 
solutions are discussed. In part II (§§ 3 ” 7 ) we discuss 
the perturbed equation; §3 sets forth elementary 
boundedness properties of its solutions and establishes 
the existence of a periodic solution under appropriate 
conditions on the functions e, f, g. In §4 we prove 
lemmas needed to establish the convergence theorem of 
§ 5 ; this theorem states conditions under which a 
solution of ex + f(x)x + *g(x) * e(t) tends, as e 0, 
to a solution of f(y)y = e(t); the theorem is pre¬ 
sumably a consequence of a result announced by Levinson 
[5] but is Included here for completeness. In §6 we 
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state and prove the Global Stability Theorem, on the 
behavior of solutions of the perturbed equation as 
t -* oo . It will be shown that the condition b > b Q 
is necessary and sufficient that for the equations of 
Cartwright-Littlewood and Levinson the hypotheses of 
the Global Stability Theorem be satisfied. At the 
present we are unable to prove (or disprove) that a 
periodic solution of our equation must be stable or 
even unique; the theorem in §6 is our best approximation 
to the results announced in (1] for the special equation 
* x + (x 2 -l )x + «x = bX cos ( X t + «),b > b Q = . 
However, in §7 we prove by means of a method due to 
Levinson [ 7 ], a result in the same direction, that our 
equation possesses a maximum invariant finite domain of 
zero area. 


I. The Degenerate Eruation 
§1. Introduction . 

As indicated in the preface we wish to obtain 
information about the solutions of 

(1) «x + f(x)x + «g(x) = e(t), « > 0, t small, 

from a study of the equation 

( 2 ) f(y)y - e(t). 

The chief case of interest is that in which f(x) can 
change sign. 

We suppose that e, f, and g are continuous, and 
that f and g satisfy a Lipschitz condition; then for 
any initial values x Q , x Q , t Q ( 1 ) has a unique solution 
x(t) such that x(t Q ) = x Q , x(t Q ) = x Q . Under relatively 
mild additional assumptions we can guarantee that no 
solution goes to infinity in a finite time; hence every 
solution is continuable for all t, t t Q . The most 
Important extra condition is that ^ x f(u)du shall be 
unbounded above and below as x variSs from - °® to + 00 
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We write this condition in the norpiglized form 

lim F(x)sgn x = + oo, where F(x) a j Q f(u)du. 

|x|-*ao 

On the other hand, if f(x) haa zeroes the 
equation ( 2 ) may possess no solutions for some initial 
values, and certain of its solutions may remain bounded, 
yet continuable only for values of t in a restricted 
interval about t Q . Nevertheless equation ( 2 ) in its 
integrated form 

( 3 ) F(y) =P(x 0 ) + E(t) - E(t 0 ) 

where E(t) aje( u)du has solutions y = y(t) such that 
y(t ) - x 0 fo? all values x Q , t Q ; these solutions are 
continuable (although perhaps not uniquely)for all t>t Q 
because of the behaviour of F(x) at infinity. 

In the simplest case, when f has isolated zeroes, 
we can select from among the solutions of (3) & special 
class of functions y(t) which approximate the solutions 
of ( 1 ) for small positive e . We outline in the para¬ 
graphs to follow the heuristic considerations which 
motivate the definition of these "degenerate solutions". 

Let (1) be transformed into an equivalent pair 
of first-order equation by the substitution w = «x + FU). 
Then 

(4a) ex = w - F(x) 

(4b) w = e(t) - *g(x). 

The solutions of (l) may now be thought of as trajectories 
(x(t),w(t)) in the x,w plane. The curve T : w = F(x) 
plays an important role in the study of the trajectories; 
for by (4a), if (x(t), w(t)) lies above I’ then 
x(t) > 0, while if (x(t),w(t)) lies below T then 
x(t)<0. Indeed, for small «, if w(t) - F(x(t)) is not 
"very" small thenx(t) is large. Equation (4b) shows 
that w is probably bounded, as * -* 0 . 
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Sihce f(x) has isolated zeroes, F(x) is piece- 
wise strictly monotone. Let F + denote the set of values 
of x at which F<x) is increasing, F Q the isolated points 
at which F(x) has extrema, F_ the remaining points. In 
Figure 1, x 1 , x 2 and x^ are in F Q ; the open interval 
(x 1 , x 2 ) is in F + ; the open interval (x 2 , x ? ) belongs 
to F_. Horizontal inflectional tangents, such as at 
x^, are not excluded. 

It seems plausible that the set of points (x,w) 
near to T with x-coordinates in F + should be a strongly 
stable region for solutions of (1). For suppose that 
at a certain time a trajectory point is at P (Figure 1 ). 



FIG. i 

Then, since it lies above T , it has a large positive 
horizontal velocity, and hence tends to move rapidly 
towards T ; its velocity decreases as it approaches T . 
Similarly a trajectory point at Q will have a large 
negative horizontal velocity and therefore should move 
towards r , decreasing the magnitude of x. Of course, 
either trajectory may cross r; but once near to it 
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should be nearly impossible for a trajectory to leave, 
so long as x (t) remains in F + . 

By a similar argument it appears that the region 
near T with x in F_ will be highly unstable. Any slight 
initial tendency to leave r is quickly reinforced] 
trajectory points such as those at R and S are expected 
to "jump" horizontally to the first accessible in¬ 
creasing branch of r . 

Assuming that the term «.g(x) may be neglected we 
integrate (4b) and obtain 
(?) w - w Q = E(t) - E(t 0 ). 

Then if «x is small we combine (4a) and (5) to obtain 
the equation 

(6) F(x) = F(x Q ) + E(t) - E(t Q ) = w 

where we have also assumed that *x Q is small. 

The second equation of (6) should be a good 
approximation to the actual motion defined by (4a,b), 
since only the terrri'tg(x) has been neglected. The 
first equation of (6) will be a reasonable approximation 
if tx is small, which, by the stability argument above, 
should be the case as long as x(t) stays in F + . Thus, 
wherever (6) is applicable, the true solution x(t) 
should lie near to an appropriate solution of (5)- 

Let us follow the approximate motion of a trajectory 
beginning at P 00 U 00 ,w Q ) in Figure 2. Since P Q0 
is well above r the initial velocity is positive and 
large. Hence there is an almost instantaneous hori¬ 
zontal jump to P Q : (x Q , w Q ), which we may think of as 

2. No significance attaches to the fact that r has 
been drawn for different F(x) in Figures 1 and 2, nor 
to the fact that all of the action takes place in the 
first quadrant. 
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a preliminary adjustment of initial conditions. 



FIG. 2 

Suppose first that e(t) is such that the function 
w = F(x Q ) + E(t) - E(t Q ) varies between the levels 
w Q and w 1 . Then the solution trajectory moves along 
r between P Q and ? 1 ; we expect that x(t) is closely 
approximated by that solution y(t) of the equation 
F(y) = F(x Q ) + E(t) - E(t Q ), which lies between x Q and 
x r 

Suppose instead that w increases steadily from 
w Q to w^. Then until w is near to w 2 , x(t) is near 
to the solution y(t) of F(y) = F(x Q ) + E(t) - E(t Q ) 
lying between x Q and x 2 - Then as w continues to rise 
the trajectory is carried to a level considerably above 
T and thus x(t) acquires a very large positive velocity. 
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The trajectory point then jumps to the next increasing 
branch or r say to the vicinity of P g *: now a? w rises 
to the level w ? , x(t) is approximated'by the solution 
y(t) of F(y) - F(x Q ) + E(t) - E(t Q ) which moves from 
x 2 * to x^. 

At Pj, w is still rising; there is another jump 
to the right to the position P^*. The rest of the 
motion is now smooth, from x^* to x^. The situation 
would not be different if F had the form of the dotted 

i 

curve T 1 with a maximum point at the same height 
as Pj. 

If now w falls steadily from w^ to w Q then the 
trajectory moves smoothly from P^to P^ along r, jumps 
to P^* and returns smoothly to P Q . The corresponding 
solution y(t) of (5) moves from x^ to x^, jumps to 
x 5 *, then moves to x Q . Of course, if r is changed 
to r i , the number and location of jumps on the 
downward cycle is altered. 

The case where extrema of F(x) and E(t) coincide 
presents special difficulties and will have to b’e 
excluded - cf. the definition of "regular solutions" 
in the next section. For suppose that w rises from 
w Q to w 2 , then falls to w Q . Then x(t) might simply 
move to Xg, and return to x Q . But we cannot exclude 
the possibility that the trajectory moves into F_, 
following r smoothly to a point such as Q, and then 
suddenly jumping to right or left. Such motions 
should actually exist, on grounds of continuity. For 
by slight changes of initial value x Q we^can raise or 
lower Wg to positions such as w 2 or w g , obtaining 
qualitatively different approximate solutions. 

The foregoing discussion suggests that the true 
solutions x(t) of (1) are approximated by "degenerate 
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solutions" y(t) whose essential features are (1) y(t) 
satisfies F(y) - F(x Q ) + E(t) - E( t Q ) ; (ii) y(t) 
lies in F + ; (iii) y(t) is continuous when y(t) € F , 
y(t) jumps to the right or left from F Q according as 
F(y(t)) is a maximum or a minimum. We proceed now 
to the precise definition of degenerate solutions and 
the derivation of their salient properties. 

§2. Degenerate Solutions . 

Let f(x) be continuous for all x, with isolated 

zeroes, if any. Let F(x) sff(u)du, lim F(x) sgn x - 

JO | X |—►oc 

+ oo . Designate by F + the set of x at which F is 
increasing and by F Q the isolated points at which F 
has extrema. Let e(t) be continuous, E(t) =/ t e(u)du. 

* 

For each x in F + we define a number x by the 
following rules: 

if x is in F + , x*= x ; 

if F has a maximum at x, then x is the least 

number y of F such that y > x and F(y) = F(x): 

+ * 
if F has a minimum at x, then x is the greatest 

number y of F + such that y < x and F(y) = F(x). The 

pairs x 2 , x* and x ? , x* in Figure 2 illustrate the 

definition. It is easy to see by referring to the 

figure that if x < £ < x * then F(£) < F(x), and if x 

> £ > x* then F(£) > F(x). Furthermore, if £ is in 

F so that £ * is defined, then x < £ * < x* implies 

F(£ ) < F(x), while x > £*> x* implies F(£) > F(x). 

Let t be arbitrary and y(t) a function defined 

for all t > t such that 

(i) F(y(t)) = F{y(t 0 )) + E(t) - E(t 0 ); 

(ii ) y(t) is in F + ; 

(iii) y(t - 0 ) exists and y(t - o)= y(t) for 
all t > t Q ; 

(iv) y(t+o) exists and y(t+0)= y(t)* for all 

t > t Q • 
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Such a function y(t) will be called a degenerate 
solution . To emphasize its dependence on Initial values 
t and y(t Q ) a x Q we shall sometimes write y(t;x Q ) 
or y(t; x 0 , t Q ). 

From the definition of the * - operation it is 
clear that x = x* if and only if x is in F + . Therefore, 
using (iii) and (iv), y(t) is continuous when and only 
when y(t) is in F . We note further that the values of 
t for which y(t) is in F Q are isolated. These remarks 
combined with the implicit function theorem immediately 
yield the existence-uniqueness theorem for degenerate 
solutions. 

We merely state the result: 

Theorem 2 . 1 . Let x Q lie in F + and t Q be arbitrary . 
Then there exists one and only one degenerate solution 
y(t) such that y(t Q ) = x Q . 

Hence if y(t) and Y(t) are two degenerate solutions 
with initial times t Q and T Q and if y(t,) = Y(t 1 ) for 
some value t 1 y_ max (t Q , T Q ) -then y(t) = Y(t) for all 
t > t 1 . Even more is true, and easily proved: 

Tftmnw p-9 . If y(t) and Y(t) are two degenerate 

solutions such that F(y(t)) = F(Y(t)) arid if Y(t 1 ) lies. 
in the closed interval between y(1 1 ) and yt^+o) then 
y(t) = Y(t) for all t > t 1 . 

We now prove a theorem concerning the monotonicity 
of y(t) as a function of y(t Q ). 

Theorem 2 . 5 . If y(t Q ) >_Y(t ) and F(y(t Q )) 

^ F(Y(t c )) then t > t Q implies y(t^ > Y(t). 
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Proof : If the theorem is false then by theorems 
2.1 and 2.2 there is a t, > t Q such that y'^ ) > Y(t t ), 
y(t 1 +0) < Y(t 1 +0), and Y(t 1 ) + yd^+O). 

Therefore either Y(t 1 ) < y(t 1 +0) < Y(t^+o) or 
y(t 1 +o) < Y(t 1 ) < y(t 1 ). 

Because of the equation F(y(t)) - F(Y(t)) = 

F(y(t Q )) - F(Y(t Q )) ^ 0 these are both impossible. 

For if Y(t 1 ) < y(t,+o) < Y(t 1+ 0) then, since y(t 1+ 0)€ F + 
we have y(t 1 +o) = yC^+o) Therefore Y(t 1 ) < y(t 1 +o) 

< Y(t 1 )* Hence F(y(t,)) = F(y(t,+o)*) < F(Y(t,)), a 
contradiction. Or the other hand, if yi^+O) < Y(t 1 ) 

< y(t,) then y(t, )* < Y(t, ) < y(t, ) and also y(t,)* 

< Y(t 1 )*. Hence F(y(t^)) < F(Y(t, )), a contradiction. 

Combining this result with Lemma 2.2 we have 

Lemma 2.4 . If y(t Q +o) > Y(t Q ) and F(y(t Q )) - 
F(Y(t n )) then t > t Q implies y(t) 1 Y(t). 

Suppose now that E(t) is periodic with least 
period p . It is clear that there may exist degenerate 
solutions which are not periodic. Suppose for example 
that in Figure 2 w oscillates between the levels w 2 
and w Q ; then a solution starting at R will never return 
to R. However this solution Is periodic from the 
moment it reaches the branch P Q P 2 , and this occurs 
within a period. We show that this phenomenon Is 
general: 

Theorem 2.-5 . If E(t +p) = E(t) then t > t Q + p 
imnlles y(t +p ) = y(t), for all degenerate aolution a 
y(t). 

Proof : For all t we have E(a) > E(t) > E(b), 
where either t Q < a < b < t Q +p or t Q < b < a < t Q +p . 
We give the proof only for the first case, the second 
being analogous. 

Clearly, t > a implies y (t) < y(a + o). For 
otherwise a exists such that y(t^+ 0) y y(a+o) 
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'l y(t 1 ): since y(a+0) € F + then y(t 1 )* > y(a+0)* 
y(t 1 ) whence F(y(t 1 )) > F(y(a)), contradicting 
E(t, ) < E(a). 

Similarly t > b implies y(t) ^ y(b + o). 

Let y(t + p ) s Y(t). Then F(y(t)) = F(Y(t))and 
Y(a) = y(a +p) ^ y(a + 0). Then by Lemma 2.4, t > a 
implies y(t) > Y(t). Then in particular y(b) ^ Y(b). 

But y(b + p)> y(b+0). Therefore, y(b) ^Y(b) >y(b+0). 
Then by Lemma 2.2, t > b implies y(t) = Y(t), which is 
to say: y(t) = y(t + P ). 

The monotonicity theorem may be stated in a 
stronger form when the degenerate solutions are 
periodic. 

Theorem 2.6 . If y(t) and Y(t) are periodic with 
period p and y(t Q ) > Y(t Q ) then y(t) > Y(t) for all t 

* v 

Proof : If F(y(t Q )) > F(Y(t Q )) then by Theorem 
2.3, y(t) > Y(t) for all t > t Q ; the periodicity and 
theorem of uniqueness preclude equality. 

If F(y(t 0 )) < F(Y(t Q )) and the theorem is false 
then t 1 > t Q exists such that y(t 1 ) < Y(t 1 ). But F(y(t 1 )) 
- F(Y(t 1 )) = F(y(t Q )) - F(Y(t Q )) < o Hence by Theorem 
2.3 applied with initial time t 1 , we have y(t) < Y(t) 
for all t 2 t 1 • But y(t Q + np) > Y(t Q + np ) for all 
n, a contradiction. 

Regular Degenerate Solutions 

We-noted in §l that if a degenerate solution y(t) 
appears in F Q at a time when E(t) has an extremal value 
then that degenerate solution could not be expected to 
mirror the behavior of solutions of the perturbed 
equation. It is therefore necessary to exclude degenerate 
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solutions of this type. 

To make the description as simple as possible 
we add the requirement that e(t) have isolated zeroes, 
so that E(t) is piecewise strictly monotone. (For the 
present we are not assuming that E(t) is periodic.) 

A degenerate solution y(t) will be called regular 
on the interval (t 0 ,t Q + T) provided that all of the 
numbers y(t Q ), y(t Q + T) and y(e) are in F , where 0 
is any value of t in (t Q ,t 0 +T) at which E(t) has an 
extremal value; of course there are at most a finite 
number of points 9 in the interval. 

The initial value x Q = y(t ) will be called a 
regular initial condition. With t Q and T fixed the 
equation F(y(0)) = F(x Q ) + E(0) - E(t Q ) shows that the 
set of regular initial conditions x Q is a non-empty 
open set. We denote by I a closed interval all of 
whose points are regular initial conditions. 

In proving the convergence theorem of §5 we 
shall need two results concerning regular degenerate 
solutions. These are 

Theorem 2 . 7 . Let x Q be in I and y(r Q ; x ) in F . 
Then there exists a unique function r (x), defined and 
continuous on I, with r (x Q ) = r • and y (t (x);x)=y (r Q ; x Q ). 
Furthermore r(x) is monotone on I. 

Tvemma p. 8 . Let 11 ( t ( v be an Interval such that 
every degenerate solution y(t; x), x ini, is.lnP 0 for 
exactly one value of t interior to [u, v]. Let E(t) 
be increasing for u £ t £ v. Then nine numbers 
-®< x 1 <’x 2 < ... < x ? < + 00 exist such that x 1 and x 9 
are in F 0 if they are finite; the open Intervals (x 1 ,x^ )an 
(x 6 , x 9 ) lie in F + ; x^ and x 6 are in F Q ; FCx^) > F(x 6 ); 

and for x in I, x g < y(u; x) < x ? and x^ < y(v;x) < x g . 
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Theorem 2.7 is important because it enables us 
to isolate the values of t at which y(t: x ) is in F , 

o O 7 

uniformly with respect to x Q , if the interval I over 
which x Q varies is chosen sufficiently small. This 
can be seen as follows. 

Suppose that y(t; x Q ) is regular for t Q < t < t Q 

+T, and is in F. at successive times r, , r„, .... t . 
Then by Theorem 2.7 there exist continuous functions 
fj(x) defined on I with r^.(x) = r., and y(r^( x ); x) = 
y(Tj; x Q ) in F Q . By applying the Theorem again we see 
conversely that if y(r; x ) is in F Q then T = T j(x) for 
some j. 

Since the functions r ^(x) are continuous we can 

select numbers u^ and v^. so that if I is small enough 

then Uj < T j(x) \ v^., the total length of the intervals 

(u,v) is as small as we wish, and E(t) is monotone for 

u • < t < v ,. For t in the interval [u ., v .] each 
J J J J 

y(t; X ) has one and only one value in F Q , and the point 

of F Q is independent of x. For t in the closed interval 

[v, Uj] no solution y(t; x) is in F Q . 

in order to establish these results we introduce 

an auxiliary function G(w; y), defined for all real 

w and for all y in F + , in terms of which we can write 

a more explicit formula for the regular degenerate 

solutions. G is a sort of inverse function to F, and 

is defined by 

G(F(y); y) = y ; 

If w > F(y), G(w;y) = minfx|x>y,w = F(x)| ; 

If w < F(y), G(wjy) = maxfx|x<y,w - F(x)J 
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Figure 3 illustrates the definition of G. We observe 
that F(G(w; y)) = w for all y, and that G(w; y) is a 
strictly increasing function of w for each y. Further¬ 
more, if y 1 and y 2 are two numbers lying in the same 
component of F then for all w we have G(w; yj) = G(w; y 2 ). 
Finally, if w ^ F(y) then G(w - 0; y) = G(w; y), 

G(w + 0; y) = G(w;y)*; if w < F(y) then G(w -0; y) = 

G(wj y)*; G(w + o;y) - G(w; y). 

If we write w(t) for F(x Q ) + E(t) - E(t Q ) we see 
at once that the following lemma holds: 

Lemma 2.9 . If y(t 1 ) is In F + and E(t) has no 
extreme values in the interval t 1 < t < t g then 
y(t> - G(w(t); y(t 1 )) for all t, t 1 < t < t g . 
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Lemma 2.9 yields an algorithm for the computation 
of regular degenerate solutions. For if E(t) has 
successive extrema at times 0^ 0 2 , ..., 0 n then all 
of the numbers y(0j) are in F + . Hence y(t) - G(w(t); 

y(t Q )) when t Q < t ^ 0,; y(t) - G(w(t); y(0 1 )) when 

0 1 < t < © 2 ; and so on. In particular, if I is a 
closed interval all of whose points x Q are regular 
initial conditions then as x Q varies over I each of 
the numbers y(0j > x Q ) varies over a closed interval 
lying in F + . 

Proof of Theorem 2.7 . Since y(T Q ; x Q ) € F Q and 
y(t; x Q ) is regular we know that E(t) does not have a 
maximum or minimum at time r Q . Hence for some j, 

6^ < t q < 6j +1 , letting 0 Q s t Q . Then by the formula 
above we have 

y( T; t) = G(F(x) + E(r) - E(t Q ); y(0j } x)) if 

Q. < r < 0 j+1 . But y(0j ; x) and y(0j ; x Q ) lie in the 

same component of F . Hence we may replace the last x 
in the preceeding equation by x Q and obtaih 

y(rj x) = G(F(x) + E(») - E(t Q ); y(6j ; x Q )). 

Since 

y( T 0 ; x 0 ) = ©(P'( x o ) + E(r o ) ' E(t 0 ); y(e j ; x o )J 

it will be sufficient to show that the equation 

F(x) + E( r ) - F(x q ) + E(r o ) 

has a continuous monotone solution T = T (x) with T (x Q ) 

= r o and 0. < r(x) < 6j +1 . This is certainly true in 
a neighborhood V of x Q , since E(t q ) is not an extreme 
value and F(x) is monotone and continuous on I. If 
x 2 is the upper bound of V and lies interior to I then 
r (x 2 - 0) exists and F(x g ) + E(t(x 2 -0))» P(x q ) + E( T 0 )* 
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Then y(r(x 2 -0); x g ) is in F Q , so that E(t) is not 
extremal at t * r(x 2 ~ 0 ), and 0 j < r (x 2 ~ 0 ) < 0 j +1 . 
Defining r(x g ) = r(x 2 ~ 0 ) we may continue the solution 
beyond x g , and hence to the upper bound of I. Similarly 
at the lower bound. 

Before proving Lemma 2.8 we need to discuss the 
continuity of y(t; x) as a function of x. We have: 

Lemma 2 . 10 . If y(t;x Q ) is a regular degenerate 
solution and y(t,; x Q ) is in F | the n y(t, j x) is_a 
continuous function of x at x ■ x Q . 

Proof : Let 0 j < t 1 < 0 j +1 . Then 

y(t 1 ; x) = G(F(x) + E(t 1 ) - E(t 0 )j 
y(©jj *)) 

by Lemma 2 . 9 . As in the previous proof we may replace 
the last x by x Q . Then 

y(t 1 ;x Q - 0) = G(F(x q ± 0) + E(t 1 ) - E(t Q ); 

; x Q )) 

« G(F(x q ) + E(t 1 ) - E(t 0 ) t 0; 
y(0j)x o )) 

- G(F(x Q )+E(t 1 ) - E(t Q ) ; y(0ji x Q )) 

- y<v x o ) 

since y(t 1 ; x Q ) is in F + whence y(t 1 j x Q )* = y(t 1 ; x Q ). 

Proof of Lemma 2 . 8 . (See Figure k). 

Let I be the closed interval of x 1 £ x < x' 1 . Let 
x g = y(u; x 1 ), x 5 = y(u; x"), x ? - y(v; x'), x g - y(v;x 

Then by Theorem 2.3 
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x 2 < y(u; x) < Xj and x^ < y(v; x) < x g for x in'l. 
By hypothesis for each x there is a unique t(x) with 
u <t(x) < v and y (r (x); x) in P Q . Theorem 2.7 
guarantees that the point in P Q is independent of x; 
denote it by x^. Then by lemma 2.9 

x ? = G(F(x") + E(u) - E(t Q ) ; y(u; x")) 

x 5 = G(F(x") + E( T (x")) - E(t 0 ); y(u; x")). 

But G(w; y) is an increasing function of w and 
E( r (x' ' )) > E(u) since E was assumed increasing on 
[u,v]. Therefore x^ < x^; similarly x^ < x^, and 
indeed x^* < x^. Let x 6 be the greatest number of F 0 
less than x 5 *. F(x g ) < F(x 5 ), and therefore we may 

choose x^ between x^ and x^ so that F(x^) > F(xg). 

Finally take x 1 equal to the greatest number in F Q 
less than x g , or -» if there is none, and take x^ 
equal to the least number in F Q greater than Xg, or 
+ 00 . The open intervals (x 1 , x g ) and (x^, x^) 
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clearly lie In F + ; the closed Interval [x 2 , x ? ] lies 
in F + by the continuity of y(u; x), lemma 2 . 10 . 

Hence (x,, x 5 ) is in F + ; similarly (x 6 , x g ) lies in F + . 
Thus all the conditions in the conclusion of the lemma 
are fulfilled. 

II. The Perturbed Equation 

§ 3 . Elementary Properties of Solutions . 

We consider the equation 

( 1 ) «3c + f(x)x + «g(x) = e(t ),o < « < 1 , under the 
assumptions 

(a) f(x), g(x), e(t) are continuous and f(x), g(x) 
satisfy a Lipschitz condition in any bounded interval; 
hence (1) has a unique solution for given initial 
values x Q , x Q . 

(b) Ie(t)| < e 

(c) E(t) s ^*e(u)du has finite oscillation, E Q . 

(d) F(x) = / x f(u)du; , lim F(x) .sgn x = +00 . 

J° |x|-*» 

(e) There exist positive constants a 1 , a 2 , a^ such 

that the inequalities f(x) > a 2 |g(x)|, F(x)sgn x > 0, 
g(x) sgn x ^ a^ hold when |x| > a 1 . 

It will frequently be convenient to replace ( 1 ) 
by the equivalent pair of first order differential 
equations 

(2) « x(t) = w(t) - F(x(t)) 

w(t) = e(t) - « g(x(t)). 

The first four theorems of this section present 
boundedness properties of solutions of ( 1 ). The methods 
employed and results obtained are very similar to those 
of Cartwright and Littlewood [ 2 ]. Our hypothesis (e) 
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is somewhat less restrictive on the function g(x); in 

( 2 ) it is required that g(x) > 0(x) for large x. 

Theorem 3 . 1 . There exists a constant A such that 
for any solution x(t) the inequality |*x(t)| £|ei | + A 
holds for all t ^ t Q . 

Proof : If |tx(t)| < l*-x o l 4 2 a ” 1 for all t > t Q 

we are through. If not, t 1 and t g exist such that 
I «x( 1 1 ) | = | «x Q | 4- 2 a ” 1 and t 1 < t < t 2 implies 
! ex(t) | |«x 0 l + 2 a ” 1 . Assuming for definiteness 

x(t 1 ) > 0 these relations become 

(3) «x(t 1 ) = I«x Q | 4 2 a ” 1 

t 1 < t < t 2 implies *x(t) > |*x Q | + 2& 2 ^ 

so that 

(4) i(t)' 1 < l * a 2 . 

Integrating ( 1 ) from t 1 to t 2 yields 

cx 2 - «x 1 + P(x 2 ) - P(x 1 ) = E(t 2 ) - E(t 1 ) 

- « f t 2 g(x(t))dt, 

where x^ a x(t^), x^ = x(t^). 

Then using (c), ( 3 ) and ( 4 ) and t < 1, we obtain 
0 < « x 2 < |«x o l 4 2 a " 1 -• F(x 2 ) 4 P(x,) 4 E 0 

r x 2 

+ 2 a 2 Jx, l dx » since x 2 >x 1 . 

Hence 

o < *x 2 < !*x o l 4 2a " 1 + E 0 4 £a 2 f * 2 t,g(x)l " 2a 2 f(x)]dx 

-1 X 1 -1 

If |x| ^ a,, then 0 £ !g(x)l - a 2 f(x) >|g(x)|-2a 2 f(x). 
Therefore, no matter what the values of x^and x^, 
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0< «x 2 < |«x Q | 
-1 

-2a 2 f(x) 


— 1 1 f ®*1 

+ 2&>2 + E q + 2&2 f J 

_a i 

dx . |#S 0 I + A. 


Ig(x)| 


The proof is similar if x(t 1 ) < o. 

Theorem 3.2. For each solution x(t) and each t 1 
there is a t 2 ^ t 1 such that |x(1 2 ) | < a 1 . 

Proqf : If x(t ? ) > a 1 for every t g > t 1 chen by 
integrating (1) we obtain 

F(x 2 ) - F(x 1 ) + «/ 2 g(x)dt = E(t g ) - E(t 1 ) 

~‘(x 2 - x 1 ). 


Hence 


ft p 

jF(x 2 ) +tj g(x)dt| ^A', a constant depending 


on the initial conditions, by Theorem 3.1. But if x ) a 1 

then F(x) and g(x) have the same sign, by (e). Hence 
t. 


I / 


■g(x) dt < a constant. 


Therefore |(t g - t 1 ) a^| < a constant, for every 

t 2 > t 1 . As this is ruled out the theorem is proved. 
Similarly if t g > t 1 implies x(t 2 ) -a 1 . 


Theorem 3.3 . For each pair of constants B and C 
there exists a constant D Independent of « such that , 
if |x(t Q )| < B and | « x(t Q )| < C then t > t Q implies 

| x(t) | < D. 

Proof : First consider the case B < a 1 . If 
|x(t)| < a 1 for all t > t Q we may take D = a 1 . If x(t) 
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has values greater than a 1 , x(t) must take on the value 
a, at, say, t = t 1 and again, by Theorem 3.2, at 
t = t,. At an intermediate value t,, x(t) has a 

j 

maximum value x 2 and x(t g )= 0. Integrating (1) 
from t. to t c we obtain 

P(x 2 ) - P(a 1 ) = E(t a ) - E(t 1 ) + ex, -if 2 g(x)dt. 

Therefore P(x 2 ) < F(a,) + E Q + I«x Q I + A < F(a,) 

+ E Q + G + A, since g(x) > a ? > 0 when x > a,. Therefore 
P(x 2 ) and consequently x 2 is bounded above by a constant 
depending only on B and C. Similarly, if x(t> takes 
values less than -a, x(t) is bounded below. 

Now take B > a, and let t Q < t < t, imply x(t) 

> a,, let x(t, ) s x,. Then 

P(x, ) = P(x 0 ) + E(t, ) - E(t Q ) + « - *x 0 - «/ ^(xjdt. 

I 

< max | |F(x) | | |x| < B| + E Q + 2 C + A 

and again x, is bounded by a constant independent of the 
initial conditions. The case x(t) = -a, is analogous. 

The theorem which follows gives ultimate bounds 
(as t~* a# ) for an arbitrary solution x(t) and its 
derivative. 

Theorem 3.^. There exist constants B Q and C Q such 
that every solution x(t) satisfies Ix(t)| < B Q , 

|«x(t) | < C 0 for all large t. 

Proof : |x(t) | must take on arbitrarily small 

values since x(t) is bounded. Let t, be such that 
|x(t, ) | < 1 ; then, applying Theorem 3 -i» t ^ t, implies 
l*x(t)|<l +A»C q . By Theorem 5.2., t 2 > t, exists 
such that |x(t 2 )| < a,. Now apply Theorem 3 . 3 ., with 
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B = a,, C = C Q , writing B Q for the associated constant 
D. We have |x(t 2 )| < a 1 , l«x(t g )| < C Q ; hence t > t g 
implies |x(t)| < B qJ |«x(t) I <C Q . 

The boundedness properties proved in the above 
theorems show that if e(t) i3 periodic of period p 
then (i ) has a periodic solution of period p. This 
follows from a remarkable theorem due to Messera [10]. 

Theorem 5 . 5 . [ Measera ). Let f(x,y,t) be con¬ 
tinuous. p eriod ic in t of peri od p, and satisf ying a 
L ipschltz con d ition in x,y. If no solution of the 
system 

(5) x = f(x,y,t) 

y = g(x,y,t) 

tends to Infinity in a finite time and if (5) has a 
solution (x(t)), y(t)) which is bounded for t ]> t Q , 
then (5) has a periodic solution of period p. 

Theorem 5.6 . If e(t) Ls. periodic of period p, 
then (i) has a peri odic solution of period p. 

Proof: We apply Theorem 3.5 to the system (2). 

By theorems 3.1 and 3.3 every solution is bounded for 
t > t Q and hence no solution goes to infinity in a 
finite time. Hence (2) and therefore (1) has a 
solution of period p. 

§ 4 . Behavior as « -* 0 . 

In this section we collect some lemmas which we 
shall need for the proof of the principal theorems. In 
addition to assumptions (a) - (e) we require that e and 
f have isolated zeroes; we use the notation of § 2 - 

function w(t) was defined by (2) of § 3 * 

To save writing we state here a hypothesis which 
is common to all of the lemmas to follow: B, C are 
arbitrary positive constants; 0 < t < 1; t Q is 
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arbitrary ar.d x(t) is an arbitrary solution of (1 ) for 
which |x(t D )| < B, | ‘x(t Q ) < C. Any other constant 
whose existence is asserted is understood to be 
dependent on B and C, but not on the particular solution 
x(t), nor on any other quantity unless explicitly stated. 

Lemma 4.1 . There exists a constant G such that 

Osc (w(t) - E(t)) < * GT for t Q < t<t Q + T. 

Proof: Let D be the nutaber in the conclusion of 
Theorem 3-3, and put G = maxi !g(x)| |x| < D|. 

Integrating the second equation of ( 2 ) between any two 
limits in [t Q , t + T] yields the result. 

Lemma 4.2 . There exists a constant H such that if 
t D < t, < t 2 _aad lx(t)l £ * "g- for all t, t^Ktg, then 
|w(t 2 ) -~w(t 1 ) | <Hek 

Proof : Let H = 2D(e Q + G). By Theorem 3-3, 

|x(t)| < D. Then 2D > |x(t 2 ) - x(t 1 )l > (tg-t,) •"? , 

so that (t_ - t. ) < ?D * 1//2 : Then 

' \j t 

w(t 2 )-w(t 1 ) -/ 2 e(t)dt -* J 2 g(x(t) )dt 

*1 S 

whence 

lw(t 2 ) - w(t, ) < 2D* 1 / 2 (e Q + «G) < H« 1/2 . 

The next lemma makes rigorous the argument given 
in §1 on stability of the region F + . We obtain only 
a weak bound on x(t), namely, |x(t)| < 0( ‘ '). But 

this is enough to guarantee that (x(t), w(t)) is close 
to! : w(t) - F(x(t)) = «x(t) < This result 

will be strengthened in §5- 


€ 


Lemma !>■.: 


P for all t 

+ 9 


If there exist t 1 < t g such that x(t) 
t 1 , < t < tg, _and |x( 1 1 ) | <J« 1 ' 2 
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where J > i, then for all t, t 1 < t < t 2 , we have 
|x(t)| £ (H + J) «" 1/2 . 

Proof : It Is sufficient to prove that 
|x(t 2 )| < (H + J) * - 1 / 2 . 

Let |x(tg) | = (H* + J)« -1 / 2 with H'>0. Let t'^t, 
be a number such that |x(t' )| = J« " 1 / 2 ) t' < t < t g 
implies |x(t)| > Je -1 / 2 . 

If x(t 2 ) > 0 then x(t') > 0 and we have by Lemma 
4.2 and the definition of F + , H« ^ 2 ^w(t 2 ) - w(t') 

= «x(t 2 ) - «x(t') + F(x(tg )) - F(x(t' )) ^.x(t 2 ) 

- «x(t') = (H' + J - J) < 1 / 2 = H' « 1 / 2 . Hence H > H'. 
Similarly if x(t 2 ) < 0. 

Lemma 4.4 . If x(t Q ) € F + , if ‘ < T~ 2 G~ 2 and if 
Ix(t 0 )l < (i + H)« -1 / 2 then |w(t) - F(y(t))| < (2+H)* 1 / 2 
for all t, t Q <_t < t Q + T. 

Proof : By Lemma 4.1. |x(t) - E(t) - w(t Q ) 

+ E < t 0 ^ K ,GT * But w(t Q ) “ *x(t 0 ) + F(x q ) and F(y(t)) 

= E(t) + F(x q ) - E(t 0 ). Therefore, |w(t) - F(y(t))| 

< «GT + |«x(t Q )| < (2+H)< 1 / 2 . 

Th® convergence theorem of §5 rests essentially 
on lemmas 4.3 and 4.4. For combining the results of 
these lemmas we have |F(x(t)) - F(y(t)) | < 0(* / 2 ), 
so that x(t) and y(t) are close together. 

The next four lemmas will be used to establish the 
global stability theorem of §6. The common hypothesis 
of the first three lemmas, that t 1 > t exists such 
that |x(t 1 )| £ i, is introduced to ensure that we are 
not dealing with a solution which has just come from 
infinity. 

Lemma 4.3 . Suppose that numbers w 1 and w 2 exist 
such that the equation F(x) = w has exactly one solution 
if w 1 £ w £ w 2 . There exists t such that, if « £ « Q , 
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If. t Q < t, < t 4 are such that |x(t 1 )| < 1 and w, < w(t 4 ) 

< w 2 Ix()| < (1 + H)«~’/ 2 and x(t 4 ) is_in_F + . 

Proof: Choose * Q less than 1 and small enough so 
that If «< « 0 and Wj - (l+H)« 1 < w £ w p + (i+H) « ’Z 2 , 

then F(x) = w has exactly one solution x = v(w). The 
solution ^(w) is a continuous function of w and is in 
F + since F(x) sgn x-»oo as |x|-*co. 

If |x(t 4 )| < (1+H)*" 1 / 2 then |F(x(t 4 )) -w(t 4 )| ^ 

< (1+H)« 1/2 and w, - (1 +H)« 1/2 <_F(x(t 4 )) £ w 2 + (1+H)«. 
Then x(t 4 ) is a solution, perforce the unique one, of 
F(x) = F(x(t 4 )). Hence x(t 4 ) € F + . 

We now show that |x(t 4 )| > (1+H)« _1 / 2 is impossible. 
Suppose for definiteness that x(t 4 ) > (1+H)« ^ 2 . Then 

t 2 exists such that t 1 < t g < t 4 and x(t 2 ) =t 1 ^ 2 , while 
t 2 t ^_t 4 implies that x(t) -1 / 2 . Then by Lemma 
4.2, |w(t 2 ) - w(t 4 )|< H« 1/2 . Hence w, -H« 1 / 2 <w(t 2 ) 

< w 2 + H« Then w 1 - (l+H)* 1 / 2 ^ F(x(t 2 )) < w 2 + 

(1+H)* ^ 2 . Therefore, x(t 2 )€ F + . By Lemma 4.3., if 

t 2 < t < t 4 implies x(t) 6 F + then |x(1 4 ) | < (1+H)« ’Z 2 . 
Hence, x(t) nust leave F + at, say, t=t,, t 2 <t^<t 4 , 
with x(t 5 ) € F Q , « _1 / 2 £ x(t 5 ) < (1+H)♦ - ' 2 , applying 
Lemma 4.3 once again. But |w(t^) - w(t 4 )| < H« 1 ' 2 by 
Lemma 4.2. Therefore by the argument used above for x(t 2 ) 
we conclude that x(t^) € F + ,a contradiction. This 
completes the proof. 


Lemma 4.6 . Suppose that number s V 1 and x 1 exis t* 
such that F(x) > V 1 whenever x 2 ^ t o 

exists such that |x(1 1 ) | £ 1 , and if t, > t 1 is. such 
that w(t ? ) £ V 1 , then x(t ? ) <' x, — provided « £ * Q , a 
constant. 

Proof : Choose * Q so small that « < * Q implies 

V 1 < F(x 1 ) -* 1 / 2 and so that, if «< * Q then x 1 < x 
implies V 1 + (1 +H) * ^ 2 < F(x) . 
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Then if x(t,) > x 1 we have F(x(t 5 )) > V 1 + (l+H)« 

> w(t 2 ) + (i+H)« w(t^) +* 1 / 2 . Therefore, x(t^) 

< - «' 1 / 2 by the definition of the function w(t). 

Since |x(1 1 )| = 1 and « < 1, there exists t 2 between_ 1 
t 1 and tj such that x(t g ) = - e -1 / 2 while x(t) < - « 
for all t 0 < t < t,. 

^ 1 /p 

Then by Lemma 4.2, w(t 2 ) < w(t,) + H« ' 

+H* 1 / 2 . Hence P(x(t 2 )) = w(t 2 ) +* ? / 2 < V 1 +(l+H)« 1 / 2 . 
Therefore x(t 2 ) < x 1 . But t g < t < t implies x(t)<0, 
and so.x(tj). < x(t g ) < x 1 , completing the proof. 

In the same way we can prove 

Lemma 4.7 . If V g and x 2 are such that F(x) < V g 
w he neve £ x £ x 2 , then , if |x(t 1 ) I < i and 

t j t 1 exists such that w(t^V 2 , wc_ have x(t^) > x g 

for all small« . 


If V g and x 2 are such that F(x) < V 2 


Lemma 4.8 . If x(t) and x (t) are two solutions 
of (1) and if t Q £ t < 1 1 implies x(t) < x* (t) while 
x(t 1 ) = x*(t 1 ) then w*(t Q ) < w(t Q ) + 2 < G(t,-t Q ). 

Proof: x*(t 1 ) < x(t 1 ) by the uniqueness of solutions 
of (l). Therefore w*(t 1 ) < w(t. ), 

since P(x*(t 1 )) = P(x(t 1 )) and w(t) = P(x(t)) + «x(t). 


w(t.) - w(t ) = E(t.) - E(t ) 




g(x(t))dt 


w*(t 1 ) - w*(t Q ) = E(t 1 


t2 /t 

e <v -*£ 


1 g(x # (t))dt. 


w(t Q ) - w*(t Q ) - w(t,) - w*(t 1 ) + t J 1 (g(x(t)) 

to t 

- g(x*(t)))dt > « J (g(x(t)) 


-g(x (t)))dt > -2* G(t r t 0 ). 
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§ 5 . The Convergenc e Theorem . 

The principal results of this section are 
essentially special cases of a theorem announced by 
Levinson [ 5 ]; we are able to state a little more, in 
that the convergence here is uniform in a specified 
range of initial conditions. 

Throughout the section t and T are fixed, 
t < t < t Q + T; I Is a closed interval in F + such 
that x Q in I yields regular degenerate solutions: 
cf. definition in § 2 . We are assuming |x Q | < B. 

The solution of ( 1 ) with parameter « and initial 
values x Q and x Q at time t is written x(t; x Q , x Q ;« ); 
the corresponding degenerate solution is y(t; x Q ). The 
convergence theorem is concerned with the truth of the 
equation 

lim x(t; x Q , x Q ; « ) = y(t; x Q ). 

In the sequel we suppress the symbol " t -* 0 ", writing 
simply "lim". 

The proof of the convergence theorem rests on the 
next three lemmas. Lemma 5.1 amounts to the convergence 
theorem in the special case where y(t; x Q ) has no jumps; 
lemma 5.2 discusses the convergence in the case where 
y(t; x Q ) has a single jump and yields convergence at a 
time slightly after the jump as a consequence of con¬ 
vergence at a time slightly before the jump. The full 
theorem then follows by induction, using alternately 
lemmas 5.1 and 5 . 2 , with lemma 5.3 to connect them. 

Lemma 2.7 and the remarks which follow it show 
that the discontinuities of y(t; x) can actually be 
isolated as specified in the hypotheses of lemma 5-2 
and Theorem 5.k. 
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Lemma 5.1. Let t 1 and t g be f ixed numbers such 
that y(tj x Q ) is In F + for all x Q In I, t < t < t g . 
Suppoae that 11m x(t t ; x Q , x Q ; « ) = y(t,; x Q ) uniformly 
for x Q In I, |x | £ ( 1 +H)« -1 / 2 , and that. If 
l*o* £ O+H)* 1 ' 2 then Ixft^ x Q , x Q ; « )| < (i+H)« -1 / 2 

Then 11m x(t;x Q ,x 0 ; « ) = y(t; x Q ) uniformly for 
x Q In I, |x Q | < (l+H) « _1 / 2 , t^ < t < t g , and 
|&(t 2 ; x Q , x Q ; * )| < (i+H)« -1 / 2 un iformly for all small 

' Proof : Let y = min !y(t; x Q )| t, £ t < t £ ,x 0 € I|, 
y 2 - max f y(t; x Q ) | t, < t < t g , x Q € I | . 

By hypothesis y and y 2 lie In the same com¬ 
ponent of F + . Let y' (y 1 ') be the left (right) hand 
boundary point of the component, or -co (+ 00 ) if the 
component is unbounded below (above). 

Let « Q < 1 , e Q < T 2 G 2 , be chosen so that «< « 
Implies 

(1) F(y") > P(y 2 ) + ( 2 +h) * ^ 2 

(2) F(y') < F(y, ) - (2+H)* 1/2 

(3) y' < x(t,; x Q , x Q ; « ) < y" . 

(These are vacuously satisfied if y' and y M are 

Infinite.) Then t 1 < t < t g implies x(t; x Q , x Q ;«)€ F + . 
For by Lemma 4.3 with J = 1 + H, |x(t)| < ( 1 + 2 H)* -1 / 2 
as long as x(t) remains in F . If x(t) leaves F at t ■ 
tthen x(t') = y' or y 11 . If x(t') = y' then 
0 x(t 1 ) > -( 1 +2H)* -1 / 2 . Then w(t' )> F(y (t 1 ;x Q )) 

- (2+H)« ^ 2 by Lemma 4.4; therefore w(t') ^ F(y 1 ) - 
(2+H)« 1 ^ 2 > F(y') = F(x(t')) and so x(t') > 0, which is 
a contradiction. Similarly if x(t') = y". 

Therefore t 1 £ t £ t g implies x(t)€ F + which in 
turn implies |x(t)| < (l+2H)« 1 ^ 2 . Then |w(t) - 
F(x(t))| £ ( 1 + 2 H)* 1 / 2 . Hence, by Lemma 4.4,|F(y(t;x Q )) 
-F(x(t))| < 3 (i+H)« 1//2 . Therefore as*-* 0 F(x(t;x 0 ,x 0 ;« )) 
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tends to F(y(t; x Q )) uniformly in t and x Q . 

Since F(x) has a unique continuous inverse in 
the range y' < x < y 11 , which is a fortiori uniformly 
continuous, we conclude that x(t; x Q , x Q ;« ) tends uni¬ 
formly to y(t; x Q ). 

The last part of the lemma follows from the fact 
that if t' < t < t 1 ' implies |x(t)| >« -1 / 2 then t'' 

-t 1 < 2 D* 1 ? 2 , together with Lemma k. 3 . 

Lemma 5 . 2 . Let t 1 , t^ be such that the closed 
Interval [t 1 , t^] contains no extremal points of E(t) 
and such that for each x Q in I there is. a unique 
t 2 = t 2 ^ x o^ — ^ 5 ) such that y(t 2 (x Q ); x ) is in_ 

P Q . If Ix(t 1 )|< (i+H^'^if |x Q |<; (1 +H )* " 1 ' 2 , and if 
lim x(t,; x Q , x Q ; * ) - y(t 1 ; x Q ) un ifo rmly for x Q in 
I and |x Q i ’< (1+H)« -1 / 2 , then lim x(t ? ; x Q , x Q ; e ) = 
y(t^; x Q ) unif o rmly for all x Q in I and |x Q | < (l+H)« 1 ' 2 

anil |x(t 3 )| i (1 +H) « " 1/2 . 

Proof: Assume for definiteness that E(t) is 
increasing in tj < t < t^. Then y(t 2 (x 0 )> X Q ) I 3 a 
fixed maximum of F(x), for all x Q G I, by Theorem 2 . 7 . 

Let numbers -co£ x 1 < x g < x^ < x^ < x^ < x^ < 
x < Xg < x 9 < +00 be determined as in Lemma 2 . 8 :x 1 € P Q 
if finite, x 1 < x < x 5 C F + ; x ? , x 6 € P Q ;. x ? € F Q if 
finite; x 6 < x < x ? C F + ; x g < y(t,j x Q ) < x ? ; P(x^) 

> P(x 6 ); x 7 < y(t 5 ; x Q ) < x 6 . 

Let « be chosen so that, if *< * Q then 

(1 ) F(x 2 ) - (2 + H) W 2 > P(x, ) 

( 2 ) x, <x(t,; x o , x 0 > * ) < X 5 

(3) P(x 5 ) - (4 + 2 H) « 1/_ > P(x 4 ) > P(x 6 ) 

(M ?(x ? ) -(2 + H)t ,l/2 > F(x 5 ) + (1 + UH) « ’/ 2 

(5) P(x 8 ) + (2 + H)« ^ 2 < P(x ? ). 
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The proof proceeds in the following eleven steps. 

(a) t 1 < t < t 5 implies x(t; x , x Q ; * ) > x,. 

For otherwise t g > t 1 must exist such that x(t g ) = x 1 , 
x(t 2 ) < 0. Then w(t g ) < F(x(t g )) = F(x 1 ) while w(t ) 

£ F(y(t 2 ; X Q )) - (2 + H)« 'I 2 > F(x g ) - (2 + H) 1 / 2 

> F(x 1 ) by Lemma 4.4; F(x 1 ) > w(t g ) > F.(x 1 ) is impossible 

(b) w(t 3 ) > F(y(t 3 ; x Q )) -(2 + H)« 1/2 > F(x ? ) - 
(2 + H) « 1 / 2 > F(x 5 ) + (1 + 4H) « 1 / 2 . 

(c) Therefore x('t), in F + at t ** t 1 , must leave 
before t = t.. For by assumption, |x(t 1 )| < (1 + H) t -1 ^ 2 . 
Hence if t 1 < t < t^ implies x(t) € F + then |x(t^) | < 

(1 + 2H) «, '^ 2 , by lemma 4.5 with J = 1 + H. But then 
w(t 3 ) <F(x(t 3 ))i + (1 + 2H)« 1 / 2 <F(x 5 )+(l + 2H)« ’/ 2 
contradicting (b). 

(d) Let x(t) leave F at t ■ u.. Then by (a), 
x(u 1 ) = x_, 0 ^ x(u 1 ) ^ (1 + 2H) * _1 / . Then F(x(u 1 )) 

- F(x-) < w(u ) < F(x ) + (I + 2H)* 1 / 2 < F(x ) + 

(1 + 4H)« V® < F(x ? ) - (2 + H)t 1 / 2 < W(t 5 ) Cb) ‘ 

Also F(y(u 1 ; x Q )) > w(u 1 ) -(2 + H) * 1 / 2 ]>.F(x 5 ) - 
(2 + H)« 1 / 2 . Since t^ ) t > u 1 implies F(y(t)) 

> F(y(u 1 )) we have t^ > t > u 1 implies w(t) ) F(y(t)) 

- (2 + H)* 1 / 2 > F(y(u 1 )) -(2 + H)t ’/ 2 > F(x 5 ) - 
(4 + 2H)« 1/2 > F(x 4 )l 

(e) Hence u 1 < t < t 3 implies x(t) ^x 3 » For 
otherwise u g > u 1 exists such that x(u g ) = x 3 , x(u g ) £ 0. 
Then w(u g ) < F(x(u g )) = F(Xj) < F(x 4 ) contradicting (d). 

(f) There exists u^, u^ with u 1 < u 3 < u^ < t^, 
such that 
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w(u 5 ) - F(x 5 ) + (1 + 2H) t 1 / 2 
w(u 5 ) - F(x 5 ) + (1 + 4H)« ’Z 2 

u 5 ^ t < u 5 implies w(u 5 ) £w(t) <.w(u 3 >. This follows 
from (d) and the continuity of w(t). 

(g) Therefore there exists u 4 , £ u 4 £ u 3 , 

such that |x(u 4 )| ^ e -1 / 2 . For w(u^) - w(u^) - 2H« ’Z 2 
and the statement follows from Lemma 4.2. 

(h) t 1 < t < tj implies x(t) < x^. The proof 
of this is a repetition of the argument in (a), using 
inequality (5) in pi ace of (i). 

(i) Hence x 6 < x(u 4 ) < x $ . For by (e), x(u 4 ) 
^x 3> By (g), |F(x(u 4 )) - w(u 4 )| <•'' 2 , which implies 

F(x(u 4 )) ^ w(u 4 ) - * 1/2 > w(uj)-* 1 / 2 - F(x 5 ) + 2H* 1/2 . 

But x ? < x < x 6 implies F(x) < F(x 5 ). 

(j) ^ t < t ? implies x g < x(t) < x 9 and 

therefore x(t) 6 F + . For by (h), x(t) < x^. If Ug 
exists such that x(Ug) = Xg, x(ug) <0, u 4 < u g < > 

then w(u g ) <.F(x(ug)) = F(x g ). But u 4 > u 1 and so by 
(d), w(u 6 ) > F(x 4 ) > F(xg) which gives a contradiction. 

(k) Therefore u 4 £ t £ t 3 implies |x(t)| < 

(1+H) 4 *’ 1 / 2 by Lemma 4.5 with J = 1. Hence |w(t 3 ) - 
F(x(t 3 ))| £ (1 + H)* ’/ 2 , implying |F(y(t 3 >) - F(x(t 3 ))| 
£ (5 + 2H)« 1 / 2 by Lemma 4.4. Therefore x(t 3 )-* y(t 3 ) 
as «-* 0, uniformly for x Q € I. 

The proof is similar if E(t) is decreasing in 
the closed interval [t 1 , t ? ]. 
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Lemma ■s.T . Conditions as In Lemma 5.2. Let t^ 
be such that y(t; x Q ) Is In F + for t^ £ t < t^, x Q In I. 
Then * exists such that if *< « then |x(t )| < 

(, " * ' 

Proof : This Is a corollary to Lemma 5 . 2 . For 
with u^ of (g) above we have |i(u^)| £ « 1 ^ 2 , £ t £ t 

implies x(t) € F . By arguments similar to those in 
(a) above we can guarantee that t^ £ t £ t^ implies 
x(t) € F + if« is small enough. Then Lemma 4.3 with 
J = 1 yields the result. 

Theorem 5.4 . ( The Convergence Theorem ). Let I ; 
t 0 < t, < t 2 < ... < t n < t Q + T be such that if x Q is 
in I then t 2r < t < t gr+1 implies y(t; x Q ) € F + , the 
closed interval it 2r+1 t 2r+2 ] contains no extrema of 
E(t), and such that for each r there exists a unique 

t r = t r^ x o^ 3uch that y(t'(x 0 )i V — — P o wlth t 2 r +1 
< t£ < t 2r+2 , r = 0, 1,2, ...n. If |x Q | ^ (1 + 

then lim x(t; x Q , x Q ; « ) - y(t; x Q ) uniformly for x Q € I, 
t 2r < t < t 2r+1 ; and |x(t 2r+1} l < (1 + H)« " l/2 . 

Proof : The theorem is evidently true for r = 0 
by Lemma 5 . 1 . We assume that it holds for r and show 
that it must then hold for r + 1 . 

We are assuming that lx(t 2r+1 )l <LO + H )‘ 1 2 
and lim x(t 2r+1 ) - y(t 2p+1 ; x Q ) unifomly in x Q . Then 
by Lemma 5 . 2 , |x(t 2p+2 )l <0 + H) • ' 1/2 and x(t 2r+2 ) 

tends uniformly to y^p+g)* Then by Lemma 5-1 again, 
t 2r+2 <.* < t 2r+5 implies x(t)- y(t) uniformly in t 
and x Q . By Lemma 5-5, |x(t 2r+5 )l < (1 + H)» ]/ . This 

completes the proof. 
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Theorem 5.5 . Let x Q be in F + and y(t; x Q ) be 
regular . Let |x Q | < (1 + H)t”^ 2 . If q(x) is contin ¬ 
uous then 


t„+T 


-o'* t 0+ T 

lim J q(x(t; x Q , x Q ; e ) )dt - f q(y(t;x 0 ))dt. 
•"*° * t 


Proof : x(t;e )-► y(t) except at the values of t 
for which y(t) € F 0 , by Theorem 5.k applied to the 
case I = x . By Theorem 3-3 x(t;« ) is uniformly 
bounded. Hence the result. 

M. Cartwright has suggested a method by which we 
can also get convergence of the velocity x to the 
degenerate velocity y. We must add to the hypotheses 
on e, f, g the condition that they have first deriva¬ 
tives which are bounded on closed intervals. 


Theorem 3.6 . Let x Q be a regular initial con¬ 
dition and [t 1 , t g ] a closed interval in which f(y(t;x Q )) 
^ * > 0, with t 1 > t Q . Then lim x(t; x Q , x Q ;« ) 

.= y(t; x Q ) uniformly on [t 1# t g ] for |x Q l < (1 + H)« 1 ' 2 . 

Proof : Since y(t; x Q ) is continuous when in F + 
and f is continuous we can choose r so small that t 1 - 

2 r ) t Q and such that f(y(t; x Q )) > 2/3* for t 1 - 2r < 

t^t 2 +2 T . By the convergence theorem we may choose 
« so small that if « < « Q and t 1 - 2r £ t ^ t g + 2 r 
then f(x(t; x Q ; x Q ;t ) ) ^ l/3 • • 

Since by Theorem 3-3 |x(t)| < D, in any interval 
of time of length £ T the inequality |x(t)| < “uat 

be satisfied for some t. 

Applying this remark to the intervals [^-2* , 
t 1 - r ] and [t 2 + t , t 2 + 2 t ] we conclude that 

either |x(t)| < 2D/r throughout [t 1 - r, tg + r] 
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or |x(t')| a maximum and x(t') = 0 must occur for some 
t' interior to that interval. If x(t') = 0 the 
differential equation yields f(x(t')) x(t') + «g(x(t') 
= e (t'), and hence |x(t')| < 3/j (e + G). Thus in 
either case we find that on the interval t 2 +*] 

x(t) is bounded by a constant independent of* ; for 
simplicity we write this result |x(t)| < M. 

By a similar argument, |x(t)| < ir for some t 
in the closed intervals [t 1 - T , t.,], [t 2 , t 2 +r ]. 

Then on [t 1 , t 2 ] we have either |x(t)| < always, 

or'x(t) = 0 for some t. Differentiation yields 
• x + f (x)x + f 1 (x)x 2 + « g 1 (x)x = e(t), 
so that, when x =0, / 

x = | e(t) - f'(x)x 2 - * g 1 (x)x( j f(x) 
which is unifor-mly bounded by a constant independent of 
c 

Therefore for t 1 < we have 

f (x (t)) x(t) -- e(t) = -«x(t) - «g(x(t)) = 0(« ). 

But e(t) = f (y(t)) y(t) and f(x(t)) > 1 /3 5 Therefore 
x(t) tends to y(t) uniformly as *— 0, and the proof is 
complete. 

§6. The Global Stability Theorem . 

If, in addition to the basic hypotheses,e(t) is 
periodic of period p then by theorem 3-5 the differen¬ 
tial equation 

(1) * 3c + f(x) A + < g(x) = e(t) 
has at least one periodic solution x(t) of period p . 

If also e(t) has menu value zero then integrating (1) 
over a period shows that- the mean value of g(x(t)) is 
zero. Since E(t) is also periodic ther'e are periodic 
degenerate solution, by theorem 2.5* If also g(x) Ls 
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a strictly increasing function of x then by Theorem 2.6 
there is at most one periodic degenerate solution, y(t) 
such that g.(y(t)) has mean value zero. We might hope 
to use such a degenerate solution to predict the 
location of the periodic solutions of (l). 

Let g(x o ) = f t o +P g(y(t; x Q ,t o ))dt, where 
' l o 

y.(tj x Q , t Q ) is periodic. By studying the relation 
between g(x Q ) and the curve r ; w = P(x) we can make 
some plausible guesses about stability of periodic 
solutions of (1 ). 

To see this we integrate the equation 

w(t) = e(t) -«g(x(t)) 

over a period and use g(x Q ) as an approximation to the 
mean value of g(x(t)). We obtain 

w(t Q +p ) - w(t Q ) = -« g(x Q ) . 

If g(x ) is not zero thenw(t) is not periodic. Indeed, 
the change in w has opposite sign to g(x Q ). 

As argued in §1 the trajectory (x(t), w(t)) tends 
to remain near to r . Therefore we expect that x(t Q +p ) 
is different from x Q , although, to be sure, the 
difference is very small. Since we are on an Increasing 
branch of r the sign of the difference will be the same 
as the sign of w(t *p) - w(t Q ). 

For example if g(x Q ) ) 0 we expect w(t Q + p) < 
w(t Q ) and x(t 0 + p) < x(t Q ) - x Q . Using_x(t 0 + p) as a 
new initial condition x 1 we expect that g(x 1 ) is still 
positive although slightly smaller than g(x Q ). We may 
now repeat the argument, and find that over the next 
period, t +p to t Q + 2p,we should again expect a 
decrease in w and in x. 
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Let us repeat this process n times, writing w n 
and x n for the values of w and x at t + np . As n 
becomes very large one of two things can happen: 
either w n drifts into such a position that g(x n ) is 
almost zero, or there is a sudden jump in the values 
of g(x n ) from large and positive to large and negative. 
In the first case we would expect that a stable 
position had been attained; since the sign of w n+1 
-w n is opposite to that of g(x n ). in the second case 
there are again two possibilities: a drift to equi¬ 
librium (g(x n ) very small) or a jump to a region where 
g(x ) ia again positive. 

Which of these alternatives occur will evidently 
depend on the geometry of f. 
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In Figure 5 we have dr-aw^ r for bhe function 
f(x) = x 2 - 1, F(x) •» j - x. The extrema of F(x) 
occur at x = - 1, and F(1 ) = -F(-1 ) =* 2 / 3 . Let g(x) 

= x and e(t) = b coat. If b > 2/3 then clearly there 
is a degenerate solution y(t) symmetrical to the 
origin and for that solution g(y(t)) - y(t) has mean 
value zero. Solutions starting above or below that one 
will simply drift down or up into the equilibrium 
position, and we expect that ( 1 ) will have a periodic 
solution which is at least approximately stable. 

On the other hand, if b < 2/3 there is no 
degenerate solution of mean value zero. A solution 
oscillating initially near to T between the levels 
A Q and B Q will have g(x) positive and will consequently 
drift downward. After a great many periods it finds 
itself oscillating between A 1 and B 1 , with g(x) still 
positive. The downward trend continues; the trajectory 
must soon have a point considerably below r , causing 
a large negative horizontal velocity. Within a very 
few periods then the solution jumps to the left, and 
reestablishes oscillation between the levels Ag and Bg. 
But now g(x) is negative, and hence w rises. After 
many periods we are in the position A^By there is a 
sudden jump across the gap, and g(x) is again positive! 
The trajectory drifts downwards once again to A 1 B 1 , 
jumps to AgBg, rises to A^, jumps once more, and so on. 
The subharmonic solutions found by Cartwright and 
Littlewood exhibit this type of behavior. 

In Figure 6 we have a case intermediate to these 
extremes; of course here we do not suppose that f and 
g have symmetry properties. The equilibrium position 
is marked A ? A solution starting in A Q B 0 drifts 

slowly downward to A^B 1 , jumps to AgBg, drifts upward to 
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FIG. 6. 

A^Bj, jumps to A^B^, and finally drifts downward into 
the region of equilibrium. If however, the form of V 
is slightly changed, say to the dotted curve r , then 
a solution starting at A Q B 0 can never reach equilibrium, 
but must cycle around forever. The solution in A^B^ 
can however drift down to the equilibrium position 
A^B^. 

It should be remarked that the appearance of 
small "bumps" onT does not alter these considerations 
— for example the dotted r . 

We are, however, not able to follow this process 
of drift — and — jump directly with rigor. We must 
therefore resort to an indirect approach, which is 
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successful only in the simplest case, when the equi¬ 
librium position is accessible from above and from 
below without intermediate jumps in the sign of g(x). 

We retain the hypotheses of §§ 3 , 4 on the differential 
equation ( 1 ) and add 

( 2 ) E(t) is periodic with period p; 

(3) g(x) is strictly monotone increasing; 

(4) There exist numbers x, t such that 

(a) (x,t) are regular initial conditions; 

(h) F(x) = F(x) implies x » x; 

(c) /*_J +P f;(y(t;x,t) )dt - 0. 

J t 

A sufficient condition for these hypotheses to be 
satisfied is that f(x) is an even function, g(x) an 
odd function, e(t) is even and of mean value zero, and 
max E(t) is larger than the greatest maximum oflF(x)| 

We may then take x to be the solution x of the equation 
F(x) = max E(t) and t the time at which E attains its 
maximum. These conditions are fulfilled in the 
Cartwright-Littlewood equation if and only if 
b > 2/3. 

Hypothesis (4b) guarantees that y(t; x,t) is 
periodic with period p. For by (i) of § 2 , F(y(t)) = 
F(y(t + p)) = F(x) and therefore y(t) = y(t + p). 

Hypotheses ( 3 ) and (4c), together with Theorem 
2 . 6 , imply that for a given t, at most one such x 
exists. 

There evidently exists a number A such that if 
|x Q - x| < A then F(x) = F(x Q ) implies x = x Q , and 
(x Q , ET) is regular. 
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Theorem 6.1. (Glob al Stability Theorem ) Let 
* be given t < A . There exists « such that . for 
an£ fixed « « Q , and for any. solution x(t) with any 

given Initial conditions whatsoever , there exists an 
integer m such that n ^_m Implies 

|x(t + np) - x| < S 

|x(t + np)| (l + H)« -1 / 2 

Proof: Define x 1 = x - i /h i , x 2 = x + 1/4S; 

w 1 = F(x - 3/4* ). w 2 - F(x + 3/4 & ); V 1 = F(x - l/2 5 ), 

V 2 = F(x + 1/2 6 ). 

Then w 1 £ w £ w ? implies F(x) = w has but one 
solution. If x, £ x then V 1 < F(x); if x ? ^ x then 
V 2 > F(x). 

Let gi = |_ t+ P g(y(t; x^ t))dt, 1 = 1 , 2 . Then 

S 1 < 0 < gg by Theorem 2.6, and ( 3 ),(4c) above. Let 

g denote the smaller of - 1 /2 gl and 1/2 g 2 . 

Let x 1 (t) be the solutions of the differential 
equation such that x 1 (t) = x ± , x 1 (t) = 0. Let be 
chosen so small that. If «<■ « , then 

r t+p 

( 5 ) /_ g(x 1 (t) )dt < -g 

t 

/• t+p 

J_ g(Xg(t) )dt > g; 

t 

F(x 1 ) - V 1 > 2 «pG 
Vg - F(Xg) > 2 «pG 
V, ~ w 1 > «pG 

Wg - Vg c pG 


(6) 
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( 7 ) w 2 > F(x) - (1 + H)« 1 / 2 implies x < x + 5 

w 1 < F(x) + (1 + H)« 1//2 implies x > x -* . 

( 5 ) is possible by Theorem 5.5 applied to q(x) = g(x). 

A consequence of ( 6 ) is that V £ - V 1 > 4« pG. 

Let «<£ « be fixed, x(t) a solution of the 
differential equation. By Theorem 3.4 we may assume 
|x(t)| ^ B Q , | •x(t)| < C Q , all t > t Q ; thus t 1 > t Q 
exists such that |x( 1 1 ) I < 1 . 

It is sufficient to prove that an integer m 
exists such that for all n > m the inequality 

( 8 ) w 1 £ w(t + np) £ w 2 

holds. For then applying Lemma 4.5 we conclude that 

|x(t + np)| < (1 + H) whence 

F(x(t + np)) - (1 + H)* 1 / 2 < w(t + np) < w 2 

F(x(t + np)) + (1 + H)* 1 / 2 > w(t + np) > w 1 

and so by ( 7 ), x -< < x(t + np) < x + 5 . 

To prove (8) we observe first that for any n, if 

w(t + np) < V. then by Lemma 4.6, x(t + np) < x. . Let 

# # 

x'(t) = x 1 (t - np); x (t) is a solution with t 0 = U + np, 
x*(t Q ) = x ] , x # (t Q ) = 0, by the periodicity of e(t) 
and the uniqueness of solutions. 

Then w*(t Q ) = « x*(t 0 ) + F(x*(t Q )) = F(x 1 ) > V 1 
+ 2 «pG > w(t + np) + 2 «pG. Since x (t + np) « x, > 

x(t + np) we conclude by using Lemma 4.8 that t + np 

< t < t +(n + 1 )p implies x(t) < x*(t). Hence g(x(t)) 
<g(x*(t)). Therefore 

/■t+p f Up # 

J g(x(t + np)dt <j g(x (t + np))dt < -g. 

f t 
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r t+ p 

But w(t + (n + l)p) - w(t + np) = -«/ g(x(t+np))dt, 

t 

so that w(t + (n +1 )pl - W(t + np) >« , and w(t +(n+l )p) 

- w(t + np) < *pG < V 2 - V 1 . Therefore w(t + (n + i )p) 

< V 2 + w(t + np> - V, < V 2 . Thus we have proved 

( 9 ) w (t + np) < V 1 implies eg + w(!T + np) < w(t +(n+l )p) 

< v 2- 

In analogous fashion we can prove 

(10) w(t + np) > V 2 implies - «g + w(t + np) 

> w(t + (n + 1 )p) > V 1 . 

Finally, since |w(t + (n + i )p) - w(t + np)| <epG 
and epg <’min (w 2 " v 2 ' V 1 ~ W 1 ^ we have 

( 11 ) V 1 < w(t + np) < V 2 implies w 1 < w(t + (n + 1 )p)< w 

Since w, < V 1 < V 2 < w 2 an easy induction completes 

the proof of ( 8 ). 

Applying Theorem 6.1 to the periodic solutions 
whose existence was demonstrated in Theorem 3.6 we have 

Theorem 6 . 2 . If « is. small enough the periodic 

solutions all satisfy |x(t) ■ x I ( i ■ 

If e, f, and g are differentiable and f(x) > 0 
we may apply Theorem 5*6 to conclude that the periodic 

solutions also satisfy 

|x(t) - y(t) I <v 

for « ( v ) and that an arbitrary solution x(t) 

satisfies _ 

|x(f + np) - y(t) I 


for all large n. 
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§ 7 . The Maximum Invariant Finite Domain . 

We define a transformation T of the x - x plane 
Into itself by T'.t q , x q ) .= (x,, x 1 ) where 

x, - X(t 0 . Pi X 0 , i c i t 0 i . ) 

i, +P! V x 0 i t oi . ), 

x(t) being a solution of the differential equation with 
parameter * and initial conditions as indicated. 

Since the equation has a periodic solution there 
are points in the plane left invariant by T. It is 
the purpose of this section to show that under the 
conditions of Theorem 6.1, if * is small enough, then 
T possesses a maximum invariant finite domain D of zero 
area, and that under iterations of T all points tend to D. 

Following Levinson [ 7 ] we consider the affect of 
T on an element of area dx Q dx 0 . We have T(dx Q dx 0 ) - 
dx 1 dx 1 = J(x Q , x 0 )dx Q dx 0 , the Jacobian J being given 
by 


J(x Q ,x 0 ) 


3x 1 

9x 

ax 1 

3x7 

0 

0 

3x 1 




We easily find by the usual method: 

J(x 0 ,x 0 ) = exp( - « 1 / ° f(x(t; x 0 ,x 0 ,t Q ; « ))dt) 

t o 

Theorem 7.1 . Let the conditions of Theorem 6 _J. 
he satisfied . There exists an « 0 such that if « <« 0 > 
then T has a maximum finite invariant domai n, of zero 
area, toward which all points tend under iteratio ns of T. 
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Proof : Take t Q = t, t < t < t + p. Let Ij be 

the Interval |x Q - x| <8 , where 8 is small enough 
so that the y(t;x) are regular and so that their 
discontinuities can be uniformly isolated, as in 
Theorem 2 . 7 ; write mg for the total length of the 
intervals [u^, v^.J (cf. remarks following Theorem 2 . 7 ) 
Let Tj be a set of points t lying in closed 
intervals (of the form t 2p < t < t 2r+1 of Theorem 5 . 4 ) 
insulated away from the discontinuities of y(t; x), 
such that the measure of the excluded points is < 2 mg 
and such that Tj^Tjg if < 8 2 . 

Let«» 5 (x 0 ) = L f(y(tj x Q ,t))dt and put 

- min* A (x Q ) for x Q € I A . Then v> 5 (x Q > ^v^(x Q ) 

> 0. Let f= -min f(x) for all x. 

“ (p « 

Choose 5 small enough so that mg < ; 

choose « 1 so small that Theorem 6.1 holds for « < * 1 , 
and the chosen value of 8 . Choose * < *1 so that 

if « < « 0 then throughout Tj x(t; x Q , ± Q , t; * ) will 
lie close to y(t; x , t) — in particular, so that if 
|x Q .| < (1 + H) « _1 / then 

/ T f(x(t; x Q , x Q ; t; « ))dt > 1/2 /^f (y(t;x Q ,t)dt 
> 1/2 • 

Then f_} +v f(x(t))dt > 1 / 2 *2fm 8 > l/4* A > 0, 
t 

uniformly in |x Q -x| id, |x Q | < (i+H)*' 1 / 2 . Denoting 
this region in the (x Q ,* 0 ) plane by R we have, for any 
solution in R at t = t, J i exp (-l/4k _1 ), and DC R 

by Theorem 6.1. Hence 

area of D i J i (exp (-1 /4k"V A )) - (area of D), 
and hence the area of D is zero. 
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Since all solutions ultimately appear in R and 
since all limit points of T^x, x) are in D the proof 
is complete. 
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VI. THE EXISTENCE OP FORCED PERIODIC SOLUTIONS OP 

SECOND ORDER DIFFERENTIAL EQUATIONS NEAR CERTAIN 
EQUILIBRIUM POINTS OF THE UNFORCED EQUATION 

By C. E. Langenhop and A. B. Fame 11* 

1. Introduction 

In this paper we discuss first the equation 

( 1 ) x + ax + x + jx 2 = jk cos « t, a>o, k>o, 
in some detail to make our method clear. Similar 
results can then be easily established for a more 
general equation 

(2) x + f(x)x + g(x) = ke(t), 

with suitably restricted e, f and g. We shall through¬ 
out consider x as a real variable and t as time. 

Eouatlon (1) (with a slightly different standardiza¬ 
tion of form) has been the subject of some investigation 
by D. R. Hartree, M. L. Cartwright and others, and 
according to Miss Cartwright was originally proposed in 
connection with a loud-speaker in which subharmonics 
were observed. In an article on the differential 
analyzer Hartree 1 uses the equation (1) as an illus¬ 
tration of setting up the analyzer for calculating 
solutions of differential equations, but no results 
are given there except for a figure or two showing the 
type of curves obtained. 

*■ Iowa State College and the University of Colorado, 
respectively. This paper was prepared under a Navy 
contract at Princeton University. 

1. D. R. Hartree, Math. Gazette, vol. 22 ( 1938 ), pp.3^2- 
364. 
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In the numerical work: it was necessary to con¬ 
sider negative values of x beyond the range in which 

the differential equation corresponds to the physical 
problem in order to obtain subharmonic solutions• 

\side from this practical objection, there are certain 

interesting results derivable from this equation, and 

in view of the fact that the method we apply to it can 

be used to some extent in more general cases, it seems 

to be of sufficient interest. 

The general equation (2) with f(x) a constant 

includes Duffing*s equation and arises in connection 

with pendulum problems, electrical circuits containing 

iron core inductances and the hunting of synchronous 

2 

electrical machinery . 


2. Preliminaries 


The existence of a periodic solution of (i) 

(or(2)) is proved in the following classical way: with 
equation (1) (or (2)) and the period p of the right-hand 
side there is associated a topological mapping T of 
the (x,y) plane (y = x) into itself obtained by replacing 
t by t + p in any solution of the equation. Under the 
transformation T there is a closed two-cell (convex 
region), referred to in the sequel as A , which is 
mapped into itself, and by Brouwer's fixed point 
theorem T has a fixed point in A and hence (i ) (or (2)) 
has a periodic solution of period p. 

For a more detailed exposition of this part of 
the argument the reader is referred in particular to 
a paper by Levinson'* or a popular presentation by 
Cartwright 1 *'. 


2 . Friedrichs and Stoker, Quart. Applied Math ., vol.l 
(l 9 ^ 3 ),PP-S 7 -H 5 . 

3. Levinson, Annals of Math .. vol. 45 (1944),pp.723- 


737 - 

4 . 


Cartwright, Research , vol. 


(1 948),pp.601-606. 
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The theorem concerning (2) which we prove is 
local in character, the A regions being in general 
smaller than in previous application of Brouwer's 
theorem, and it applies to many new cases not pre¬ 
viously covered by other authors. The particular case 
(1) discussed here in detail is evidence of this fact. 



The closed convex region which we obtain is 
bounded by a simple closed curve \ formed by two 
analytical arcs between points A and B as in Fig. 1 
(the curve may or may not have a continuous tangent 
at points A and B). If the vector [x, y] at all 
points of the boundary is directed at all times toward 
the interior of such a region, then it is clear the 
region would be mapped into itself under T. For the 
regions that we obtain the vector field may be tangent 
to the boundary and in this connection we prove the 



c. E. IANGENHOP AND A. B. FARNELL 


29 k 

following Lemma and Theorem. 

Lemma : If 

x = f(x, y, t) 

(3) y = g(x, y, t), 

where f and g are analytic and satisfy the conditions 
f(0,0,t o ) = <r >0 

g(0,0,t o ) = 0, 

.and 

(k) g(X,0,t)<0, 0<X<Xy t>t Q , 

then there exists a , such that y(t)<0 for 

t Q <t<t 1 , where [x(t), y (t) ] ls_ the solution of (3 ) 
which passes through (0,0) at t = t Q . 

The condition that f and g be analytic is 
sufficient to insure the uniqueness of solutions of 
( 3 ). The function f(x,y,t) being analytic is certainly 
continuous and since f(0,0,t Q ) = <r >0 there is a cir¬ 
cular region in the (x,y) plane with \0,0) as center 
and radius p, 0 <p < x , such that for points in this 
region (Fig. 2 ) 

( 5 ) X = f(x,y,t) > 0, t Q < t < t'; t Q < t' . 

y 


X 


E 
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Let [x(x Q ,y 0 ,t), l'U 0 ,y 0 ,t)] be the solution of 
(3) which passes through (x 0 ,y Q ) at t = t Q . Pick now 
t", L Q <t 1 , such that the trajectory [x( 0 , 0 ,t), 
y( 0 , 0 ,t)] remains in the circular region during the 
interval t Q <±<t ". Since x(x Q ,y 0 ,t), y(x Q ,y 0 ,t) are 
continuous functions of x Q and y Q there is a neighbor¬ 
hood of the origin such that if (x o ,y Q ) is in this 
neighborhood, then [x(x Q ,j 0 ,t), 3 i(x ,5 ,t)] likewise 
remains in the circular region for t 0 <t<t". In parti¬ 
cular this Is true for points («,0) when 6 >0 is 
sufficiently small. 

Now if there is no t^t such that y(0,0,t)<0 
for t ^t^t 1 , there is a t 2 ,t 0 <t 2 <t" such that y(0,0,t 2 ) 
= «/0. But y( J ,0,t 2 )<0 (8>0) since by (4) and ( 5 ) the 
vector field of (3) along DF and DE in Fig. 2 points 
toward the interior of the half-segment DEF and for 6 
sufficiently small the trajectory [x(5,0,t), y($,0,t)] 
must remain inside the circle for t,<t<t". Thus 

ly(0,0,t 2 ) - y(*,o,t 2 )| >« > 0. 

We have then a contradiction since for $ 
sufficiently small we must be able to make |y(0,0,t 2 ) 

~ y($,0,t 2 )| as small as we please. There is then a 
t^tg such that y(0,0,t) £0 for t ^t^t 1 . and the 
Lemma is proved. 

Theorem I: Let A , consisting of two analytical 
arcs . AC^B and AC 2 B as shown in Fig . 1, be the boundary 
Qf a convex region . Suppose that the velocity vector 
(x,y) ■ [P(x,y,t), Q(x,y,t)], where P and Q are 
analytic and of period p in t, satisfies the following 
conditions at points of A : 
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(a) at A It Is zero at discrete times and otherwise 
tangent to the arc AC^B as shown ; 

(b) at B It Is tangent at all times to the arc ACgB 
as shown ; 

(c) at C 1 It. is tangent to the arc AC^B at discrete 
times and otherwise points Inward; 

(d) at all other points It Is directed Inward at all 
times . 

Then the closed region bounded bj A is mapped Into 
Itself under T. 

Let * be the open region bounded by A . We 
show first that any solution of 

x = P(x,y,t) 

( 6 ) 

y = Q(x,y,t) _ 

starting-at any point on A at t = t Q remains in V for 
a short time Interval after t = t Q , say t Q <t<t 1 . 

Clearly we need only examine the behavior of the 
solutions passing through the points A, B, and C 1 
where the field of ( 6 ) is tangent to A , and then only 
at the instants the tangency occurs. 

Let L be any of the points A, B, or C 1 and suppose 
that the vector (P,Q) at t=t Q is tangent to A at L 
but not zero. 

Then since the arc to which the vector is tangent 
is analytical, a neighborhood of the arc can be mapped 
conformally on the (x^,y 1 ) plane so that L goes into 
the origin, the arc into the x 1 -axis and the interior 
of * in the neighborhood In question goes below the 
x^axis. The system ( 6 ) is then transformed into 

x. = f(x.,y ,t) 

(7) 1 1 

y, = g^,y 1 ,t) 

where the system ( 7 ) satisfies the conditions of the 
Lemma. Tfe conclusion of the Lemma then clearly 
implies that the solution of ( 6 ) which passes through 
L at t - t Q remains in * for an interval t Q <t<t 1 . 
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We have still to consider the point A at times 
when the field (6) is zero there. Suppose this to be 
the case when t = t Q . It is not zero then for t 0 <t£t' 
for some t' > t since by hypothesis the vector is 
zero only at discrete times. Now pick any t''< t' 
so that trajectories starting at t ■ t very near A 
cannot pass through C 1 or B during the interval 
t 0 <t<t''. Now if the trajectory passing through A 
at t ■ t is outside of k at t => t' 1 , then because of 
continuity, trajectories starting at points of A very 
near A at t = t must also be outside 5* by t = t 1 1 . 

This cannot happen, since by condition (d) and the 
choice of t 1 ', in order for any nearby trajectory to 
get outside k by t = t 11 it must pass through A. 

By the time this trajectory reaches A the vector (P,Q) 
will be tangent to A and different from zero and will 
remain different from zero for the rest of the interval 
t < t < t''. Thus by the previous case this nearby 
trajectory must remain in * for this interval. This 
contradiction then completes the proof that a trajectory 
passing through any point of A at t = t is in k for a 
short time interval t < t < t 1 . 

It is clear then that under the transformation T 
the region P is mapped into itself, for if P Q € P , 
then TP q = P 1 € $ since trajectories starting in P or 
on A at t = t cannot escape from P . That P is 

homeomorphic to a two-cell is clear since it is convex. 
Thus Brouwer's theorem applies and T has a fixed point 
in ¥ corresponding to a periodic solution of (6). 

In the sequel we make considerable use of systems 
of the type 

(8) x = y, y = -ay - x + 7 

with a y 0. The one singular point at x = y , y ■ 0 is 
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a stable node or fo^us depending on whether a > 2 or 
a <2 (i.e. the damping in the differential equation 

x + ax + x = V is greater than critical or less than 
critical). The nature of the solutions in these two 
cases is shown in Figures 3 and 4 . 



PIG. 4 
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In the case a<2 a path satisfying (8) crosses the 
x-axis an infinite number of times. The distance from 
S to successive crossings decreases geometrically so 
that in Figure 4 
(9) SB = X AS. 

In fact X = exp t -jr(4-a ? ) T a ] , so that 0 <X< i for 

a)>0. 

In the case a)>2 a path which crosses the x-axis 
proceeds directly to S. The .point analogous to B above 
is then coincident with S so in this case also we have 

(9) holding with X = 0. The case X = i (i.e. a = 0) 
will be treated separately. 

We note here two other properties of the paths in 
Figures 3 and 4 which we use in the sequel: (1 ) On 
those parts of the paths which lie entirely above the 
x-axis or on those parts which lie entirely below the 
x-axis there are no points of inflection (d 2 y/dx 2 = 0 
is possible only at (7 ,0)). (2) For all points of 

an arc lying below the x-axis or above as AB in Fig. !(• 
we have 

(10) x A < x B . 

This is true since x = y so that in each of the half¬ 
planes, y>0 and y<0,x Is a monotonic function of t 
along a path. Again the node of Fig. 3 is no 
exception in this respect only here Xg = Xg = 7 . 

The regions A which we obtain later are formed 
by piecing together such arcs as those in Figures 3 and 
i.e. the analytical arcs AC^B and AC 2 B in Figure 1 
are solutions of linear systems such as (8). The 
properties (1) and(2) discussed above are sufficient to 
make the region bounded by these arcs convex as required 
in Theorem I. 
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3. The existence of a region A for (1 ). 

We replace the equation (i) by the system 
(11 ) x - y, y * -ay -x - --x 2 + ~ k: cos w t. 

To obtain a picture of the vector field in the (x,y) 
phase plane we introduce the two parabolas 

p, (x,y) 5 -ay -x - jx 2 + =0 

P 2 (x,y) s -ay -x - |x 2 - =0. 

It will soon become evident that, for our method to 
apply, we must assume k: < 1 . (This Insures that 
p 2 (x,y) = 0 crosses the x-axis.) This together with a>0, 
k.yo will be assumed throughout unless otherwise 
specified. 

Consideration of (11) leads to the schematic 
picture of the vector field shown In Fig. 5 where the 
double vectors at representative points Indicate the 
extreme possibilities for the field. Note that at 
any point the x-component of the vector is Independent 
of t so that Intermediate positions of the field 
vectors (y+ 0) are in the angle less than 1 80° formed 
by the double vectors of Pig. 5 . 


y 
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Figure 5 gives an indication of some sort of 
circulation about the segment IG and in fact the region 
A which we obtain contains this segment. To find the 
region A we replace (ii ) by a system having & vector 
field which diverges more from the origin (at least 
in the vicinity of the origin) than ( 11 ) does at any 
time. This is accomplished by increasing y for y^o 
and decreasing y for y< 0 . Thus consider the system 

(12) x = y Y = -a ^ | ^ ’ y>°> 

y = -ay -x -|h 2 - gte, y< 0 . 

Note that we have the following relations between the 
y's of system ( 11 ) and system ( 12 ): 

( 13 ) y n = -ay -x - |-x 2 + cos «t^-ay -x + |k, y>o, 
with equality only at x = 0 and t = 2 nx/ w , 

OM y n > -ay -x - |h 2 - g4c, |x|<h, y<0, 

with equality only at x = ± h and t = ( 2 n+i )jr/a,, so that 
the solutions of (n) intersect the paths of (12) as 
indicated by the arrows in Figure 6 . 
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Prom (13) we see that above the x-axls the 
arrows all point toward the concave side of the arcs 
they cross, while below, because of (i^) they do this 
only in the strip |x|<h, possibly at times pointing 
toward the convex side at points where |x|>h. Figure 
6 depicts the case a<2, but the case a>2 is similar. 

The paths of Pig. 6 can be obtained from Fig. h 
by shifting the two half-planes y>0 and y<0 so that S 
is placed at (|tc,o) for y>o and at (-|h 2 - |k,o) 
for y<0. If we can show there are solutions of (12) 
situated such as M^M, and N 1 N g N^ the region A will 
be established, being indeed bounded by these arcs 
and the segments M ] N 1 and provided that at all 

times the vectors of (11) point up along M 1 N 1 and 
down along M^Ny. 

We can in fact show that there are solutions of 
(12), one above and one below, which join as in Pig. 1 
and these in general bound a smaller region than 
M 1 MgM,N^N 2 N 1 M 1 . In any case the solution for y<0 
which we use must lie in the strip |x|^h so that at all 
points of thi3 arc the vector field of (11) points 
toward the concave side (or is tangent as it must be 
at points of the x-axis). This then requires (for 
Pig. 1 ) 

(15) -h<x A <x B <+h. 

If this carl be satisfied, then by ( 13 ), 0*0 arid the 
property of the paths discussed in connection with (10), 
the vector’s will point as desired. 

We have from ( 9 ) 

x n - (J - X (fi -x A ) 

(16) B 

« -X A =* X (x fi “ « ) 

the solution of which is (recall that X< 1 so that a 
solution exists) 
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« - 0 A 

(17) X A = 1 -X 

r = t 

X B 1 -X 

Using (15) and putting 0- |k, a = - |h 2 - we get the 
following two inequalities to determine h: 

z,(h) » h 2 - 2 ( 1 -X)h + (1+ X )k <0 

z 2 (h) = \h 2 -2(i-X)h + (i+X)k <0. 

Now z^O) = z 2 (o) and z^h) -z 2 (h) = (i-X)h 2 >0 
since X<i. Thus the two roots of z^h) = o lie 
between the two roots of z 2 (h) = o if they are real, 
and consequently the two inequalities are satisfied 
for values of h lying between the two roots of 
z 1 (h) = 0. Thao is to say, (15) will be satisfied 

if o 1 

(1 8 ) 1-*- ((1- X ) 2 - (l+\)k] 2 ' < h<1-x 

_ 1 
+ [(i-X) 2 -(i+X)k] ? 

which ia a real interval if 

(19) k < 

" (1 + X) - 

With k satisfying ( 19 ) and with a choice of h 
satisfying ( 18 ) the solutions of ( 12 ) passing through 
A and B with coordinates given by ( 17 ) are two analytical 
arcs with the desired properties. They form a simple 
closed curve (indicated by the dotted curve of Fig. 5) 

.on which, by ( 13 ) and (U), the velocity vector (x,y) 
of ( 11 ) satisfies all the conditions of Theorem I. 

Hence there is a periodic solution of ( 1 ) of period 
2*/« in the region bounded by these arcs. 

In the case a = 0 , we have X= 1 . Eouations (14) 
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are then inconsistent unless a «= P = 0. This however 

implies h = 0 and the construction of a A region by 
this method fails in this case. 

4. Region of divergence. 

An examination of Fig. 5 also reveals that some 
solutions of (1) diverge from the origin of the phase 
plane rather than remain in a neighborhood of the 
origin as do those in A . It is possible to find 
quite a large region which serves to bound solutions 
of (l) away from the origin and this larger region 
gives rise to further interesting results for (i). 

We first find a line with negative slope passing 
through K with respect to which the vectors of 
system (11) will be as indicated in Fig. 7* 
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We have 

y 1 , < -ay -x - i-x 2 + 

so that 

y n /x ^ -a - |-(x-x K ) (x-x G )/y, 7^0. 

Along the line y = m(x-x K ) we muat have then 

y n /x ^ *-a _ ( x- Xq V 2m ^ m, x^ x R 


To obtain an m for the interval x^.< x < Xq, or the 
interval x < we set x = x^. as the extreme require¬ 
ment. This leads, in both cases to 

m 1 = - |a + [a 2 + 4(1 + k )2 ] S’ | 

as the best choice of m, i.e. the smallest possible 
value of m for x < x and the largest possible value 

— I\ 

of m for x R < x < x G - The line y = m ] (x-x K ) for 
x< XgWill then form part of the boundary of the 
region of divergence. 

To the right of x = x G ,( -~x 2 -x + |k)/y >0 (y< 0 ), 
so that in this region 

y n / x l -a. 


From R 1 in Fig. 7 then we continue with a line of slope 
-a to R 2 on the parabola p 1 (x,y) = 0 , 

Since -ay-x-^x 2 +|k<( 0 to the right of the parabola 
p 1 (x,y)= 0 , in this region 

y n /x > 0. 

Hence we may proceed from R 2 to R^ on the parabola 
p (x,y) = - with a horizontal line. Above 
Pi(x,y) = - Ifc we have ^ 1 £ - and here we take as 
part of the boundary joining R^ to R^ on the x-axis 
the solution of the system 

• • 1 1 

x = y, y=- 2 k 

which passes through R^. 
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Various possibilities beyond the point are 
indicated by the dotted curves in Pig. 7 - For our 
purposes it is sufficient to take simply x = x^ for 
y > 0 . 4 


This then establishes the larger region such 
that solutions of (n ) once having crossed its 
boundary necessarily remain in the region. Clearly 
the Lemma can be used at points of the boundary at 
which the vector field of (li) is tangent or zero in 
the same manner as it was used in the proof of 
Theorem I. This region we denote by and its boundary 
by r . 


5 . Existence and location of other periodic 
solutions. 

In Section 3 we have shown that there exists a 
periodic solution of (i) in A . Remarkably enough 
(as pointed out to us by Miss Cartwright) it is possi¬ 
ble to prove the existence of another periodic solution. 

Indeed let 4 * be the convex region UKR 1 R 2 R^R )+ VU 
in Pig. 7 where UV is any horizontal line above the 
parabola p.|(x,y) = o. We prove 

Theorem II. There is a periodic solution of (1 ) 
of period 2 *■/« in the annular region 4> - A . 

(a) The index of M, the boundary of * , relative to the 
vector field P^P 1 . P 1 = TP Q , is zero , (see Fig. 8 ). 
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FIG. 8 

In fact the vector P P,j where P Q is any point 
on the curve M never takes a direction in the first 
quadrant and hence as P Q describes /*, P Q P 1 must return 
to its original position without having made a full 
turn. For if P Q is any point on UV, P 1 will lie below 
P Q since at all points of the line UV y < o (UV lies 
above p^(x,y) = o). Furthermore If P Q is any point 
on that part of V below UV, P 1 cannot lie in the 
bounded region * so P 1 must lie below or to the left 
of P Q . This proves our assertion. 

(b) The transformation T has fixed points in 3»- A . 

Since ^ is mapped into itself under T its 
boundary has index + 1 relative to the vector field 
P^^ . Property (b) follows then from (a) since ^ 
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lies wholly in $ . 

(c) To a fixed point W of T in $ - A there corresponds 
a periodic solution n of (1 ), which lies wholly in<t> - A . 

That W corresponds to a periodic solution is 
obvious. Clearly V cannot penetrate A for if it did 
it could not again leave A, and as shown in Section 4 
if it leaves $ , which can occur only along r , then 
it must remain outside of $ . Since V is periodic 
it must therefore lie entirely in$ - A . 

Property (c) completes the proof of the theorem. 

Remarks . I. If T has a finite number of fixed 
points in $ , then one of the periodic solutions is 
unstable. For since the index of $ is zero and that 
of A is + 1 , one of the fixed points in -A must have 
negative index. 

II. All periodic solutions of ( 1 ) must lie in 
$ . As pointed out earlier no periodic solution can 
lie partly in * and partly out. Also no periodic 
solution can encircle * since the vector field of (11 ) 
always points downward on the x-axis outside $ , and 
for the same reason there can be no periodic solution 
outside ^ which lies partly above the x-axis and 
partly below. Finally there can be no periodic solution 
outside^ which lies entirely above the x-axis or 
entirely below, since in the former region y < o and 
in the latter region x = y < o. 

6 . The general theorem. 

The foregoing treatment of Equation (l) is an 
interesting special case of the following 

Theorem III: The differential equation 

( 2 ) x + f(x)x + g(x) = ke(t). 



VI. FORCED PERIODIC SOLUTIONS 


509 


where f(x) and g(x) are analytic . and e(t) is analytic, 
periodic . and |e(t)| < 1 , possesses . fork sufficiently 
small, a periodic solution In the neighborhood of 
points x «■ x Q , x = 0 for which g(x Q ) = 0 , g'(x 0 ) > 0, 
f(x Q ) =f= 0. The period of this solution Is the same as 
that of e(t). 

We establish the theorem for the case f(x o )>0. 

The case f(x Q ) < 0 follows on replacing t by -t in ( 2 ). 

First we make the change of variable x = x Q + £ , 

and replace ( 2 ) by the system 

( 20 ) i = y, y = - f(x 0 + I )y - g(x 0 +t ) + ke(t). 

Since f(x Q +£) Is continuous, there is an interval, say 
I £ I < C, in which f(x Q +f ) > a > 0. If f(x Q ) 2 > ^g'(x Q ) 
we may take a such that a 2 > ^g'(x 0 ). In the linear 
systems introduced below, this leads to systems which 
have nodal singular points. If f(x Q ) 2 < J +g'(x 0 ), it 
may be necessary to choose a smaller in which case the 
systems will have focal singular points. Consider then 
the system 

(21 ) S = y, y = - ay -g'{x Q )Z + R(£ ) + ke(t), 

where R(fi ) = g'(x 0 )£ -g(x Q +£ ), a > o. It is easily 

seen that when |£| £ C, y 2o ^ y 21 for y ^ 0 [y ffl denotes 
as before y of system (m)]. Moreover, since g(x) is 
analytic, we have for |£| < C, 

|R(£ )l < b£ 2 . 

As in our previous work, we replace R(£) + e(t) 
by certain extreme values and we are lead to linear 
systems of the type 

i - 7, y = - ay - g'(x 0 )£ +7 

which have a singular point at£ = ^/g , (x Q ), y = 0. In 
particular we consider the following extreme system 
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-g' (x )$ + max R(| ) 
0 I* l<h 


+ k, y > o. 


R’(x 0 )S + jnin h R(n - k, y < o. 


obtained from (21): 

7 = -ay 

(22) $ = y, 

y = -ay 

where h < C. 

The discussion again follows the general lines 
developed for the special case. We take a solution of 
(22) for y } 0 which starts at point A on the £-axis 
and proceeds to point B on the £ -axis (see Fig. 1). 
Then we take the solution of (22) for y < 0 which goes 
from B to A. These two arcs make up the closed curve 
A . As before 


X A ~ 7 




X B “ 


- An 
1 -X 


where now _i_ 

X = exp I -ra( 4 g'(x Q )-a 2 ) 2 |,o < a 2 < 4 g'(x Q ), 
" 0, a 2 > 4 g'(x Q ), 

and 

P = ( max R(S ) + k)/g'(x ), 

IS Kh 0 

« - ( min R(6 ) - k)/g'(x 0 ). 

I £ l<h 


Imposing the requirement that Xg < h leads to the 
inequality 

(23 ) max R($ ) - X min R(S ) <_h( 1 -X)g' (x Q ) - k( 1 +X ). 

IS Kh IS Kh 


Since max R(S) < bh 2 , - min R(£ ) _< bh 2 , this inequality 
IS Kh IS l<h 

certainly holds if 

bh 2 (l + X ) < h(i-X)g»(x 0 ) - k(i+X ). 
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For k < (1-X) 2 g'(x Q ) 2 /4b(i+A) 2 , this inequality is 
satisfied for an interval to the right of 

T_ 

(l-\)g'(x ) - [(l-*) 2 g'(x ) 2 - 4kb(l+A) 2 ] 2 

h - - 2 - 2 - > 

2b( l + \) 


This gives the smallest value of h for which the above 
described construction is possible. (Requiring that 
x^> -h leads to the same inequality.) 

With a, h, and k properly chosen there are then 
two solutions of ( 22 ) which form the curve A satisfying 
the conditions of Theorem I - more specifically the 
points where the velocity vector (3c,of (20) is 
tangent to A are isolated and of the types described 
in that theorem. The region bounded by A is therefore 
mapped into Itself under the transformation T and there 
is then a fixed point in this region corresponding to 
a periodic solution of (2). 

At points where f(x Q ) < 0 there is a fixed point 
under T 1 by this reasoning, but such a point would 
likewise be fixed under T, since T Is one-one. If this 
is the only fixed point in the region then clearly the 
periodic solution to which it corresponds Is unstable. 

Reasoning similar, to that used in Sections 4 and 
5 on the region of divergence for the equation (l ) can 
be used to advantage in particular cases of the general 
equation (2). 

The theorem of this section might seem to restrict 
k always to be very small, but of course the size of k 
Is determined by the form of the functions f(x) and 
g(x). For instance the linear equation 

x + ax + x = k cos « t, a >0, 

possesses a periodic solution (period 2t/« ) no 
matter how large k might be. Our theorem confirms 
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rather than denies this. It should be noted that 
(see ( 23 ) ) the restriction on k in this case becomes 

0 < h(i-A ) - k(i + X ), 

since here R(£) b 0 . This can be satisfied no matter 
how large k be taken since h may be taken as large as 
we please ( f( 0 +£ ) = a > 0 for all £ ). 



VII. ON TMi CONSTRUCTION OP PERIODIC 
SOLUTIONS OP SINGULAR PERTURBATION PROBLEMS 

By Wolfgang Wasow 1 


Introduction 


The classical perturbation theory is concerned 
with differential equations which, when solved for the 
highest derivative, depend continuously on a small 
parameter* . 2 More recently, perturbation problems for 
differential equations in which the highest derivative 
is multiplied by a positive power of the parameter have 
been studied by several authors. Following the termin¬ 
ology introduced in [ 1 ] such perturbation problems will 


be called slnrular . 

I. M. Volk has developed in [ 5 ], [ 6 ], 173 a con¬ 
venient formal scheme by means of which the existence 
and construction of singular perturbations satisfying 


prescribed conditions can be studied in many cases. 

The method is particularly well adapted to the con¬ 
struction of periodic singular perturbations. This is 
the problem discussed by Volk. But Volk's proof of 


the validity of his method contains a serious error, 
which will be pointed out in the appendix. In view of 
this prror, Volk's results can be considered proved 


only In the case that the variational equations have 

1 . Department of Mathematics, Swarthmore College. 

2 . The results presented in this paper were 
obtained in the course of research conducted under the 
sponsorship of the Office of Naval Research, contract 
no. N 6 ori-i 05 , Task order identification number 
NR045-9U2. 
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constant coefficients. 

The aim of the present paper is to investigate, 
with the help of Volk's scheme, problems whose varia¬ 
tional equations do not necessarily have constant co¬ 
efficients. This will be done by combining ideas of 
Volk with methods similar to those used in [4], That 
paper is essentially based on the general asymptotic 
theory of linear differential equations involving a 
large parameter (see, e.g., Turrittin, [3]). This 
theory has not yet been developed in sufficient generalit 
for systems of differential equations. For this reason 
the present paper deals with a single equation of the 
n-th order rather than with a system of first order 
equations as in the papers by Volk and in [1]. This is, 
of course, more a difference in form than in substance. 

Our problem also differs in several respects from 
the one discussed in [1]. It is more general in that 
the drop in the order of the differential equation when* 
is replaced by zero may here be greater than one, and 
also, because our present method yields a practical 
scheme for the construction of the perturbation. As in 
[4] the result will be seen to depend essentially on 
the size of the drop in the order of the differential 
equation. On the other hand, we have to assume here 
that the differential equation depends analytically on 
the unknown function and its derivatives, whereas in [1] 
only the existence of two continuous derivatives was 
required. 

Part 1. Non-autonomous oscillations 
§1. Statement of the problem . The differential 
equation in whose periodic solutions we are interested 
is of the form 
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( 1 . 1 ) 


& _ F ,v 

■ P(X ' 


dX 

dt’ 


d m X. 


dt 


m’ 


t; 


In this differential equation t ia a real variable, 

€ is a small real parameter, k a positive integer, and 
n>m. The right member ia regular analytic in all its 
arguments and real for real arguments. More precisely: 
The function P(z Q ,z 1 ,...z m ;t; «) is regular in all 
arguments in an open domain D of the (z 0 >z 1 ,...,z m ;t;«)- 
space containing the whole t-axis, an interval |e| 
where e Q )> 0 , and intervals of the z v (v= 0 , 1 ,...,m) to 
be specified later. We assume that the function F is 
periodic in t with a period T which is independent of « 
and of the z v . 

In this part we study the non-autonomous case, i.e. 
F must actually depend on t. The more difficult 
autonomous case in which F is assumed tp be independent 
of t is the subject of part II. 

If « is replaced by zero in the " full differential 
equation " (1.1), the " reduced differential equation " 


( 1 . 2 ) 


0 = F(x, 


dx 

dt’ 


• • • > 



t, 0) 


is obtained, whose order is at most m. 

Wherever possible we shall use capital letters to 
designate functions depending on t, and lower case 
letters for quantities independent of €. Accordingly, 
we have denoted the solutions of (1.2) by x and those 
of ( 1 . 1 ) by X. 

Without loss of generality we exclude the possi¬ 
bility that the right hand side of (1.2) is identically 
zero; for in that case cancellation of a power of t on 
both sides of (1.1) would reduce the problem to a 
similar one with a smaller value of k and a right 
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member which does not vanish identically for c = 0, 
or to a problem in which the n-th derivative of X does 
no longer disappear when e is replaced by zero. 

Our perturbation method is based on the assumption 
that we know a periodic solution x = u(t) with period 
T of the reduced equation ( 1 . 2 ). This function u(t) 
will be referred to as the " base solution ”. It is 
assumed to possess continuous derivatives of all orders. 
We mention this because perturbation problems with 
discontinuous base solutions have also been studied 
recently (cf. e.g., N. Levinson, [2]). We have to 
require, of course, that all points 

z„ = u (,,) (t), € = 0, (*-0,1 ,...,rn) 

of the (z 0 ,z 1 ,...,z In ;t;«)-space lie in D. 

Our aim is to find periodic solutions U(t,«) of 
(1.1) such that 


lim U(t,«) = u(t) 
e -»0 

We shall show that such solutions exist, if the varia¬ 
tional equation belonging to u(t) satisfies certain 
conditions. 

Let the periodic function p^(t), (i=0,i,..,m) be 
defined by 

p,(t) = —rrf(u,u',..., u(m) ;t;o) , (i=oi,...,m) 

1 + du v ; 

Assumption A: The function p m (t) is different from 
zero for all t. 

This assumption is similar to inequality (*0 of 
[1], but it is less restrictive, since the latter 
Inequality corresponds to the special case m = n - i. 
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Assumption A implies,in particular, that the order of 
the reduced equation is not less than m. 

We shall have to distinguish between the " full 
variational equation " 


( 1 . 3 ) 


tc d^ 


dt 


n 


m j 1» j 

IZ Pl <t) 44 

i=o 1 dt 1 


and the " reduced variational equation ” 

m .1 T 

O .k) 0 = ZZ P,(t) s-f 

l=o 1 dt 1 


By virtue of Assumption A equation ( 1 . 4 ), when solved 

for ——, has analytic periodic coefficients. 
dt m 

Definition : In the non-autonomous case the base 
solution u(t) is called degenerate t if one of the 
characteristic exponents of the corresponding reduced 
variational equation is zero. 

Assumption B : The base solution is not degenerate. 

It is clear that this condition is equivalent to 
the requirement that the reduced variational equation 
have no non-tilvial solution of period T. 

The differential equation (1.1) is, of course, not 
the most general differential equation for which 
singular perturbation problems can be formulated. In 
particular, it could be generalized by permitting the 
presence of terms involving orders of differentiation 
tween m and n. It seems doubtful, whether the results 
of the present paper remain valid when these additional 
terms are nonlinear. If they are linear, the differen¬ 
tial equation can be written in the form 



(l.la) 
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where the k „ are positive integers, and the functions 
a„£,0 are regular analytic at e=o without vanishing 
there identically in t. The methods of the present 
paper can be extended to differential equations of the 
form (1.1a). In the interest of a more readable 
presentation we shall limit our investigations to the 
equation (1.1) except for the remark that our con¬ 
clusions remain literally unchanged, if the exponents k^ 
in (i.la) satisfy the inequalities 


k / n - m 
k u ^ n-m- v 


( v = 1,2, . . ., n-m-i ) 


If these inequalities are hot satisfied, the analog of 
lemma 3.1 below will be subject to modifications which 
affect the result of the argument. 


§2. The Formal Procedure If we define Y(t) by 
(2.1 ) X(t) - u(t) + Y(t) 


equation (1.1) becomes 

(2.2) « k Y (n) = F(u+Y,u'+Y'-,u (m) + Y (m) ;t; «)-e k u (n) 

We expand the right side in powers of Y,Y*,...,Y^ , e 

combined, and obtain 

(2.3 ) € k Y* n ^ = *> p, (t )Y^ + a(t) 
i=o 1 

+ H(Y,Y',...,Y (m) ;t;6) 


where 


(Jh F(u,u', 

/a F(u,u' 

1 , 3 . 


u (m);t; e )) -u (n) (t), if k=i 

' € =0 

e=D , If k>l 


a(t) = 


, • • • , 
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and H ia a convergent power aeries in Y,Y',...,Y^ m t« 
combined, which contains no terms of lower than second 
degree. The coefficients of this power series are 
known functions of t with period T. 

In order to find a periodic solution of (2.3) we 
write, tentatively, 

( 2 . 4 ) Y=;fc> I Y 

r=i 

and insert this series in (2.3), differentiating 
termwise without regard to convergence. Then we 
rearrange the resulting power series formally with 
respect to e. But in contrast to the usual procedure 
we preserve the factor in the left member, so that 
we obtain, upon formal identification of the coefficients 
of like powers of « on both sides of the equality, 
the Infinite sequence of differential equations 

(2.5) * k Yj, n) = ZZ P 1 (t)Yj, i) + H r , (r«= 1,2,...) 

( V ) 

here H r ia a polynomial in the quantities Y a , 

(v =0,1,... ,m) with no value of a greater than r-1 
occurring, in consequence of the fact that the power 
series H contains no terms of lower than the second 
degree. In particular, H 1 =a(t). 

This property of H p permits us to determine all 
Y r by solving the linear differential equations (2.5) 
for successive values of r. At each stage H r is a 
known function of t and c . 

This formal scheme is analogous to the one used 
by Volk in [5]• 

It should be emphasized that (2.4) is not a 
power series, since the solutions of (2.5) depend on 

Each equation (2.5)* being a linear non-homogeneous 
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differential equation with coefficients of period T 
possesses a periodic solution for all those values of « 
for which zero is not a characteristic exponent of the 
full variational equation. This periodic solution is 
unique for given value of c . Since, by assumption 
B, the reduced variational equation does not have zero 
as characteristic exponent, it seems plausible to 
expect that - under appropriate conditions - each 
equation (2.5) has a periodic solution tending, as 
€ -—» 0, to a periodic solution of the corresponding 
reduced equation obtained by setting e= 0 in (2.5). 

In the next section it will be shown that this 
is actually the case. In §4 the series (2.4) will then 
be shown to converge and to represent a solution of (1.1) 
with period T. 

§5. Lemmas On Linear Differential Equations 

We shall need some facts concerning the asymptotic 
character of the solutions of the full variational 
equation. These facts are an immediate application of 
the classical asymptotic theory of differential equations 
involving a parameter (see [ 5 ] and [4]). In order to 
state them in convenient form we introduce the following 
abbreviations. 

Definition 5.1 

a) Whenever the special nature of a function is 
irrelevant, the letter E will be used as a generic 
symbol for functions of t and e which are bounded, 
together with their n-l first derivatives with respect 
to t, for a £ t £ 3, and for € in some closed interval 
I that includes t =0 as interior or endpoint. Whenever 
necessary, a , 3 and I will be specified in subsequent 
applications of this symbol. Occasionally, the letter 
E will designate a function of e alone, independent of t. 
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b) The symbol [f(t)] will be used to denote a 
f met Ion of the form 

(3.1 ) [f(t)] = f(t) + e s E, 5 > 0 

Whenever necessary, the value of 5 will be specified. 
Lemma 3.1 . The full variational equation possesses a 
fundamental system V„ = V„(t,«), (i<=i , 2 ,... ,n), with the 
asymptotic representation 

( 3 . 2 a) / e <T 'V t )[?/] 

v o 

(5-2b) (r v ,- n+ m ] 

In these expressions 

1 ) v 1 ,.. . ,v is an arbitrary fundamental system of the 
reduced variational equation, 

2 ) <r = j e -k/(n-m)| 


v= 1,2,...,n-m 
v = n-m+1 ,. . . ,n 


3) The number 8 of (3.1 ) is equal to k/(n-m) in ( 3 . 2 a) 
and equal to k in ( 3 . 2 b). 

The interval I of definition 3.1 may here be any 
interval containing e = 0 as endpoint,but it should be 
noted that a fundamental system represented asymptoti¬ 
cally by ( 3 . 2 ) for positive e is not necessarily so 
represented for negative e. The interval t 3 is 
arbitrary. ^ 

5) $(t) = f v>(r)dr, where v» (t) are the n-m determina- 
tions of 

n-m / Z ~ ~~ 

V sgn(e )p m (t) 

6) n =7i (t) is a function whose precise form is 
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irrelevant for our purpose, except for the fact that it 
is indefinitely differentiable and different from zero 
for all t. 

A proof of a theorem containing this lemma as a 
special case may, e.g., be found in [ 3 ]. 

In order to avoid the complications that would be 
introduced by the occurrence of pure imaginary exponents 
in ( 3 -2a) we introduce a third - and last - restrictive 
condition. 


Assumption C . At least for one of the two possible 
signs of< all n-m determinations of 

have non-vanishing real parts. 

In the sequel the letter I will be reserved for 



closed intervals of the e-axis containing the point 
e =0 and such that no value of n ~ m / , k, 777 has 


non-vanishing part for e in I. 


sgn(e k )p m (t) haa 


Lemma 


In the differential equation 


(3.3) € k Z (n) = XZ p,(t)Z (1) + G(t,e) 
i=o 1 

let assumption C be satisfied, and let G(t,«) be con¬ 
tinuous for t £3 and for « in an interval I con¬ 
taining e =0 as an endpoint, then there exists a 
particular solution Z=W of (3*3) for which in «<. t £3 


(3 • **) 
(3-5) 



( c max |G(t,«)|, (j= 0 , 1 ,...,m) 

( 0 .(j _1II )c max | G( t, e) I, (j=m+l,... ,n-l ) 


where c is independent of G(t,e) and of « , and 
max |G(t,e)I is the maximum of |G(t,«)| in «{ t £ 3 , 
for e in I. 

Proof: Let the functions be arranged in such a way 
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that,for e in I , 

( 3 . 6 ) Re^ ) 1 Re($ 2 ) 1 ... 1 Re(<j> n _ m ) 

and let p be the largest Integer such that Re($ p ) > o. 
By assumption C all <t> with v > p have negative real 
parts. If we denote by the solutions of the linear 
algebraic system 

( 3 - 7 ) IZ V<'j " 1 *V = 8 n , , (j= 1 , 2 ,...,n) 

V =1 J 

then it follows from well-known theorems that 

( 3 . 8 ) W = / t "fz VAtW* (r)e~ k G(r ,«)dr 
y 0 i =1 1 1 

+ f 1 III VAt)V,(r )(‘ k G(r,e)dr 
y « i=p+l 


is a solution of ( 3 . 3 ). A straightforward calculation 
shows that 


(3-9) V 


} e 

^-(n-m) 


E 


E 


v ■= 1 , 2 ,... ,n-m 


p = n-m+i ,... ,n 


If the expressions (5*9) well as the asymptotic 
formulas ( 3 . 2 ) are inserted in ( 3 * 8 ), we find 
( 3 . 10 ) 


W =<r- (m ' 1 > 




i=l 


<r(<Mt)-*(r)) 

e 1 E(t,i)E(r,i)B(r,e)dr 


+ <r 


r(m-i) 


ia i=p+l 


<r{$* (t )-<£( t ) ) 

e 1 E(t,«)E(r, a )0(r,f) dr 


+ 


t n 


/ U AA 

z= • 

_ i=n-m+1 


E(t,OE(r , 


c )G(r ,t )d r 
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In order to estimate these integrals and their deriva¬ 
tives, let E(t ,T,t) be a function uniformly bounded for t 
and t in the closed interval bounded by a and 3, and 
for «in I. We then note that for any integral of the 
form 


ft <r($, (t )-'(>, ( t) ) 

/ e 1 1 E(t, t , f ) G (r,<)dr 

J $ 


with i { p we have the estimate 

ft <r(<l>. (t )-$ ■ ( r )) 

/ e ' E(t,r,e)G(r, < )d 

9 

_ rt <rRe( 4 >, (t )-<f>, (t ) ) 

c 1 max IG(t, «) | J e ' » Rew^rJdr 


= <r 1 c 1 max | G( t 


,01 

» 


(j-ReC^Ct 




<.<r 1 2 c max |G(t, e ) | 


where c 1 is the maximum of 


|E(t,V) 


for t and r in 


Re ^ (r) 

(«,0) and f in I. Analogous estimates hold for such 
integrals extended from a to t, when p<i<£n-m. Using these 
estimates the inequalities (3- 1 +) and (3*5) are an 
immediate consequence of formula (3.10) and the equalities 
obtained by differentiating it repeatedly. 


Lemma 3.3 . If the assumptions A, B and C are satisfied 
and if the function G(t,€) of lemma 3.2 has the period 
T in t, then there exists a number ^>0, independent of 
G(t,«) such that for |« |£ € and in I the differen¬ 
tial equation (3*3) has a unique periodic solution 
Z(t,€) of period T. This solution satisfies the relation 

(3.11 ) lim Z^ ^(t,€) = z^ ^(t), 

6^*0 


(j=o,i,.. .,m), < in I 
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where z(t) is the unique solution of period T of the 
reduced differential equation 


( 5 - 12 ) 


m /. \ 

0 — z 1 p. (t )z + G( t, 0 ] 
i=o 1 


The convergence is uniform for all t. If a fundamental 
system of the full variational equation is known, Z(t,«) 
can be found by quadratures and rational operations. 
Proof: In the argument that follows let I be chosen so 
that* =0 is an endpoint of I. If intervals I containing 
t =0 as interior point are possible (we recall the remark 
following assumption C), then the reasoning can be 
applied to each of the two subintervals of I bounded by 
£=o separately. Let 


(5-15) 


W = Z-z 


The function W satisfies the differential equation 


(5.14) 
where 

(5.15) 


k w (nj = 


m 


i=o 


Pi w (1) + Q(t,«) 


Q(t,e) = G(t, «) - G(t, 0 ) - e k z (n) (t) 


Q(t,«) has the period T. Observe that 
( 5 . 16 ) lim Q(t,e) = 0 , for ein I 


uniformly for all t. Let W p be a particular solution of 
(5.14), then the general solution W will be given by 

n 


W = 


v=l 


c„ v, + w p 


(5-17) 
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where C y are arbitrary constants depending on *. This 
solution W will have the period T, if and only if the 
C v are determined in such a way that the equations 

(3.18) XZ C„ (V„ ) (a+T)-V„ ( ' l) ( a )) = W^ ) («) -W^ } («+T 

(/i = 0,1 ,. . ., n-1 ) 

hold for some particular - and hence for all - « . 

Let us take as W (t,e) a solution of (3. 1*0 to 
which lemma 3-2 can be applied. In applying this lemma 
we take 0 = a +T. Let a be the determinant of the left 
members in the linear algebraic system (3.18) and A v 
the determinant obtained by replacing thev-th column by 
the right members. In these determinants we insert now 
the asymptotic expressions (3.2) and apply the inequali¬ 
ties (3.^) and ( 3 . 5 ) to W . 

If the determinant A is expanded with respect to 
the minors of the first n-m columns. It is seen that the 
term originating from the last n-m rows has formally 
higher order of magnitude than all the others. A short 
calculation shows that this term is of the form 
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32 ? 


( 3 . 19 ) 

v-1 v v-m 


m 

*1 

(a*T) . 

m 

•• * p 




(■♦T) . 

m+i 

(.♦T) ,£]<«) 

r>> 

n-t 

*1 

(-♦T) . 

n-i 
'• "P 

<«♦*> .";](•) 

n_1 tr. \ 

••• ' S n-m (a) 

v , 

(a*T) - 

V, («) 

... V B («+T) 

-V m (a) 

v i 

(aVT) - 

v; («) 

... (<*-fT) 

- K <«> 

(m-i ) 

(m-i ) 

(m-i ) 

(ffl -1 ) 

V 

1 

(a+T) - 

V, (a) 

e- 

4 

jl 

e 

> 

-v B 0 


[X] 


where x is a constant different from zero. This 
expression is therefore at the same time an asymptotic 
expression for A, provided the two determinants occurring 
in it are not zero. This they are not; the first one, 

because it is a Vandermonde determinant all of whose 
columns are different, the second because of assumption 
B. This shows that, for c in I and M , the 
differential equation ( 3 . 14 ) has a unique solution with 
period T, provided € 1 is a sufficiently small positive 
number depending only on the variational equation. 

The argument for the calculation of the A v follows 
the same pattern, except that here the formally leading 
term of these determinants may possibly vanish. For 
the right members of (3.18) we use the estimates ( 3 * 4 ) 
and (3.5)*. Using Cramer's rule we find, finally 
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-m - <r <I> (or +T ) 

<r e ” E max |Q(t,«)| , » = i, 2 ,...,p 

C = { /r _ra E max |Q(t,< ) | , v=p+i ,, .. ,n-m 


E max |Q(t,«)l , v =n-m+l ,.. . ,n 


If these results, as well as (3.2) are inserted in (3.17) 
the periodic solution W is seen to be of the form 


( 3.21 ) 


W =, 


-m 


cr(<I>„(t)— 4 > («+T)) 

> e E + <r m y^ e E 

v =1 V =p+1 


+ max |Q(t, e) I E + W p 

Wp satisfies the inequalities ( 3 . 4 ) and (3.5) with G(t,«) 
replaced by Q(t,«). It follows that W and its first m 
derivatives tend to zero, as «-»o in I, uniformly in 
every closed subinterval of «< t <a + T. For the m-th 
derivative the points a and a+T might possibly be 
exceptional. But since a is arbitrary and W has the 
period T, this implies that tends to zero uniformly 

for all t, for j= 0 ,l,...,m. This completes the proof of 
lemma 3.3. 

The periodic solution z of (3 .12 ) satisfies an 
inequality of the form 

|z^| <1 c 2 max |G(t, 0 )| , (i= 0 , 1 ,... ,m) 

where c 2 is a constant independent of G(t, 0 ). The 
expressions E occurring in (3 • 21 ) are independent of 
G(t,«). This shows readily that the following corollary 
is true. 
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Corollary : Under the assumptions and with the notations 
of lemma 3*3 there exists a constant c, independent of 
t,« , 1 -and G(t,e ) such that 

| Z^(t,«)K c max |G(t,«)I , („=o, i,... ,m) 
for all t, and for all < in I for which |«| £ «. 

§4, The Convergence Proof 

Lemma 3*3 applied successively to the differential 
equations (2.5) for r=l,2 ,... shows that, if there is an 
interval I of « in which condition C is satisfied, then 
there exists for every f in I with |« | <£ e a periodic 
solution Y r tending to a finite limit together with its 
first m derivatives, as «-.o. All these solutions 
satisfy the inequalities 

(4.1 ) | | < c. max |s p | , (i»=0,1 ,... ,m) 

for *■ in I and |« | 1 (cf. the preceding corollary). 

To complete our arguments we have to investigate 
the convergence of the series (2.4) when the Y r are 
these periodic functions. 

We begin by constructing a power series dominating 
the power series H(Y,Y',...,Y^ m ^j t;«) occurring in ( 2 . 3 ). 
Let r) v , (v =0,1 ,... ,m), « 2 be numbers such that the 
series H converges for 

(*.2 ) Iy (,,) | <„ v , M 

and let A. (t) . .be the coefficient of the term in 

k 0 ,••. 

that series which contains Y^ 1 ^ to the power k. If h 
is some constant such that 


IH t < h 



330 WOLFGANG WASOW 

in the domain defined by (4.2) and for all t, then it is 
well known that 


(4.3) 


A k (t) 


•>k„,,k 

in 


<: 


in 

n rj 

v=0 


If we replace each coefficient of the series for H by 
the corresponding right member of (4.3 ), we obtain a new 
power series, which dominates H; it is independent of t 
and converges in the domain defined by (4.2). Also, it 
contains no term of lower than second degree. Let 
S(Y,Y*,... ,Y^ ra ^; « ) be the function defined by this 
series. 

Now we introduce a formal series 


(4.4) £_a e r 

r=i 

with the a p as yet undetermined, and replace every Y^ v \ 
{v =0,1,. .. ,m) in the series for H by this series. After 
reordering with respect to powers of e , there results a 
formal power series in € in which the coefficient 0 p of 
« r is a polynomial in the a . These formal operations 
are analogous to those by means of which the functions 
H p in ( 2 . 5 ) were obtained from H in ( 2 . 3 ). Prom the 
properties of H it follows, in particular, that 0 p 
contains no a. v with a subscript greater than r-i . 

It is also seen that if the a p are chosen so as to 
satisfy for any s > 1 the inequalities 


(4.5) 


yO > £ a r , for 


(j=o,i ,m 
(r=l,2,...,3-1 
/all t, tin I, |«| 


then the Inequality 
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follows. 

In order to find values of a p satisfying (4.5) 
for all s and suitable for our purpose we chose a 1 
arbitrarily, but so that (4.5) Is satisfied for s=2 and 
determine a r , r > 1, successively from the equations 

(4*7) 9-p = c Gp (&-| ,, • • • ), (1^*2,3, * • • ) 

where c is the constant occurring in (4.1 ). Let us 
assume for the purpose of mathematical induction that 
the inequalities (4.5) are true for a given s. Then 
(4.6) is true and, using (4.1 ),.we have 

| Y S K) I £ C H H s| ^ CB S - a s 

Hence, (4.5J is true for all r. 

In order to establish the uniform convergence of 
the series (2.4) and its formal derivatives up to order m 
it suffices, in view of (4.5), to prove the convergence 
of series (4.4) with the a p defined by (4.7). 

To do this we note that, in consequence of the 
definition ofO , this series (4.4) could be constructed 
- once & is chosen - by inserting (4.4) for i in the 
equation 

(^•8) c « ) + e a 1 - £ = 0 


and setting the coefficients of all powers of c equal to 
zero. On the other hand, (4.8) is satisfied by t = £ = o, 
and the partial derivative of the left member of (4.8) 
with respect to £ does not vanish at e = £ = 0; In 
fact, it is equal to -1 there. From the implicit 
function theorem for analytic functions it follows then 
that (4.8) defines £ as a regular analytic function of t 


in the neighborhood of €=0. The series (4.4), con¬ 
structed above, must therefore represent this function. 


and, thus, it converges for 


<:« 


with € > 0. 


3 
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The foregoing convergence proof is a variation of 
the reasoning in Volk: [ 5 ]. 

Next, we must prove that the series ( 2 . 4 ) satisfies 
the differential equation (2.3). To that end we multi¬ 
ply the r-th equation (2.5) by c p and sum over r. In 
view of the uniform convergence with respect to t of the 
termwise derivatives of ( 2 . 4 ) up to order m, proved 
above, the right hand side of the resulting equation is 
for fixed « a uniformly convergent series, and the same 
must therefore be true of the left hand side, i.e. of 
e k > ^ =1 t P Y^. n ^. Because of the way the functions Y r 

were defined, the series on the right hand side 
represents the function on the right hand side of (2.3). 

So it remains only to be shown that >_ c r Y^^-Y^ 

This follows from the uniform convergence of 

ZZ £L 1 € r Y£ m, ‘ by means of a fairly obvious modifica¬ 
tion of the standard proof justifying termwise differen¬ 
tiation of a convergent series, if the resulting series 
converges uniformly. 

Before we proceed to summarize our results in the 
form of a theorem we reformulate assumption C in a more 
immediately verifiable manner. It is readily seen that 

1) Condition C is satisfied for positive as well as 
for negative t , if n-m Is odd, and also if n-m is even 
and at the same time k is even and (-1 )^ n m ^ 2 p m (t) is 
negative. In that case our results concerning the 
convergence of Y(t,€ ) are true for approach to * =0 
from either side. We then call the differential 
equation (1.1) parametrically regular . 

2 ) If n-m is even and k is odd, condition C is 
satisfied for positive « only, if (-1 )^ n m ^ 2 P m (t) is 
positive. In this case the differential equation ( 1 . 1 ) 
will be called parametrically halfregular from the 
right . Similarly, If n-m is even, k Is odd and 

( ) ^ n ” m ^ 2 p m (t) is negative, condition C is satisfied 
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for negative « only. We then call the differential 
equation (l.l) parametrically halfregular from the left . 

3) If n-m is even, k is even and (-1)^ n-ra ^ 2 p m (t) 
is positive, condition C is never satisfied. This is 
the parametrically Irregular case. 

Theorem 1 . 

(a) If conditions A and B are satisfied and the 
differential equation (l.l) is not parametrically 
irregular , there exists a closed interval I containing 
the point * =0, such that for every « in I this differen ¬ 
tial equation possesses a periodic solution U(t,«) of 
period T, for which 

lim U^(t, t) = u^’ ^(t), (j=0,1 ,.. . ,m) 

£-.0 

uniformly in t. 

If the differential equation is parametrically 
regular , e =0 is. an interior point of I; if it is half 
regular from the right or left , £ =0 is the left or 
right endpoint of I, respectively . 

(b) If a fundamental system of the full variational 
equation is known , a convergent series representation 
for U(t,«) can be found by quadratures . This series is. 
of the form 

U(t,«) = u(t) + YZ Y (t,« ) £ r 
r=1 

where the functions Y r ,(t,e ) are continuous for t in I 
and have the period T In t. 

Remark 1 : Applying lemma 3-3 to the differential 
equation ^2.5) for r=i we see that to within terms of 
order higher than one in« , U(t,«) equals the function 
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33b 


u(t) + ey 1 (t) 

where y^t) is the periodic solution of 

m M » 

o = £Z p,y 1; + a(t) 
i=o 1 1 

Remark 2 : Nothing has been proved here concerning the 
parametric irregular case. Simple examples (see Volk 
[5J, p. 573) show that the statements of our theorem 
do not always extend to that case. 

Remark 3 : Our theorem does not imply that the deriva¬ 
tives of U(t,«) of order higher than m converge to the 
corresponding derivatives of u(t), ast-+0 in I. 

Part II. Autonomous Oscillations 


§5. The Problem. The Non-Degeneracy Condition 
In this part the results of Part I will be extended 
to the differential equation 


(5.1 ) 


k d n X 


dt 


n ” f * X ' i ■ 


d®X. 

dt m ’ 


which differs from (i.i) only in that t does not occur 
explicitly in the right member. 

In the present problem every solution X(t,«) of 
(5.1 ) gives rise to infinitely many solutions of the 
form X(t+t.j,e) where t 1 is an arbitrary constant. If 
one of these solutions has the period T, all of them 
do. The same is true for the solutions of the re¬ 
duced equation 


d x 


dt 


m 


0 ) 


(5-2) 


°- p(x ’ at----’ 
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It follows that If there is one periodic solution 
U(t,«) of (5*1 ) tending uniformly to a given periodic 
solution u(t) of (5*2) there are infinitely many others 
with this property, e.g., all functions U(t+et.,,«). It 
Is therefore possible and desirable to impose an addi¬ 
tional condition on the periodic solution to be fo und - 
We find it convenient to require that 

(5.3) U(0,O = u(o) 

In the present problem the base period T Is 
defined by the period of the given base solution u(t) 
and not by the differential equation itself. It is 
therefore plausible that the special case u(t)=constant 
will give rise to a perturbation problem of a somewhat 
exceptional character, since the period T is undefined. 
If the derivative 3F(z 1 ,...,z n ; «)/dz 1 does not vanish 
for z^u, z 2 =z^=.. .=z n o, t =0, the implicit function 
theorem guarantees then the existence of a constant real 
solution of (5.1 ) tending to u(t) as « -» o. Except for 
this one remark we leave this case aside and ‘stipulate 
that u(t) is not a constant. 

Finally, since u(t+t 1 ) is, for all t 1 , a periodic 
solution of (5.2), and since u(t) is not a constant, no 
loss of generality is involved, if we assume that 

(5• *0 u'(0) 4 0 

In addition to the conditions mentioned the base 
solution will have to satisfy assumptions A and B of 
Part I. However, condition B differs from the analo¬ 
gous condition in Part I, because the concept of 
degeneracy must here be defined differently. 

In fact, the reduced variational equation 
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possesses in v=u*(t) a non-trivial periodic solution. 
This implies that one of its characteristic exponents 
is zero. 

Definition : In the autonomous case the base solution 
u(t) is called degenerate, if the corresponding reduced 
variational solution has zero as a multiple root. 

Lemma 5 . 1 . Let Vj(t), (j=l, 2 ,...,m), be a fundamental 
system of solutions of the reduced variational equation 
corresponding to the base solution u(t). Then u(t) is 
degenerate, if and only if the rank of the matrix 


(5.5) 


/u f (0) v 1 (T)-v 1 (0) v 2 (T)-v 2 (0) 

/ u " (0) v*(T)-v'(O) v^(T)-v^(0) 


(m) (m-l ) (m-l ) (m-1 ) (m-l ) 

u (0) v^TJ-v^O) v 2 (T)-v 2 (0) 


•.m-V 1 ' \ 

v^D-v^o) 


(m-l) (m-l ) 



is leas than m. 

Proof : It is clear that the rank of the matrix ( 5 . 5 ) 

does not depend on the choice of the fundamental system 
Vj(t). Without loss of generality we may therefore 
assume that 

(i -1 ) 

( 5 . 6 ) v-( 0 ) = 5 ji > (i, j= 1 , 2 ,.. .,m) 

where (ij^) = I is the identity matrix. To abbreviate 
the notation we write A for the matrix with the 
element ^(T) at the intersection of the j-th 

column and the i-th row. Since u'(t) is a solution of 
the reduced variational equation, we can write 
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m ( t \ 

u'(t) = u U; ( 0 )v.(t) 

j=o J 

and the periodicity of u'(t) expresses itself by the 
relation 

(5.7) (A-I)d = o 

where d is the column vector with components u'( 0 ), 
u"( 0 ), .. . ,u^ m \ 0 ). If and only if the rank of the 
matrix ( 5 - 5 ) is less than m, there exists a vector e", 
linearly independent of d, such that 

( 5 . 8 ) (A-I)e = \ d 

where X is a scalar constant. The relations (5.7) and 

( 5 . 8 ) taken together are equivalent to the statement 
that the matrix A has one as a multiple root (see, 
e.g., H. Weyl, Math. Analyse des Raumproblems , p. 92 ). 

The characteristic roots of A are the characteristic 
roots of the reduced variational equation. If one is a 
multiple characteristic root of that differential 
equation, then zero is a multiple characteristic exponent 
and vice versa. 

Corollary : The values 0 and T may be replaced in (5*5) 
by ot and <*+T, where a is arbitrary. 

Remark : As in [ 1 ] it could be shown that u(t) is non¬ 
degenerate, if and only if all solutions x(t) differ 
from periodicity by terms of the first order, provided 
the point t =0 is adjusted so that x(o)=u(t). 

§6. The Formal Procedure . The periodic solutions 
of ( 5.1 ), if they exist, will have a period that depends 
on c . In order to operate with a constant period we 
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introduce a new independent variable s by the trans¬ 
formation 

(6.1) t = s(1+Q) 

where Q is a function of * to be determined later. This 
transforatmion changes the differential equation (5-1) 
into 

(6.2) 6 V n) = (l + fl) n F(X,X' (1 + G) _1 ,...,X (m) (l+0) -m ; 

Here the dash indicates differentiation with respect to 
If we define Y(s) by 

(6.3) X(s) = u(s) + Y(s) 

and expand the right member of'(6.2) in powers of 
Y,Y',...,Y^ m ^,Q,«, combined, we obtain, in analogy to 
(2.5) 


IZ p,(s)Y (i) +a(s) e +b(s)a+H(Y,Y',.. .,Y (m) ;s;G; 
i-o 1 

m / .• \ 

(6.5) b(s) = - ZZ jp 4 (s)u u; (s) 

j=l J 

and the power series H contains no terms of less than 
second degree. We try again to find for Y a series of 
the form (2.10 and, similarly, for fi a series of the 
form 


( 60 ) 
e ky(n) = 


where 


•V s - 

o = ZZ * 

r=l 


r 




r 


( 6 . 6 ) 
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Substitution into (6.4) and comparison of coefficients 
leads again to an infinite sequence of differential 
equations, which here will have the form 

(6.7) « k Y r = ZZ P 1 (s)Y^, i) + b(s)i2 r + Hj, 
i=o 

H being a polynomial in ', « a , (* = 0 , 1 ,... ,m, «= 1 , 2 , 
... ,r-i ). 

Since in the autonomous case the reduced varia- 
tional equation has zero as a characteristic exponent, 
the non-homogenuous equations belonging to the reduced 
variational equation will, in general, not have a 
periodic solution. The periodic solutions - if any - 
of ( 6 . 7 .) must therefore in general be expected to 
diverge, as e -+ o. But we shall show in the next 
section, that the periodic solutions of (6.7) do con¬ 
verge., as e _» 0 , provided Q r is chosen in an appropriate 
manner as a function of <. 

§7. More Lemmas On Linear Differential Equa tions 
Consider a differential equation of the form 

( 7.1 ) e k Z (n) = IZ p,(s)Z (i) + b(s)r + 0(s,O 
i=o 

where e , k,p^(a) and b(s) have the same meaning as 
before in this part, and G(s,0 has the same properties 
as in § 5 . The letter T denotes a function of e which 
will be determined later. Together with (7*1 ) we 
consider the reduced equation 

( 7 . 2 ) 0 = > p. (s )z^ ^ + b(s )y+ G(s, 0 ) 

i=o 1 

in which 7 is a parameter independent of € . 
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Lemma 7.i : If assumptions A and B are satisfied in the 


autonomous case, there exists a unique value of y for 
which the differential equation (7.2) possesses periodic 
solutions of period T. .There is exactly one such 
solution z(s), for which 

(7-3) z(0) = 0 

If a fundamental system of the reduced variational 
equation is known, the periodic solution z(s) can be 
found by quadratures and rational operations. 

Proof : Let Vj(s), ( j=l,2,...,m) be a fundamental 

system of the reduced variational equation with t 
replaced by the letter s. But instead of characterizing 
the fundamental system by the initial conditions (5.6) 
we now assume that 

(7 • *0 v 1 (s) = u'(s) 

without committing ourselves as to the choice of the 
remaining m-i solutions vj(s ). 

Denote by z^s) some particular solution of the 
differential equation 

_m_ ( A \ 

(7-5) 0 = >_ p, z\ l> + b(s) 

l=o 1 1 

and by z 2 some particular solution of 

m / j \ 

(7.6) 0 = IZ PiZo ^ + G(s,0) 

Then any solutloil of (7.2) is of the form 
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where the Cj are arbitrary constants. A solution z(s) 
will have the period T, if and only if the equations 

z (i)(T) - z^(o) = o, (i=o, i,... ,m-i ) 


are satisfied, i.e., if 


(7.8) 


m 


C j( v j 1 ^(T) +‘v(z^' l; (T) 


( f ) / rp \ _ AD 


J=2 

= Z^^O) - 


Z}“'(0)) 


z^'(T), 


( 1 = 0 , 1 ) 


For arbitrary y it will, in general, not be possible to 
determine the m-1 constants c 2 ,...,c so as to satisfy 
the m linear conditions (7-8). But if we consider the 
equations (7.8) as a linear algebraic system for the m 
variables ° 2 J •••> c m > y > a solution will be shown to 
exist. To prove this, we note first that the rank of 
the coefficient matrix of the left members in (7-8) 
does not depend on the choice of the particular solu¬ 
tion z^s) of (7-5). Let us therefore take z 1 (s )=su’ (s ). 
This is, in fact, a solution of (7-5), as can be 
readily verified with the help of formula (6.5). The 
matrix of the left members of (7-8) becomes then 


9) 


V 

v 2 (T) - v 2 (0) . 

. %,< T > - v°» 

Tu' (0 )\ 

(m-1) (m-i) 

(m-1 ) (m-1 ) 

(m) 1 

Vg(T) - v 2 (0) - 

.... v m (T> - v m (0) 

Tu (0)/ 


In view of our choice’ of v^a) in (7.b) this matrix 
differs from (5*5) only by the absence of a column of 
zeros, by the factor T in the last column, and by the 
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position of this column. It follows, that the vanishing 
of the determinant of the matrix (7-9) would imply that 
the matrix (5.5) has rank m-i at most, in contradiction 
to lemma 5.1 and assumption B. Hence, the system (7*8) 
has a unique solution. The most general solution with 
period T of the differential equation (7.2) is then 
obtained by choosing c 1 arbitrarily. Because of (5-M 
there is a unique value of 0 ^ such that the resulting 
periodic solution satisfies (7*3 )• 

Lemma 7.2 : Let z(s) be a prescribed solution of (7*2) 
with period T, and assume that conditions A, B and C 
are satisfied, then there exists a number e 1 )> 0 and a 
unique function r of e alone, such that for |«. I £ < 1 
and e in I the differential equation (7-1 ) has a unique 
periodic solution Z(s,«) of period T, satisfying the 
initial oondition 

(7-10) Z(0,e ) = z(0) 

For this solution 

( 7.11 ) lim Z ( J) (s,0 = z (>3) (s), for j=o,i,...,m, 

« -o 

and e In I, 

uniformly for all s. For the corresponding quantity r 
( 7 . 12 ) lim r = y for f in I 

e—O 


If a fundamental system of the full variational equation 
is known, Z and r can be found by quadratures and 
rational operations. 

Corollary : The statement of the corollary to lemma 3.3 
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remains true in the autonomous case, and, in addition, 
the inequality 

Ir? <L c max |G(s,€ )| 

holds. 

Proof: It will be sufficient to emphasize those 

features of this proof which are different from the 
proof of the analogous lemma 3-3. The difference 

( 3 . 13 ) w = Zi-z 

of two solutions of ( 7 . 1 ) and ( 7 - 2 ), respectively, 
satisfies 

(7-13) 

where 

(7.14) A = r - y . 

The general solution of (7-13) has the form 

(7.15) W = ZZ C„ V„ +A V + W 2 

v —1 

where W 1 is a particular solution of 

( 7 . 16 ) « k W 1 (n) = P 1 (3)w{ i) + b(s) 

1=0 

and W 2 one of (3-14). 

We observe that W 1 can be chosen so that 

( 7 . 17 ) W 1 = [z 1 ] 

where z 1 satisfies (7.5). To see this we need only 


e k w(n) =3 *> p. (s )W( 1 ^ + b(s)A + Q(s,e) 
i=o" 1 
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apply lemma 3.2 to the differential equation 

. k aL(w,- z ,)- £p t Jivv -*S (n) 


obtained by subtracting (7*5) from ( 7 . 16 ). 

W will be periodic with period T, if and only if 
C „ and A can be determined so that 


n 

(m) (m) 

(n) 

(m) 

(7.18) m C (V 

(a+T) - Y„(«)) 

+ A(W (a+T) 

- W 1 (a ) ) 

I'-l 




(;*) 

0* ) 



= W 2 (rt) 

- w 2 («+t) , 

in -0,1, 

... ,n-1 ) . 

To these equations we add condition ( 7.1 0) , 

i.e., 


( 7 - 19 ) II C„V r ( 0 ) + AW^o) - -w 2 (o). 

i»=i 


The asymptotic values of the C „ and A can now be found 
by the same method as in the proof of lemma 3.3. The 
only non-trivial difference is that the second of the 
two determinants in (3.19) has to be replaced by 


0 v 2 (a+T) 

- v 2 («) 

... V^a+T) -V^a) 

z 1 (a+T) 

- Z^a) 

0 (a +T) 

- V^(a) 

... V^(a+T) “V^a) 

zj (a +T) 

- Z^(a ) 

(m-1) 

0 Vg(a+T) 

(m-1) 

- V 2 (a ) 

(m-1 ) (m-1 ) 

... V m (a+T) -V (a ) 
m ' m' 

(m-1) 
z 1 (a+T) 

(m-1 ) 
- Z 1 (a ) 

v,(o) 

V 2 (0) 

0 

> 


z, (0) 
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This determinant ia not zero. For, v^O) ^ 0, in 
consequence of (7-4) and (5.4), and the cofactor of 
v^ (0) does not vanish, because of assumption B, the 
corollary to lemma 5-1 and our remarks following 
formula (7•9 ) • 

The resulting formulas for are again ( 5 . 20 ). 

The proof of (7-11 ) is then strictly analogous to that 
of (3.11 ) in Part I. In addition, we find 

A = E max |Q(s,c)| 

which implies ( 7 . 12 ). The corollary follows as in the 
proof of lemma 3 . 3 . This completes the proof of 
lemma 7 * 2 . 

§ 8 . The Main Theorem of Part II 
Lemma 7.2 shows that the Y p and of the formal scheme 
explained in §6 can be successively calculated so as to 
obtain for the Y p bounded periodic functions in I. The 
convergence proof is literally the same as in the non- 
autonomous case. is simply treated like the Y^*^ 

in applying the method of dominating series. There is 
no point in repeating the arguments. It will suffice 
to state the result. 

Theorem 2 : 

(a) If conditions A and B are satisfied , and the 
differential equation ( 5 . 1 ) is not parametrically 
irregular , there exists a closed Interval I containing 
the point c =0, such that for every e in I this differen¬ 
tial equation possesses a periodic solution U(t,O of 
period T € =T( 1 +U), for which 

lim U ( = u ( j } (t) , (j= 0 , 1 ,...,m) 

€—►0 

uniformly in t. 
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51*6 


lim T e = T , 
<—>o 


and 


U(0,«) = u(0) . 

The position of the Interval I with respect to the 
point «=0 follows the same rules as In theorem l_. 

(b) If a fundamental system of the full variation ¬ 
al equatIon Is known . a convergent series representa ¬ 
tion for U(t,«) can be found by quadratures . This 
series Is of the form 

U(t,« ) = u(s) + YJ.s, t ) e r . 
r*=1 


Here 


3 = t (1 + fi) , 


where 

op * 

il — y * ) e 

r=l 

Is a series which can be found by rational operations . 
The Y r ( s, €) have m bounded derlvatIves with respect to 
s, for e in I. They have the period T In s, 

Remark: : By collecting terms of order one with respect 
to € in the foregoing result, we find, with the help 
of lemma 7 . 2 , that, to within terms of order higher 
than one in €, 

(8.1) U(t,«) - u(t) + e(t^u'(t) + y^t)) 

T e = T + o^T 
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for e in I. Here o > 1 ig the number for which the 
differential equation 

m ,. > 

0 = JZZ P-.(t)y u ' + w b(t) + a(t) 
i=o 1 1 

haa a’ solution of period T with y(o) = 0 , and y^t) is 
that solution. In order to obtain a good approximation 
from (8.1 ) in - say - the interval -T £ t £ T, the 
parameter < must be very small by comparison with 2 T. 

§ 9 . Appendix: A Remark Concerning Volk's Article [ 5 ] 
Since Volk deals with systems of first order equations, 
he is led to investigate a variational system of the 
form 

(9.1) = II P„ r (t)Z r , („=l, 2 ,...,n) 

In this section we adopt Volk’s notation, n is the small 
parameter called e previously, the p yp (t$ are functions 
of period T, and the k y are integers, some of which we 
assume to be negative. In analogy to our discussion 
in § 5 , it has to be shown, that a non-homogeneous 
system corresponding to (9*1 ) possesses a periodic 
solution which - under appropriate conditions - remains 
bounded, as /x-> 0. 

In order to do this, Volk proceeds as follows. Let 
k be the algebraically smallest of the integers k v , 

(k is negative ), and change the variable t into tf, 
where is defined by 




s /i^t. 


The variational system is then changed into 
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jkQ 

(9.2) 
where 

(9.3) 


d%y 
d 0 


Q yr (tf > m) z p > (p-I , 2 ,. . . ,n) 
r=l VL 1 


k v -k / -k\ 

q vr =M p ^r'^ ** / 


The q are continuous at m= 0. The period of the q 
with respect to t? 13 0=^1. Following Volk [ 5 ], § 2 , let 

00 

(9-M Z = ZZ« v, »; v, (,=1 ,2,.. .n) 

' r=l v 1 

be the linear transformation which reduces the system 
( 9 . 2 ) to the canonical form 

d rj ^ 

(9 ‘ 5) 7 * “ v-i ’ ,-1 ’ (»-i,a,...,n) 


Here the 1 r are the characteristic exponents of the 
system ( 9 . 2 ). The <r v _^ are zero or one. In particular, 
<^= 0 , always, so that n Q does not occur in ( 9 . 5 ), and 
need not be defined. The are functions of m , but 
independent of tf. The are functions of M and 
with period 0 in tf. 

It can be proved that, if the coefficients of a 
system of linear differential equations with periodic 
coefficients depend continuously on a parameter ju, then 
the characteristic exponents as well as the matrix of 
the transformation to canonical form are continuous 
functions of jj . From this theorem Volk concludes that 
the quantities a yr as well as the elements of the 
inverse matrix are bounded at/ 4 =o. But this conclusion 
is not valid, since that theorem presupposes that the 
period of the coefficients does not depend on^ . In the 
present case that period,©, tends, however, to 
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infinity, as/i-»o. 

It ia easy to show by the simplest examples, 
that theof^ are not always bounded at^o, even if ft 
is limited to one sign. Take, e.g., the case n=l . 

Then (9.1) reduces to 

( 9 - 6 ) ff = M k p(t)Z , (k < 0 ) 

and ( 9 . 2 ) becomes 

(9-7) = p(<>M" k )Z . 

The most general transformation of the form (9**0 is, 
in this case 

( 9 - 8 ) Z - <* v 

where 
(9-9) 

<* =» C(fi) e 

C( n) is an arbitrary function of ^ alone. When written 
in canonical form ( 9 . 6 ) and ( 9 - 7 ) become then, respect¬ 
ively. 


L 


pU , k )d>? 


£ / 
e J o 


0 

p(* M* k )d!? 


and 


dy. = / T p(t)dt • v 

at T j q 

Assuming that C(aO is bounded, (9*9) would indeed 
be a bounded function of m at /* = 0 , if O were a 
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constant with respect to ix . But this is not the case. 
In fact, returning to the variable t we find 

(q *j 0 ) f* if io(t)dt m f p(t)dt 

«-C(n)e ‘° 

when p(t) is not a constant, or p = or both, are 
unbounded at/z=o. The boundedness of and p is used 

by Volk in an essential way to prove his equivalent of 
our inequality (4.1 ), for he proves a similar 
inequality for the simpler system (9.5) and then returns 
to Z v by the inverse of the transformation (9.4). It 
is clear that our inequality (4.1 ), or some equivalent, 
is needed to establish the convergence of the method. 
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